Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  tliis  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  in  forming  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http: //books  .google  .com/I 


\) 


;"^ 


KjdVa  ,  ^'>'\ 


\l 


v6oV\ 


>0^^>\ 


ROBINSON'S  MATHEMATICAL  SERIES. 


NEW    TREATISE 


ON 


SURVEYING  AND  NAVIGATION 


THEORETICAL  AND  PRACTICAL: 


WITH 


USE  OF  INSTRUMENTS^  ESSENTIAL  ELEMENTS  OF  TRIGONOMETRY, 

AND  THE  NECESSARY  TABLES, 


FOB 


SCHOOLS,  COLLEGES,  AND  PRACTICAL  SURVEYORS. 


KDITED   BY 

OREN    ROOT,    A.M., 

PROVBBBOB     or     MATUXMATICS     IN     IIAMILTOK     OOLLKdS. 


IVISON,  BLAKEMAN,  TAYLOR  &  CO., 

PITBLISHEKS, 
NEW  YORK  AND  CHICAGO 

1878 


/ 


*  s 


ROBINSON'S 

Mathematical  Series. 

UraM  to  &■  mnti  «f  Trnuij,  btamidlite,  Snmiiui, 
tfenu!,  and  Elgit  Sdioalt,  finirmin.  sad  CcE^a. 


I 


Pn«TM>dn  TkU*  BMk. 

FmtnHlx  laUllactial  IritkiMlle. 
baiMitu  af  nr1tl«*  iiithBClle. 

JCNtOB-CLttiS  iUTBHCTICOnlMdWittlam.     nW. 
rrDfimliB  Pnttktl  ArllhBeUe. 
K*I  to  Pnclkftl  AriClli 
Frocmiilie  Hlflui 
K.J  10  Hlgk.r  ArithiiBUe. 
RviT  BmniUrj  Alsebn. 
K*r  (a  ICaw  EI«»B(arj  U|at«^ 
Bl«  CilierillT  Alsebn. 
K«r  ta  ir>«  Uilternllr  Alstbn. 
Haw  Voonslrjr  mad  Trl;oa»inatrT.    In  Di 
Qeonetrj,  Plane  and  Solid.    In  Kparet« 
Trftonnmilrrt  FUat  lad  Mpliaiinl.    In  scponK  tdL 
Ran  Aaalitleal  aiMiiielr]'  and  Conle  Section). 
HafrttiirieTlnsand  HaTlgAIlon. 
Hair  nlDbrenllat  lad  Inte^nl  Calcnlni. 
Uklreriltr  iitroaoniT— DeBcriptWe  Bud  FhjuJcal. 

Kar  to  UMBatri  aid  TrigoBanetrr,  AnrtljtlMl  Gwuctrj  and  Caalc  See- 
tloni,  Binajlac  nU  SailEalion. 


THE  NEW  YORK 
PUBLIC  UBRARY 

816303A 


EDITOR'S    PREFACE. 


Is  tlic  prepanttion  of  tlie  present  edition  of  Surveying  a 
"iTavigation,  no  ellurt  has  been  made  to  preserve  tlie  idcutit]^ 
of  the  former  work;  but  the  aim  has  boeii  to  prepare  an 
entirely  n^io  treatise^  tiir  more  complete  than  the  former,  not 
^nly  in  the  range  and  variety  of  topics,  hut  also  in  improved 
letliode  and  prautiual  applications,  and  to  combine  the  he»t 
ratitical  with  tlie  highest  tJieoretical  character,  making  the 
work  worthy  a  place  in  the  Series  for  which  it  was  intended. 

The  object    kept  in  view  by  the  editor  has  been  two-fold. 

Xat.  To  prepare  a  work  suitable  for  class  instruction  in  schools 
'^nd  colleges,  furuishing  clear  rules  witli  plain  explanations, 
[(g^iid  an  abundance  of  examples  and  illustrations. 

%d.  To  prepare  a  work  valuable  as  a  book  of  rcfercnco  for 
the  practical  surveyor,  containing  all  necessary  tables,  and  all 
processes  required  for  any  practical  operations. 

The  chapter  on  Trigonometry  is  taken  niainly  from  Robin- 
son's New  Geometry  and  Trigonometry,  as  the  subject  was 
there  treated  with  such  clearueas  tliat  few  changes  eeomed 
desirable. 

The  more  practical  rules  of  Mensuration,  even  though  com- 
mon, have  been  given,  with  examples,  in  order  to  make  tho 
sections  as  complete  as  possible,  and  to  make  tho  book  useful 
to  young  students  as  well  as  to  those  more  advanced. 

The  Examples  in  the  Chapters  on  Land  Surveying  have  been 
formed  luaiidy  from  the  field  notes  of  actual  operations,  and 
arc  sufficiently  numerous  to  familiarize  any  student  with  the 
working  of  all  practical  cases, 

Tiie  section  upon  Division  of  Land  is  also  made  up  to  a 
great  extent  from  notes  of  actual  surveys,  nnd  gives  ample 
illustration  of  methods,  to  enable  any  one  with  a  good  knowl- 
edge of  mathematical  principles  to  master  any  ease  that 
say  uome  before  him.     In  the  Division  of  Land,  coses  are  so 
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p-diverse,  that  mathematical  prinoiples,  and  not  Bpccifie  rules 
ijnust  lie  relied  upon,  mainly,  by  the  Burvejor, 

;ulijei:tB  of  Leveling,  Koad  and  Canal  Surveying,  and 
Topography,  belong  more  proiierly  to  i;ivil  engineering,  and  a 
t'ntl  disciiasion  of  these  topics  woidd  I'equive  separate  vohimes. 
The  sections  npon  these  subjects  are  intended,  therefore,  to 
fnmish  only  the  more  elemental  and  simple  points. 

The  chapter  on  Navif^ation  is  intended  for  class  instruction 
inerely,  as  extensive  works,  with  more  complete  tables,  are 
necessary  for  the  practical  navigator,  such  as  are  supplied  by 
Bowditch  and  others.  A  method  of  obtaining  ditf'erence  of 
longitude,  not  given  in  any  of  the  text-books,  and  also  a 
method  of  obtaining  meridional  parts  have  been  given. 

It  has  been  tl  e  ntention  of  the  editor  so  to  arrange  the 
work  that  a  student  who  did  not  desire  a  full  course  of  trigon- 
ometry, could  after  tl  e  study  of  geometry  by  the  use  of  this 
text-book  o!  ta  n  tl  e  necessary  proi>o&itions  for  the  practical 
surveyor  i  clear  ai  d  concise  form,  and  tliua  tit  himself  more 
apeedily  for  practical  work. 

The  arrangement  of  the  work,  including  as  it  does  Trigo- 
nometry and  Mensuration,  requires  that  two  terms  should  be 
lemployed  in  its  completion;  those  students,  however,  who 
Jiave  before  studied  Trigonometry,  by  omitting  Chaptek  II. 
and  also  Section  III.  of  Cuai-tkr  III.  can  readily  master 
the  Snrveying  proper  in  one  term. 

•^  It  is  just  to  acknowledge  here  the  services,  as  co-editor  in 
^the preparation  of  this  work,  of  Oren  Koot  jr.,  A.M.,  of  Rome, 
j!N.T.,  whose  attainments  as  a  mathematical  scholar,  and 
Lexperience  as  a  teacher  ai'e  weU-known. 

This  treatise  is  now  submitted  to  the  public,  with  the  hopo 
'that  it  will  fully  commend  itself,  for  fulness  of  matter,  and 
Bcientific  arrangement ;  ibr  dear  statement,  and  accurate  defi- 
nition ;  for  rules  concise  and  of  easy  application  ;  for  exam- 
ples numerous,  apt,  and  strictly  practical ;  for  whatever,  in 
■•short,  the  student,  and  the  practical  surveyor  could  reasonably^ 
respect  in  a  firbt  class  text-book  on  this  subject.  ifl 

I     BuiiLTOH  CoLLBOB,  Sept  let,  1SG3.  ^H 
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CHAPTER    I. 
I  N^   S  T  li   U  M  J^:   >J    T  H  . 

SECTION    I. 

SURVEYING    INSTUUMKNTH. 

In  Mensuration,  Sarveying,  and  Nariiration,  tlu)  known 
quantities  or  conditions  are  dctennined  by  uicaHurrjinnnfH. 

The  more  common  and  important  instrnnientH  um*A  for  tli(*« 
measurements  are  the  Surveyor's  CompaHH,  tlie  Solar  ( Jo? npann, 
the  Transit,  the  Level,  the  Plane  Table,  the  Sextant,  and  vari- 
ous Plotting  Instruments.  These  are  described  in  tlic  prcHfjiit 
chapter,  and  rules  or  directions  given  for  their  use. 

It  is  hoped  that  the  descriptions  given  will  provf;  to  b(j 
clear,  and  readily  understood.  Yet  both  teacher  arirl  hUKhtui 
should  remember  that  it  is  imixwsiblc  to  gain  a  jH^rfcMft  idr;a 
of  a  complex  instrument  by  a  dew^ription  merely.  In  all  jk;v^ 
sible  cases,  the  instrument  itself  should  be  studi(;d  in  coiifKjr^- 
tion  with  the  description ;  the  various  adjustments  should  be 
made  in  presence  of  the  student,  and  sr^me  prai;tic/3  given  in 
the  use  of  the  instruments.  Surveying  and  Navigation  are 
important  applicatioruf  of  ger>metrical  science,  and  care  should 
be  taken  always  to  secure  to  the  student,  as  far  as  i>rjssible,  the 
practical  objects  of  a  study  of  these  branches. 


I  Tile  SuFTeyor's  Compass  consists  eeeentially  of  a.  f^atluat« 
rcle,  in  tiie  centre  of  whidi  a  magnetic  needle  ia  siispenda 
B  to  turn  freely  in  a.  horizontal  direction. 
J  The  cornjiass  plate  lias  two  spirit  levels  placed  at  rig^ 
a  to  each  otlier  to  level  the  compass  in  both  direction 
^nd  at  its  ends  standards  or  siglits  thixiugh  the  slits  of  "wliU 
the  compass  is  directed  to  the  object  sighted  upon. 

The  graduated  circle  is  divided  into  degrees  and  half  i 
gi-ees,  and  fipm-ed  ironi  0  to  90  on  each  side  of  the  north  i 
Bontli  ends  of  the  compass  box ;  the  lino  of  the  sights  pas 
tlirough  the  zero  divisions  of  the  circle. 

In  tile  best  compasses  also  the  circle  is  made  to  turn  about 
its  centre,  in  oi-der  that  the  line  of  zeros  may  be  moved  a  gliort 
distance  to  either  side  of  the  line  of  sight,  that  allowance  may 
l*e  made  for  tlie  variatiwi  of  the  needle,  and  to  read  the  needle 
to  single  minutes  of  ii  degree,  as  will  be  hereafter    explained. 

In  the  com])ass  shown  in  the  ent,  the  movement  of  the  circle  , 
is  effected  by  a  pinion  nt  a,  working  into  a  circular  rack  < 
~  the  compass  In 


Wrcle  is  1 
ftrc  and  't 
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lid  minutes  by  a  dividefl 


r  the 
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The  arc -IS  divided  to  degrees  and  half-degrees,  and  fignred 
each  way  from  its  centre.  The  vernier  is  divided  into  thirty 
equal  spaces,  which  together  exactly  correspond  in  length  with 
twenty-nine  half-degrees  of  the  arc. 

Each  division  of  the  vernier  is  therefore  one-thirtieth,  or  in 
other  words,  one  minute  longer  than  a  single  division  of  tlio 
arc,  and  the  vernier  thus  reads  to  single  minutes. 

The  compass  shown  in  the  cut  has  also  a  horizontal  cinflo 
beneath  the  main  plate,  read  hy  two  opposite  verniers,*  by 
which  horizontal  angles  can  be  taken  to  single  minutes  with- 
out the  use  of  the  needle* 

Adjustments  : — 

1.  Bring  the  bubbles  into  the  centre  by  the  pressure  of  the 
hand  on  diiferent  parts  of  the  plate,  and  turn  the  compass 
half  way  around ;  should  the  bubbles  nm  to  the  ends  of  the 
tubes,  it  would  indicate  that  those  ends  were  the  highest ; 
lower  them  by  tightening  the  screws  immediately  underneatli, 
and  loosening  those  under  the  lower  ends,  until  by  estimation, 
half  the  error  is  removed ;  level  the  plate  again,  and  repeat  the 
operation  until  the  bubbles  will  remain  in  the  centre  during 
an  entire  revolution  of  the  compass. 

2.  The  sights  are  tested  by  a  plumb  line,  with  which  their 
slits  must  coincide  when  the  compass  is  horizontal.  If  they 
do  not,  file  off  the  under  side  of  the  base,  until  the  connection 
is  made. 

3.  The  needle  should  cut  opposite  degrees  in  any  part  of 
the  circle.  If  it  does  not,  bend  the  centre  ])in  until  it  will 
cut  at  a  given  d^ree,  say  0  or  90.  Then  holding  the  needle 
in  the  same  position,  turn  the  compass  half  way  around,  and 
note  whether  it  now  cuts  on  precisel}'^  the  same  degrees  at 
both  ends ;  if  not,  correct  half  the  error  by  bending  the  needle, 
and  the  remainder  by  bending  the  centre  pin.  Repeat  this 
operation  until  the  needle  is  perfectly  straight,  when  it  may 
l)e  brought  into  line  with  all  other  divisions  of  the  circle  by 
bending  the  centre  pin. 
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^H     1.  To  -use  the  Su.roeyor's  Compass. 

^^P  Place  the  iustruraeut  on  its  staff  or  tripod,  level  tlie  com- 
pass plate,  lower  the  needle  upon  its  pivot,  and  direi^t  the 
sights  to  any  object  the  bearing  of  wliieh  is  desired,  always 
teeping  the  south  end  nearest  tlie  person. 
Wait  until  the  needle  is  perfectly  at  rest,  and  read  the 
\  bearing  from  the  north  end  of  the  needle. 

2.  To  turn  off  tJie   Variation  of  tlie  I^eeiUe. 

Place  the  compass  on  some  well-defloed  line  of  the  old  anr- 
Yey,  and  turn  the  pinion,  a,  until  the  needle  indicates  the 
I  Banie  bearing  as  that  given  in  the  field  notes  of  the  original 
I  gurvey ;  tlie  reading  of  the  vernier  will  give  the  change  of 
f  Tariation  during  the  puriod  which  has  elapsed  since  the  origi- 
I   Dal  survey, 

3.  To  read  to  Minutes  hy  the  Venu'ei: 
First  make  the  zero  of  the  vernier  coincide  with,  that  of  the 

I  divided  arc ;  then  noting  the  number  of  whole  degreee  given 
I  ty  tlie  needle,  move  back  the  compass  circle  until  the  nearest 
\  whole  degree  mark  is  made  to  coincide  with  the  point  of  the 
needle;  coiuit  the  minutes  from  the  zei-o  point  of  the  vernier, 
nntil  a  division  on  the  vernier  is  found  exactly  in  line  witli 
another  on  the  divided  arc,  and  this  reading,  added  to  the 
whole  degreee,  will  give  the  bearing  to  single  minutes. 

I  Note. — The  Siirveyor'a  Compass,  the  SoUr  Compass,  the  Surveyor's 
^  Tranait,  and  the  T  Level,  as  repreaented  and  described  in  this  chapter,  are 
manufactured  by  the  well-known  firm  of  W.  &  K  B.  Goblet,  Tboy,  N.  Y., 
whose  inatruments  for  aceuriicy,  adaptation,  anil  finish,  are  unsurpassed  by 
any  othera  made  in  tliis  country.  For  further  inforcoutioD,  price,  etc.,  see 
advertisement  at  tlie  end  of  this  work. 
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THE  SOLAR  COMPASS. 

This  instrument,  used  with  the  sxm  in  detennining  meridians, 
or  true  north  and  south  lines,  is  always  employed  in  tracing 
the  important  lines  of  government  lands. 

The  Solar  Apparatus  consists  mainly  of  three  arcs  of  circle?, 
by  which  can  be  set  off*  the  latitude  of  a  place,  the  declination 
of  the  sun,  and  the  hour  of  the  day. 

These  arcs,  designated  in  the  cut  by  the  letters,  a,  5,  and  ^, 
are  therefore  termed  the  latitude,  the  declination,  and  the  hour 
arcs  respectively. 

The  Latitade  Arc,  <z,  has  its  center  of  motion  in  two  pivots, 
one  of  which  is  seen  at  J,  the  other  is  concealed  in  the  cut. 

It  is  moved  either  up  or  down  within  a  hollow  arc,  seen  in 
the  cut,  by  a  tangent  screw  at  f^  and  is  securely  fastened  in 
any  position  by  a  clamp  screw. 

The  latitude  arc  is  graduated  to  quarter  degrees,  and  reads 
by  its  vernier,  ^,  to  single  minutes ;  it  has  a  range  of  about 
thirty-five  degrees,  so  as  to  be  adjustable  to  the  latitude  of  any 
place  in  tlie  United  States. 

The  Declination  Arc,  5,  is  also  graduated  to  quarter  degrees, 
and  has  a  range  of  about  twenty-four  degrees. 

Its  vernier,  v^  reading  to  single  minutes,  is  fixed  to  a  mov- 
able arm,  A,  having  its  center  of  motion  in  the  center  of  the 
declination  arc  at  r//  the  arm  is  moved  over  the  surface  of  the 
declination  arc,  and  its  vernier  set  to  any  reading  by  turning 
the  head  of  the  tangent  screw,  li\  It  is  also  securely  clamped 
in  any  position  by  a  screw,  concealed  in  the  engraving. 

Solar  Lenses  and  Lines, — At  each  end  of  the  arm,  A,  is  a 
rectangular  block  of  brass,  in  which  is  set  a  small  convex  lens, 
having  its  focus  oh  the  surface  of  a  little  silver  plate,  fastened 
by  screws  to  the  inside  of  the  opposite  block. 

The  silver  plate,  with  its  peculiar  lines,  will  be  referred  to 
more  particularly  hereafter. 

The  Hour  Arc,  c,  is  supported  by^the  two  pivots  of  the  lati- 
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ttutle  arc,  already  Bpoken  of,  and  i*  also  tiuniiected  with  tliat 
I  arc  by  a  curved  arm,  as  shown  in  the  figure. 

The  hour  aru  has  a  ran<re  of  about  130%  is  divided  to  lialf 
I  degrees,  and  figured  in  two  series ;  designating  Ixrth  the  honrs 
I  and  the  degrees,  the  middle  division  being  marked  13  and  91) 
bon  either  side  of  the  graduated  hues. 

Tha  Polar  Axis. — Through  the  center  of  the  hour  arc  p&Escs 

PftltollDW  BO<;ket,j7,  containing  the  spindle  of  the  declination 

are,  by  means  of  whicli  this  arc  can  he  moved  from  side  to 

side  over  the  surface  of  the  hour  ttrc,  or  turned  completely 

round  as  may  bo  required. 

The  hour  arc  is  read  liy  the  lower  edge  of  tlie  gradnated  sida 
\  ^  the  declination  arc. 

The  axis  of  the  declination  arc,  or  indeed  the  whole  socket, 
\p,  is  appropriately  termed  the  jwlar  axis. 

The  parts  just  described  constitute  properly  the  solar  ap- 
I  -^rat-US. 

Jieaides  these,  hoM-ever,  are  seen  the  needle  hox,  n,  with  its 
\xtc  and  tangent  screw,  ty  and  the  spirit  levels,  for  bringing  tlie 
E'lrholo  instrument  to  a  horizontal  position. 

The  Needle  BoX)'i,has  an  arc  of  about  Sfr' in  e.ttent,  divided 
F  to  half  degrees,  and  figured  from  the  center  or  zero  mark  on 
er  side. 

The  needle,  which  is  made  as  in  other  instruments,  except 
"that  the  arms  are  of  unequal  lengths,  is  raised  or  lowered  by  a 

lever  shown  in  the  cut. 
I      The  needle  box  is  attached  by  a  projecting  arm  to  a  tangent 
E^Bcrew,  t,  by  which  it  is  moved  about  its  center,  and  its  needle 
B^t  to  any  variation. 

i  This  variation  is  also  read  ofi^  by  the  vernier  on  the  end  of 
W^t6  projecting  arm,  reading  to  single  minutes  a  gradnated  arc 
BAttaobed  to  the  plate  of  tiie  comi>as9, 

I  Lines  of  Refraction. — The  inside  faces  of  the  sights  are  also 
■Ipiaduated  and  figured,  to  indicate  the  amount  of  refraction  to 
pibe  allowed  when  the  sun  is  near  tiie  hnrizon.  These  are  not 
KiSlown  in  the  cut. 
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The  Horizontal  Limb  in  all  Solar  Compasses  \%  divided  npon 
silver,  and  reads  by  two  opposite  verniers  to  single  minutes  o! 
a  d^ree,  the  number  of  minutes  being  counted  off  in  the  same 
direction  in  which  the  vernier  moves. 

PBINCIPLBS  OF  THE  SOLAR  COMPASS. 

We  are  now  prepared  to  proceed  to  the  explanation  of  the 
peculiar  construction  of  the  instrument  we  are  considering. 

The  little  silver  plate  before  referred  to,  is  shown  in  detail 
in  the  following  figure.     Qa  the  surface  are  marked  two  sets 

of  lines  intersecting  each  other  at  right 


-0"ir 


0     H       ^   A        angles;  of  these,  h  h  are  termed  the  hour 


lines,  and  c  c,  the  equatorial  lines,  as  hav 
ing  reference  respectively  to  the  hour  of 
the  day  and  the  position  of  the  sun,  in  relation  to  the  equator. 

Below  the  equatorial  lines  are  also  marked  three  other  lines, 
which  are  five  minutes  apart,  and  are  of  service  in  making 
allowance  for  refraction,  as  will  be  hereafter  explained. 

The  interval  between  the  two  lines,  ^,  c,  as  well  as  between 
hj  i,  is  just  sufficient  to  include  the  circular  image  of  the  sun, 
as  formed  by  the  solar  lens,  on  the  opposite  end  of  the  revolv- 
ing arm. 

When,  therefore,  the  instrument  is  made  perfectly  horizon- 
tal, the  equatorial  lines  and  the  opposite  lenses  being  accurately 
adjusted  to  each  other  by  a  previous  operation,  and  the  sun's 
image  brought  within  the  equatorial  lines,  his  position  irb  the 
heavens,  with  reference  to  the  horizon,  will  be  defined  with 
precision. 

Suppose  the  observation  to  be  made  at  the  time  of  one  of 
the  equinoxes ;  the  arm,  A,  set  at  zero  on  the  declination  arc,  J, 
and  the  polar  axis,jp,  placed  exactly  parallel  to  the  axis  of  the 
earth. 

Then  the  motion  of  the  arm,  A,  if  revolved  on  the  spindle  of 
the  declination  arc  around  the  hour  circle,  <?,  will  exactly  cor- 
respond with  the  motion  of  the  sun  in  the  heavens,  on  the  given 
day  dnd  at  the  place  of  observation ;  so  that  if  the  sun's  image 
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rwas  brought  between  the  lines,  e  c,  in  tbo  morning,  it  would 
Icoutmue  in  tbe  same  position,  passing  neither  aliovo  nor  Ijelow 
[  the  lines,  as  the  arm  was  made  to  revolve  in  imitation  of  the 
'-  motion  of  the  snu  abont  tlio  earth. 

In  the  morning  as  the  sun  rises  frani  the  horizon,  the  ann, 
'.  k,  will  be  in  a  position  nearly  at  right  angles  to  that  shown  in 
tthe  tut,  the  lens  being  turned  towards  the  sun,  and  the  silver 
tplate  on  which  his  image  is  thrown  directly  opposite. 

As  the  sun  ascends,  the  arm  must  be  moved  around,  until 
when  he  liaa  reached  the  meridian,  the  graduated  side  of  the 
■  declination  arc  will  indicate  12  on  the  hour  circle,  and  the  arm, 
A,  the  declination  are,  5,  and  the  latitude  arc,  (/,  will  bo  in  tlie 
eamo  plane. 

As  the  sun  declines  from  the  meridian,  the  arm,  A,  mnst  bo 
["■moved  in  the  same  direction,  until  at  sunset  its  position  will 
Ube  the  exact  reverse  of  that  it  occupied  in  tho  morning. 

Allowance,  for  DecUnation.— Let  us  now  suppose  the  oU- 
[  scrvation  made  when  the  sun  has  pussEH.1  tbe  eqniuoctial  point, 
|-  and  when  his  position  is  affected  by  declination. 

By  referring  to  the  Almanac,  and  setting  off  on  the  arc  his 
declination  for  tho  given  day  and  hour,  we  are  still  able  to 
determine  his  position  witli  the  same  certainty,  as  if  he  re- 
mained on  the  ecpiator. 

When  the  sun's  declination  is  Bonth,  that  is,  from  tbe  22d 
—r~-pf  September  to  tlio  20th  of  March  in  each  year,  the  are,  b,  is 

» turned  towards  the  plates  of  the  compass,  as  shown  in  the 
engraving,  and  the  solar  lens,  o,  with  the  silver  plate  opposite, 
are  made  use  of  in  the  surveys. 
The  remainder  of  the  year,  the  arc  is  turned  from  the  plates, 
sad  the  other  lens  and  plate  employed. 
When  the  Solar  Compass  is  accurately  adjusted,  and  ita 
plates  made  perfectly  horizontal,  the  latitude  of  the  place, 
and  the  declination  of  tbe  sun  for  the  given  day  and  hour, 
being  also  set  off  on  the  respective  arcs,  if  the  image  of  tli^ 
_  ftm  is  brought  between  the  eqttatorial  lines  i/iepohr  axis  will 
a  in  i/ie  plane  of  the  meridian  of  the  place,  &r  in.  a  position 
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parallel  to  the  axis  of  the  eoHh^  and  the  sights  will  indicate  a 
true  north  and  south  line.  The  slightest  deviation  from  this 
position  will  cause  the  image  to  pass  above  or  below  the  lines, 
and  thus  discover  the  error. 

We  thus,  from  the  position  of  the  sun  in  the  solar  system, 
obtain  a  certain  direction  absolutely  unchangeable,  from  which 
to  run  our  lines,  and  measure  the  horizontal  angles  required. 

This  simple  principle  is  not  only  the  basis  of  the  construction 
of  the  Solar  Compass,  but  the  sole  cause  of  its  superiority  to 
the  ordinary  or  magnetic  instrument. 

The  sights  and  the  graduated  limb  being  adjusted  to  the 
solar  apparatus,  and  the  latitude  of  the  place,  and  the  declina- 
tion of  the  sun  also  set  off  upon  the  respective  arcs,  we  are 
able  not  only  to  run  the  tni^  meridian,  or  a  due  east  and  west 
course,  but  also  to  set  off  the  horizontal  angles  with  minuteness 
and  accuracy  from  a  direction  which  never  changes,  and  is 
unaffected  by  attraction  of  any  kind. 

Adjustments : — 

The  adjustments  of  this  instrument,  with  which  the  surveyor 
will  have  to  do,  are  simple  and  few  in  number,  and  will  now 
be  given  in  order. 

1.  To  adjust  tJie  Equatorial  Lines  and  Solar  Lenses. 

First  detach  the  arm,  A,  from  the  declination  arc  by  witli* 
drawing  the  screws  shown  in  the  cut  from  the  ends  of  the  posts 
of  the  tangent  screw,  ^,  and  also  the  clamp  screw,  and  the 
conical  pivot  with  its  small  screws,  by  which  the  arm  and 
declination  arc  are  connected. 

The  arm,  A,  being  thus  removed,  attach  the  adjuster  in  its 
place  by  replacing  the  conical  pivot  and  screws,  and  insert  the 
clamp  screw  so  as  to  clamp  the  adjuster  at  any  point  on  the 
declination  arc. 

Now  level  the  instrument,  place  the  arm,  A,  on  the  adjuster, 
with  the  same  side  resting  against  the  surface  of  the  declination 
arc  as  before  it  was  detached.  Turn  the  instrument  on  its 
spindle  so  as  to  bring  the  solar  lens  to  be  adjusted  in  the  direc- 
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^B  tion  of  the  sun,  and  raiae  or  lower  the  adjuster  on  the  decline 
^H  tion  arc,  until  it  can  be  olainped  in  such  a  position  as  to  bring 
^^  the  Bun's  image,  as  near  as  may  be.  Ijetween  the  equatorial  lines 
on  the  opposite  silver  plate ;  and  bring  the  ima^  precisely  into 
position  by  the  tangent  screw  of  the  latitade  are,  or  the  level- 
ing screws  of  the  tripod.  Then  caret'ally  tnm  the  arm  half  way 
over,  until  it  rests  upon  the  adjuster  by  the  opposite  faces  of 
the  rectangular  blocks,  and  aj^ain  observe  the  position  of  the 
6iin''g  image. 

If  it  remains  between  the  lines  as  before,  the  lens  and  plate 
are  in  adjustment;  if  not,  loosen  the  three  screws  which  eon- 
fine  the  plate  to  the  block,  and  move  the  ])late  under  thoir 
lieads,  until  one  half  the  error  in  the  ^Tosition  of  tlie  aim's 
image  ia  removed. 

Again  bring  tlie  image  between  the  lines,  and  rei>eat  the 
operation  until  it  will  remain  in  the  same  situation  in  both 
positions  of  the  arm,  when  the  adjustment  will  be  completed. 
To  adjust  the  other  lena  and  plate,  reverse  the  arm  end  for 
end  on  the  adjuster,  and  proceed  precisely  as  in  the  former 
ase  until  the  same  result  is  attained. 

In  tightening  the  screws  over  the  silver  plate,  care  must  be 
taken  not  to  move  the  plate. 

This  adjustment  now  being  coin])Iete,  the  adjuster  should 
)e  removed,  and  the  arm,  /,  with  its  attachments,  replaced 
IS  before. 


B 


\ 


3.  To  adjust  the  Vernier  of  the  Declmaiion  Arc. 

Having  leveled  the  instrument,  and  turned  its  lens  in  the 
direction  of  the  sun,  clamp  to  the  spnidle,  and  set  the  vernier, 
I,  of  the  declination  arc,  at  zero,  by  means  of  the  tangent 
Bcrew  at  i,  and  clamp  to  the  arc. 

See  that  the  spindle  moves  easily  and  yet  truly  in  the  socket, 
or  polar  axis,  and  raise  or  lower  the  latitude  arc  by  turning 
the  tangent  screw,/,  until  the  sun's  iniage  is  brought  between 
the  equatorial  lines  on  one  of  the  plates.  Clamp  tho  latitude 
arc  by  tlie  screw,  and  bring  the  image  precisely  into  position 
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by  the  leveling  screws  of  t!ie  tripod  or  eoclcet,  and  without 
disturbing  Hie  instrnnient,  carefully  revolve  the  arm,  h,  niilil 
tlie  opjTOBite  lena  and  plate  are  bronglit  in  the  direction  of  the 
suu,  and  note  if  the  Bun'e  image  cornea  between  tlie  lines  aft 
before. 

If  it  does,  there  is  no  index  error  of  the  declination  aro ; 
not,  witli  the  tangent  screw,  A,  move  the  arm  until  the  % 
image  passes  over  half  the   error;    again    bring  the   imaj 
between  tlie  lines,  and  repeat  the  operation  as  before,  until  t] 
image  will  occnpj  the  same  position  on  both  the  plates. 

We  shall  now  find,  however,  that  the  zero  marks  on  the  a 
and  the  vernier  do  not  correspond  ;  and  to  remedy  tliia  crrcfffS 
the  little  flat  head  aerewa  above  the  vernier  must  be  loosened') 
until  it  can  be  moved  so  as  to  make  the  zeros  eoincide,  wh« 
operation  will  be  completed. 


3.  Tn  adjust  the  Solar  Apparatus  to  the  Compass  SigJUs. 

First  level  the  instrnmeiit,  and  with  the  clamp  and  tangent 
screws  set  the  main  plate  at  90°  by  the  verniere  of  the  hori- 
zontal limb.     Then  remove  the  clamp  screw,  and  raise  the 
latitude  arc  until  the  polar  axis  is,  by  estimation,  very  neaiiyi  ■ 
horizontal,  and  if  necessary,  tighten  the  serewa  on  tlie  pivota  1 
of  tbe  arc,  so  as  to  retain  it  in  this  position,  J 

Fix  the  vernier  of  the  declination  arc  at  zero,  and  direct  tlie  I 
equatorial  sights  to  some  distant  and  well  marked  object,  and  I 
observe  the  same  through  the  compass  sights.  If  the  saide  I 
object  is  seen  through  both,  and  the  verniers  read  to  90°  ofl,  I 
the  limb,  the  adjustment  is  complete;  if  not,  the  correction   I 

Emrt  be  made  by  moving  the  sights,  or  changing  the  position  1 
the  verniers.  I 

HOW   TO  USB  THE   SOL.^R   COMPASS.  J 

Before  this  iiiHtrument  can  be  used  at  any  given  place,  it  i^H 
CBssary  to  set  off  upon  its  ares  both  the  declination  of  thftM 
Fun  as  affected  by  its  meridional  refraction  tor  the  given  day^  I 
and  the  latitude  of  the  place  where  the  observation  is  made,       I 
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^^      1.  To  sdt  off  the  Decimation. 

^^m     The  declination  of  the  Biin,  given  in  the  Epliemcria  of  the 
^^Pl^autical  Almanac  from  yeai'  to  year,  is  calculated  lor  apparent 
noon  at  Greenwich,  Englmid, 

To  determine  it  for  any  other  hour  at  a  place  in  the  United 
States,  reference  must  lie  had,  not  only  to  the  dlfterence  of 
time  arising  from  the  longitude,  but  also  to  the  change  of  de- 
clination from  day  to  day. 

The  longitude  of  the  place,  and  tlierefore  its  difference  in 
^L  time,  if  not  given  directly  in  the  tables  of  Uio  Almanac,  can  be 
^ft  ascertained  very  nearly  by  reference  to  that  of  other  places  given, 
^f  'which  are  situated  on,  or  very  nearly.on,  the  same  meridian. 
^1  It  is  the  practice  of  enrvoyora  in  the  States  east  of  the  Mis- 
^B  Bissippi,  to  allow  a  difference  of  six  hours  for  the  difference  in. 
^m  longitude,  calling  the  declination  given  in  the  Ahuanac  tor 
H  32  M.,  that  of  6  A.  M.  at  the  place  of  observation. 
^B  Beyond  the  parallel  of  Santa  Fo  the  allowance  would  be 
^B  about  seven  hours ;  and  in  California,  Oregon,  and  Waahington 
^H  Territory,  about  eight  liours. 

^p  Having  thus  the  difference  of  time,  we  very  readily  obtain 
the  declination  for  a  certain  hour  in  tlie  morning,  which  would 
be  earlier  or  later  as  the  longitude  was  greater  or  less,  and 
the  same  as  that  of  apparent  noon  at  Greenwich  on  the 
given  day. 
To  obtain  the  declination  for  the  other  hours  of  the  daj-, 
I  take  from  the  Almanac  the  decluiatiun  tor  apparent  noon  of 
the  given  day,  and  also  that  of  the  day  following,  subtract 
'  one  from  the  other,  as  it  may  have  increased  or  decreased,  and 
[  we  have  the  change  of  declination  for  24  hours;  divide  tliia 
t  by  2i,  and  we  obtain  the  change  of  declination  for  a  single 
[  hour,  which  is  to  be  added  to,  or  subtracted  from,  that  of  the 
f-fltarting  hour,  according  as  the  declination  is  increasing  or 
I  decreasing  between  the  two  days  taken. 

To  make  this  more  plain,  we  will  give  an  example.     Sup- 
I  pose  it  was  required  to  obtain  the  declination  for  the  different. 
hours  of  April  16th,  1S63,  at  Troy,  N.  Y. 


he  different,  M 


INSTRUMENTS. 


n 


The  longitude  in  time  is  4  hours  54  minutes  40  seconds,  or 
practically  5  hours,  so  that  the  declination  given  in  the  Al- 
manac, for  the  given  day  at  Greenwich,  would  be  tliat  of  7  A.M. 
at  Troy.    To  obtain  the  hourly  change, 

Say  declination  at  Greenwich,  April  17,  10^  23'  58" 

"  "  "     IG,  10       2   44 

Change  for  24  hours     ....  21   14 

Reduce  to  seconds,  and  divide  by  24,  and  we  have  an  hour- 
ly change  of  53  seconds,  which,  as  the  declination  is  increasing,  , 
is  to  be  added  every  hour  after  7  A.  M. 

Hence,  sun's  declination  at  Greenwich  noon,  as  by  the  table, 

being 10  2  44 

Add  meridional  refraction  38 


Add  hourly  change. 


(( 


u 


a 


u 


u 


(C 


(C 


(( 


(( 


(( 
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a 


a 


L       •      • 


10  3  22  Dec. 

for  7  A.  M. 

53 

10  4  15 

(( 

8   " 

53 

10  5  8 

U 

9   « 

53 

10  6  1 

U 

10   " 

...        53 

10  6  5i 

U 

11   " 

53 

10  7  47 

U 

12  M. 

63 

10  8  40 

U 

1P.M. 

53 

10  9  33 

a 

2   " 

53 

10  10  26 
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10  10  26  Det.  for  3  P.  M. 
Add  hourly  chanpe ....  53 


10  13     5 


I 
I 


"  "      .... 53 

10  13  58  "      7     «     I 

III  tlie  case  taken,  tlie  declination  ia  inereasiiif;  from  daya 
day,  and  tberetbre  tlie  hourly  cliange  is  added  ;  if,  on  the  em 
trsry,  the  declination  was  decreasing,  the  hourly  change  shod 
he  Buhtracted.  I 

The  calculation  of  the  declination  for  the  different  hours  a 
■idle  day  should,  of  course,  he  made  and  noted,  betbre  the  em 
T/eyoT  conimoncea  his  work,  that  he  may  lay  off  tlie  chaufl 
^froin  Iioup  to  hour,  from  a  tahle  prepared  as  above  describe^ 

It  is  considered  sufficiently  accurate  by  most  govemmq 
SWirveyors,  to  eet  off  the  declination  only  three  or  four  timeafl 
llie  day,  at  intervals  of  two  or  three  hours  as  required. 

2.  To  set  of  the  Latitude. 

Find  the  declination  of  the  sun  for  the  given  day  at  noon  J 
the  place  erf' observation,  as  just  described,  and  ivith  the  tang« 
screw  set  it  off  upon  the  declination  arc,  and  clamp  the  aim 

■inly  to  the  arc,  I 

Observe  in  the  Almanac  the  equation  of  time  fo.'  the  givfl 
day,  in  order  to  know  about  the  time  the  sun  will  reach  d 
.:vieridian.  I 

Then,  about  fifteen  or  t'venty  minutes  before  this  time,  m 
up  the  instrument,  level  it  carefully,  fix  the  divided  surfaces 
the  declination  arc  at  12  on  the  hour  circle,  and  turn  the  ii^ 
Btrumcnt  ujxin  its  spindle  until  the  solar  lens  is  brought  ioM 
the  direction  of  the  auii.  ,  \ 
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Looeen  the  clamp  screw  of  the  latitude  arc,  and  with  the 
tangent  8crew  raise  or  lower  this  arc  nntil  the  image  of  the 
8Tin  is  brou^t  precisely  between  the  equatorial  lines,  and  turn 
the  instnunent  from  time  to  time,  so  as  to  keep  the  image  also 
between  the  hour  lines  on  the  plate. 

As  the  sun  ascends,  its  image  will  niove  below  the  lines,  and 
ilie  arc  must  be  mo^ed  to  follow  it  Continue  tlius,  keeping  it 
between  the  two  sets  of  lines  until  its  image  begins  to  pass 
above  the  equatorial  lines,  which  is  also  the  moment  of  its 
passing  the  meridian.    ^ 

Now  read  off  the  vernier  of  the  arc,  and  we  have  the  lati- 
tude of  the  place,  which  is  always  to  be  set  off  on  tlie  arc  when 
the  compass  is  used  at  the  given  place. 

3.  To  JStm  JLins8  with  ike  8ola/r  Com^msa. 

Having  set  off,  in  the  manner  just  given,  the  latitude  and 
declination  upon  their  respective  arcs,  the  instrument  being 
also  in  adjustment,  the  surveyor  is  ready  to  run  lines  by 
the  sun. 

To  do  this,  the  instrument  is  set  over  the  station  and  care- 
fully leveled,  the  plates  clamped  at  zero  on  the  horizontal  limb, 
and  the  sights  directed  north  and  south,  the  direction  being 
given,  when  unknown,  approximately  by  the  needle. 

The  solar  lens  is  then  turned  to  the  sun,  and  with  one  hand 
on  the  instrument,  and  the  other  on  the  revolving  arm,  both 
are  moved  from  side  to  side,  until  the  sun's  image  is  made  to 
ap})ear  on  the  silver  plate ;  when,  by  carefully  continuing  the 
operation,  it  may  be  brought  precisely  between  the  equatorial 
lines. 

Allowance  being  now  made  for  refraction,  the  line  of  sights 
will  indicate  the  true  meridian ;  the  observation  may  now  be 
made,  and  the  flag-man  put  in  position. 

When  a  due  east  and  west  line  is  to  be  run,  the  verniers  of 
the  horizontal  limb  are  set  at  90°,  and  the  sun's  image  kept 
between  the  lines  as  before. 
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^H  trSK   OF  TUB  HEEDLU. 

^^K  In  riintiinf;  lines,  tlie  niagtietic  needle  is  alwa^-a  kept  witli 
^^pthe  Eua ;  Unit  is,  tht:  point  of  tliB  neeillu  is  made  to  indicate  G 
on  tlie  arc  of  the  eunipafis  box,  by  turning  llic  tangent  screw 
connected  witli  ita  ami  on  tlie  opposite  eide  of  tlie  plate.  By 
tiiis  means,  tlie  lines  can  be  run  by  tlie  needle  alone,  in  ease 
of  tlie  temporary  disappearance  of  the  sun ;  but  in  such  cases, 
of  course,  tlie  surveyor  must  be  sure  tliat  no  local  attraction  is 
exerted. 

Tlie  varialioTi  of  the  needle,  wliicli  fs  notetl  at  every  station, 
Is  read  off  in  degrees  and  minutes  on  the  arc,  by  t!ie  edge  of 
Tvhich  the  vernier  of  the  needle  box  moves. 

TIME   OF   DAT   BY   THK   SUN. 

The  time  of  day  is  best  ascertained  liy  the  Solar  Compass 
:'When  the  sun  is  on  the  meridian,  as  at  the  time  of  making  the 
observation  lor  latitude. 

The  time  thus  given  is  that  of  apparent  noon,  and  can  be 
reduced  to  mean  time  by  merely  applyinj:;  the  equation  of  time 
as  directed  in  the  Almanac,  and  adding  or  subtracting  as  the 
Bun  is  slow  01-  fast. 

ADTA1ITAGE3  OF  THK  SOLAR  COMPASS  IN  SURVEYING. 
It  will  readily  occur  to  all  who  have  road  the  preceding 
description  of  the  Solar  Compass,  that  wliile  it  is  indispensable 
•4n  the  surveys  of  public  lands,  it  also  i>0Bse3ses  important  ad- 
vantages over  the  magnetic  conipasa  when  used  in  the  ordi- 
l.nary  surveys  of  farms,  &c. 

.  For  not  only  can  lines  he  run  and  angles  bo  measured  with- 
out regard  to  the  diurnal  variation,  or  the  effect  of  local 
attraction,  but  the  bearings,  being  taken  from  the  true  meri- 
dian, will  i-emain  unchanged  for  all  time. 

The  constant  imcertainty  caused  by  the  variation  of  the 
■needle,  and  the  litigation  to  which  it  so  often  gives  j-ise,  may 
thus  be  entirely  prevented  by  the  use  of  the  Solar  Compasa  iai 
this  kind  of  work. 
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THE    TRANSIT. 

The  Transit  is  an  instrument  designed  for  measuring  either 
liorizoutal  or  vertical  angles.  It  consists  of  a  telescope  re- 
volving by  its  cross  bar,  in  the  top  of  standards  attached  to  a 
horizontal  vernier  plate,  that  moves  around  a  graduated  circle 
Dr  limb  beneath. 

The  telescope  " transits j^  or  turns,  completely  around  in  a 
vertical  plane,  so  as  to  be  dii'ected  to  opposite  points  without 
revolving  the  instrument.  Within  the  tube  of  the  telescope^ 
and  in  the  exact  focus  of  the  object  and  eye-glasses,  is  a  small 
ring,  upon  which  are  stretched  two  fine  spider  lines  at  right 
angles  to  each  other,  and  forming  by  their  intersection  a 
minute  point,  by  which  the  telescope  can  be  directed  to  any 
object  desired. 

The  vertical  circle  is  connected  with  the  axis  of  the  tele- 
scope, and  turns  with  it. 

Both  the  horizontal  and  vertical  circles  are  divided  to  halt- 
degrees,  and  read  by  their  verniers  to  single  minutes. 

Clamp  and  tangent  screws  are  also  connected  with  both  the 
horizontal  and  vertical  circles,  by  which  they  are  slowly 
moved  a  short  distance  in  either  direction,  and  set  with  the 
utmost  nicety  to  any  position  desired. 

A  compass  circle  witli  a  magnetic  needle  is  always  connected 
with  the  Transit,  and  is  used  precisely  like  tliat  of  the  Sur- 
veyor's Compass  already  described. 

When  this  circle  is  fixed  to  the  vernier  plate,  the  instru- 
ment is  termed  an  Engineers  Transit^  when  it  can  be  turned, 
like  that  of  the  compass,  to  set  off  the  variation  of  the  needle, 
as  represented  in  the  engraving,  it  is  called  a  Surveyor's 
Transit, 

A  level,  as  shown  in  the  engraving,  is  oflen  placed  on  the 
under  side  of  the  telescope,  and  is  used  to  determine  a  hori- 
zontal line. 


STrETETING    AND    NATIQATTOJI. 


Adjustments : — 

1.  The  iiitereection  of  the  epider  lines  must  be  in  tlie  optical 
axis  of  tlie  telescope,  so  tliat  tlie  iiistniment,  when  pliiL-cU  in 
the  middle  of  a  straight  line,  will,  by  the  revohition  of  thf 
telescojie,  cut  its  extremities. 

To  do  this,  BCt  »p  the  instrument  finnly,  level  the  plates, 
and  having  clamped  eU  fli-mly  together,  direct  tlie  telescope 
by  the  cross  wires  to  some  distant  object ;  revolve  the  telescope, 
and  find  an  object  in.  the  opposite  direction,  which  tlie  cross- 
wires  will  bisect;  the  two  objects  would  be  exa,ctly  in  line,  if 
the  telescope  was  in  adjustment. 

To  test  this,  tnm  the  inatniment  half  way  aroniid,  set  the 
CTOss-wires  precisely  upon  the  second  object  found,  and  again 
revolve  the  telescope  in  the  direction  of  the  firet  object. 

If  the  crtisa-wires  strike  it,  the  telescope  is  in  adjnshnent ; 
if  not,  hy  the  caiistan  head  screws,  shown  near  the  cross-bar, 
move  the.  ring  until,  by  estimation,  one-fourth  the  error  is  cor- 
rected. 

-■  Repeat  the  operation  until  the  adjustment  is  complete,  and 
the  cross-wires  will  cut  tlie  ends  of  a  straight  line. 
-■-  2.  The  vertical  circle,  with  its  vernier,  must  be  adjusted  to, 
the  horizontal  cross-wire  of  the  telescope. 

•  To  do  this,  level  the  instrument  carcfnlly,  and  set  the  zeros 
of  the  circle  and  veniier  in  exact  coincidence ;  and  have  tli^ 
olamp  to  the  telescope  axis  firmly  fastened. 

•  Find  or  set  some  distant  object,  which  the  horizontal  cross- 
wire  will  precisely  indicate ;  unclauip  the  teleacojje  axis,  turn 
tlie  inetrumCTit  halfway  around,  revolve  the  telescope,  and  set 
flie  horizontal  wire  \i\)on  the  same  point ;  and  luite  whether 
Hie  zeros  of  the  vertical  circle  and  its  vernier  corrAipond  as 
'before.  If  not,  slacken  the  two  screws  which  confine  the  ver- 
nier, and  move  it  until  half  the  error  is  removed, 

-  Hepeat  the  same  operation  until  the  adjustment  is  complete. 

The  other  adjustments  of  the  transit  arc  mainly  the  same  'a 

ibose  of  the  com])as3  idready  f^ji'-n. 
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1.  2^0  measure  horizorUal  angles  with  the  tra?mt. 

Set  the  instrument,  by  a  suspended  plummet,  directly  over 
tlie  point  of  observation,  level  the  plates  by  means  of  the  large 
screws  underneath,  bring  the  telescope  upon  one  of  the  points 
to  be  observed,  and  note  the  exact  reading  of  tlie  horizontal 
circle  or  limb. 

Then  unclamp  the  horizontal  plates,  and  turn  the  telescope 
so  as  to  strike  the  second  object  selected ;  note  the  reading  of 
tlie  verniers  of  the  limb,  and  the  difference  between  the  two 
readings  will  be  the  angle  required. 

2.  To  ineasure  vertical  angles  with  the  transit. 

If  the  instrument  is  in  adjustment,  direct  the  telescope  to 
^ny  object  whose  altitude  is  required,  and  read  the  angle  bj 
the  vertical  circle  and  vernier ;  this  will  be  the  altitude  re- 
quired. 

3.  To  run  levels  with  the  transit 

Level  the  instrument  carefully,  bring  the  telescope  into  a 

.horizontal    position,   clamp  the  axis,  and  with  the  tangent 

Bcrew   bring  the  level  bubble  under  the  telescope  precisely 

into  the  centre,  and  the  horizontal  cross-wire  will  indicate  a 

level  line  in  any  direction. 

THE     SURVEYOR'S    CHAIN. 

In  farm  surveying,  lines  are  measured  with  a  chain  66  feet,  or 
4  rods  long.  This  chain  is  divided  into  100  links,  each  being 
7.92  inches  long ;  10  square  chains  make  an  acre,  and  as  the 
links  are  hundredths  of  a  chain,  we  can  say,  2  chains  and  46 
links,  or  2.46  chains,  or  246  links.  And  the  area  computed  in 
chains  can.be  expressed  in  acres  by  moving  the  decimal  point 
one  place  to  the  left.  To  facilitate  the  counting,  every  tenth 
link  is  indicated  by  a  small  piece  of  brass.    . 

Note. — ^En^neers  measure  lines  with  a  chain  100  feet  long.  This  la 
divided  into  100  Hnkd/each  link  being  one  foot  long. 
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PLANE    TABLE. 

I       TliG  Pl&ne  Table  U  exactly  wlint  tlie  name  indicates;  it  ia 

'   a  {iliuie  board  table,  about  two  feet  long  and  20  iucliefi  wide, 

resting  on  a  tripod,  to  wliioh  it  is  Unnly  screwed,  yet  cajMble 

of  an  easy  motion  on  its  ventre,  baviiij^  a  ball  and  socket  like 

a  compass  staff. 

Directly  under  the  table  ia  a  braes  plate,  in  wliicli  fmi.e 
nUUsd  tcrewg  are  worked,  for  the  purpose  of  adjusting  tlie 
table,  the  screws  pressing  against  the  table. 

To  level  the  table,  a  small  detached  spirit-level  may  be  used. 
The  level  l)eing  placed  on  the  table  over  two  of  the  screws,  tbe 
■crews  are  tin-ned  eonti-ary  ways  until  the  level  is  horizontal ; 
after  which  it  is  placed  over  the  other  two  screws,  and  made 
Lorizoutal  in  the  same  manner. 

The  table  has  a  clamp  screw  to  bold  it  firmly  during  obser- 
vations, and  also  a  tangent  screw  to  turn  it  minutely  and 
gently,  after  the  manner  of  tbe  theodolite. 

The  upper  side  of  the  table  ia  bordered  by  four  narrow  brass 
plates,  and  the  centre  of  tbe  table  is  marked  by  a  pin. 

About  this  center,  and  tangent  to  the  corners  of  the  table, 
conceive  a  circle  to  be  described.  Suppose  the  circumference 
of  this  circle  to  be  divided  into  degrees  and  parts  of  a  degree, 
and  radii  to  be  drawn  through  the  center,  and  each  point  of 
division. 

The  points  in  which  these  radii  intersect  tbe  outer  edge  of 
tbe  brsiss  border,  are  marked  by  lines  on  the  brass  plates ;  these 
lines,  of  course,  show  degrees  and  parts  of  degrees ;  tbey  are 
marked  from  right  to  left,  from  0  to  ISO"  on  both  sides,  bnt  on 
some  tables  the  numbers  run  all  tbe  way  round,  from  0  to  360°, 

Near  the  two  ends  of  tbe  table  are  two  grooves,  into  whicb 
are  fitted  brass  plates,  which  are  drawn  down  into  their  places 
by  screws  coming  np  from  tbe  under  side.  The  object  of  these 
grooves  and  corresponding  plates,  is  tu  buld  down  paper  firmly 
and  closely  to  tbe  table. 

The  paper,  before  being  put  on,  should  be  moistened  to  ex- 
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pand  it ;  then,  carefiillj  drawn  over  tlie  table,  and  fastened 
down  by  the  plates  that  fit  into  the  grooves ;  on  drying,  it  will 
closely  fit  the  table. 

A  delicate  fine-edged  raler  is  nsed  with  the  plane  table  ;  it 
lias  vertical  sights,  the  lines  of  which  are  in  the  same  vertical 
plane  as  the  edge  of  the  mler. 

The  plane  table  may  be  used  for  three  distinct  objects. 

1st.  For  the  measurement  of  horizontal  angles. 

2d.  For  the  determination  of  Uie  shorter  lines  of  a  survey, 
both  as  to  extent  and  position. 

3d.  For  the  purpose  of  mapping  down  localities,  harbors, 
water  courses,  &c. 

1.  To  medsure  a  horizontal  angle. 

Place  the  center  of  the  table  over  the  angular  point.  Level 
the  table,  then  place  the  edge  of  the  ruler  against  the  pin  at 
the  center;  direct  the  sights  to  one  object,  and  note  the  degree 
on  the  brass  plate ;  then  turn  the  ruler  to  the  other  object,  and 
note  the  degree  as  before.  The  dift'erence  of  tlie  degrees  thus 
noted  is  the  angle  sought. 

If  the  ruler  passed  over  0  in  turning  from  one  object  to  the 
other,  subtract  the  larger  angle  from  180^,  and  to  the  remain- 
der add  the  smaller  angle. 

2.  To  determine  lines  in  extent  and  position. 

Let  CD^  in  the  diagram,  be  a  base 
line ;  place  the  table  over  C  so  that 
the  point  on  the  table,  where  we 
wish  C'  to  be  represented,  shall  fall 
directly  over  C ;  and  place  the  table 
in  such  position  that  CD  shall  take 
the  desired  direction  on  the  table. 

Now  level  the  instrument,  and 
damp  it  fast ;  it  is  then  ready  for  use. 

Sight  to  the  other  end  of  the  base  line,  and  mark  it  along 
the  fine  edge  of  the  ruler. 
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In  the  same  m&RDer,  ^i<dit  slou^  the  direction  of  CE,  and 
tnark  that  direction  ia  i  fine  lead  line,  that  can  be  easily 
robbed  oat :  tbe  point  Eu  tntn^teA^/r  in  that  Hue. 

Sight  in  tbe  direction  of  E,  and  mark  the  tine  on  tbe  paper; 
^is  somevliere  in  that  line.  In  this  tuannt^.  eight  to  as  many 
objects  a&  desired,  as  G,  I/,  B,  A^  Ac, 

Now  the  base  ot*  the  paji^r.  mar  be  as  lon^,  or  as  short  as 
wc  please ;  suppose  the  iro/  hiue  on  the  gronnd  to  be  1,200 
ieet ;  tlua  may  be  represented  on  the  table  by  3.  4.  5,  10,  or 
12  inches,  more  or  less.  Suppose  we  represent  it  by  6  inches ; 
Uien  one  inch  on  the  paper  wijl  correspond  with  200  feet  on 
the  groniid  {horizonfaUij). 

Take  CD,  six  inches,  and  ]>lace  a  pin  at  D,  remove  the  in- 
etrument  to  the  other  end  of  the  base,  and  place  D  of  the  table 
right  over  the  end  of  tlie  base,  by  the  aid  of  a  phiinb,  and 
give  the  table  such  a  j>osition  as  will  cause  CD  on  the  table, 
to  eorrefiixjnd  with  the  direction  of  the  base. 

Level  tlie  table  and  clainp  it.  Now,  if  CD  on  the  table 
does  not  exactly  correspond  witli  the  direction  of  the  base  on 
tlie  ground,  make  it  correspond  by  means  of  the  tangent 

Now  from  D,  by  means  of  the  mlcr  and  its  eight  vanea, 
draw  lilies  on  the  paper,  in  the  direction  of  the  points  E,  E,  &, 

II,  B,  A,  &c. ;  and  where  those  lines  intersect  those  from  the 
other  end  of  the  base  to  the  same  [toints,  are  tho  real  localities 
of  those  points,  i/i  j>roj}oriiou  to  the  base  line.  Lines  drawn 
from  point  to  point,  where  these  lines  intersect,  as  EE,  EG, 
Oil,  &c.,  wiU  determine  the  relative  distances  from  point  to 
piMUt,  at  the  rate  of  200  feet  to  the  inch. 

Liiica  drawn  from  the  center  of  the  table,  parallel  to  EE 
and  EG,  will  determine  the  angle  EFG,  in  ease  the  angle  ia 
reciuired.  After  the  points,  _£",  F,  6^,  Ac,  have  been  deter- 
tninod,  the  light  pencil  lines  to  them,  from  tlie'  ends  of  the 
batio,  miiy  be  nibbed  out,  except  those  that  we  may  wish  to 
rotain. 
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INSTRUMENTS.  ^1 

THE   ENaiNEER»S   LEVEL. 

The  engineer's  level  is  an  instrument  by  which  we  can  mark 
a  horizontal  line,  or  a  line  parallel  to  the  surface  of  tranquil 
water,  and  by  which  we  can  ascertain  how  much  certain 
points  are  above  or  below  the  line  marked  out.  This  instru- 
ment consists  essentially  of  a  telescope  and  an  attached  level. 

Adjustmerds : — 

1.  The  intersection  of  the  spider  lines  should  be  in  the 
optical  axis  of  the  telescope. 

Direct  the  telescope  to  some  distant  object,  and  bring  the 
intersection  of  the  spider  lines  upon  some  distinct  point; 
then  revolve  the  telescope  on  its  bearings.  If  the  intersection 
moves  from  the  point,  change  the  position  of  the  spider  lines 
by  the  screws  attached,  until  the  intersection  will  remain 
upon  the  same  point  while  the  telescope  is  revolved  upon  its 
hearings. 

2.  The  level  attached  should  be  parallel  to  the  optical  axis 
of  the  telescope. 

Bring  the  bubble  to  the  middle  of  the  level  tube ;  tlien  take 
the  telescope  from  its  bearings,  and  reverse  it.  If  the  bubble 
does  not  remain  at  the  middle,  the  tube  must  be  changed  in 
position  by  the  screws  at  its  end,  until  the  bubble  will  settle 
at  the  middle  after  the  telescope  is  reversed.  ; 

3.  The  optical  axis  of  the  telescope  should  be  perpendicular 
to  the  axis  of  the  instrument,  so  that  the  bubble  will  remain 
in  the  middle  of  its  ti;be  during  an  entire  revolution  of  the 
instrument  on  its  axis.  Bring  the  telescope  directly  over  two 
opposite  leveling  screws  ;  then  bring  the  bubble  to  the  middle 
of  its  tube,  and  revolve  the  instrument  on  its  vertical  axis  ;  if 
the  bubble  mo\'es  from  the  middle,  one  of  the  standards  or 
wyes  must  be  moved  by  the  nuts  on  either  side  of  the  bar  until 
the  instrument  can  be  revolved  without  displacing  the  bubble. 

The  Tripod  Ilead  of  the  engineer's  level  has  two  parallel 
plates  connected  by  a  ball  arid  socket-joint,  upon  which  the 
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itpper  plate  moves.  Tliere  are  fonr  lai^e-lieaded  screws  cal 
leveling  screws,  which  move  in  bearings  in  tlie  iip]>er  plate, 
and  wliicli,  hy  pressing  upon  tlie  lowei-  pla.te,  keep  tlie  two 
pistes  fii'uily  apart. 

To  level  the  iiistniment,  tnm  the  telescope  directly  over  twa 
opiJOBite  leveling  screws.  Then  turn  these  two  BurewB  in 
contrary  directions  moving  Imth  thnmba  in  or  out  as  may  be 
reqnired  until  the  Imhhle  is  in  place.  Then  place  the  teles- 
(iope  directly  over  the  other  opposite  leveling  ecrewe,  and  turn 
tliese  two  in  coutmry  directions,  until  the  bnt>blc  is  in  place. 

There  are  also  clamp  and  tangent  screws,  giving  a  slow 
motion  to  the  telescope,  to  enable  the  ohser\'er  to  bring  the 
spider  lines  precisely  upon  any  point.  The  use  of  these  will 
he  readily  uuderstood  from  an  examination  of  the  instrument. 

To  Test  the  Adjnslment  of  the  Level. 
It  18  important  that  the  level  should  be  in  as  perfect  adjust- 
^  ment  as  jxwsible.     The  accuracy  of  the  adjustments  may  be 
tested  as  follows. 


.  Measure  very  carefully  the  distance  between  two  stations, 
18  jFand  F",  and  set  tlie  instrument  exactly  midway  between 
I  tliem  as  represented  in  the  last  figure, 

I      Tlien  level  the  iustnnnent,  and  find  the  difference  of  tho 

klevcls  between  .£'and  ^(two  pegs  driven  into  the  ground). 

Now,  suppi>se  A  ^measures  on  the  rod,       .     i.753  feet. 

And  BF        ''  "         "      .         C.327  feet. 

Then  A' is  above  i*" 1.575  feet. 
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Now  bring  the  level  near  to  one  v?  tlio  6latit)ii» 
level  it  very  acGiimteiy,  and  fiiftlit  tii  the  nxi  A.  E. 
Now,  suppoao  the  target  standi*  Ht  5.137  teet, 
K  To  this  add        ....     1.575  feet. 

■  bTfTa 

H^  The  rod  man  now  goes  to  tlie  etation  F,  puts 
Tiis  tar^t  ou  the  rod  exactly  at  6,712,  and  tlie 
telescope  i^^  turued  upon  it,  and  the  horizontui 
spider  line  on^ht  to  jnst  cuincido  witli  the 
target,  and  will,  it'  the  instminent  ia  in  perfect 
a^'uatinent;  if  it  is  uot,  the  error  is  taken  out 
[by  Uie  Bcrewa  shown  on  the  outside  <jt'  the  tiil)e. 
r  tlie  error  was  bnt  slight,  as  in  siidi  oases  it 
llwaye  is,  with  gotxl  iustruniente,  the  adjnst- 
JDent  is  as  complete  us  it  eau  ho  .made, 

THE    LEVELING    HOD. 

The  Enpiaoer's  Levclinff  R«d  is  formed  of 
wo  pieces  of  wood  shding  from  each  other,  ami 
graduated  into  feet,  tenths,  and  hundreds, 
with  verniers  reading  to  thpusandtlis  of  a  foot. 
The  tai^t  is  circular,  and  painted  white  and 
red  in  alternate  quadrants.  It  is  kept  in  place 
by  a  clump-screw,  and  it  carries  upon  the  front 
side  of  the  rod  a  vernier  reading  to  the  thou- 
aandth  of  a  foot.  The  front  surface  on  which 
the  target  moves,  reads  to  six  and  a  half  feet ; 
when  a  gi-eater  height  is  required,  tlie  hori- 
zontal line  of  the  target  is  fixed  at  that  point, 
and  the  upper  half  of  the  rod  carrying  tlie 
target  is  nioiod  ont  of  the  lower,  the  read- 
ing being  now  obtained  by  a  vernier  on  the 
graduated  side,  up  to  an  elevation  of  nearly 
twelve  feet. 

The  verniers  on  the  engineer's  leveling  rod 


B4  SURVEYING  AND   NAVIGATION. 

are  bo  constructed  that  ten  spaces  of  the  vernier  scale  are  just 
equal  to  nine  of  tlie  smallest  spaces  on  the  graduated  rod  ;• 
and  as  tliese  last  spaces  are  hundredths  of  a  foot,  the  verniers 
will  read  to  the  thousandth  of  a  toot. 

THE    THEODOLITE. 

The  The^A^lite  is  an  instrument  designed  for  the  measure- 
ment of  either  horizontal  or  vertical  angles.  It  answers  the 
same  purposes,  therefore,  in  tlic  main,  as  the  transit.  Like 
the  transit,  it  lias  two  graduated  circles,  one  horizontal,  and 
the  other  vertical ;  also  a  telescope,  and  generally  a  compass 
box.  The  telescope,  however,  rests  in  Y  shaped  supports,  as 
in  the  engineer's  level,  and  may  be  reversed  without  dis- 
turbing the  position  of  the  vertical  circle  with  which  it  is 
connected. 

Adjustments : — 

1.  The  intersection  of  the  spider  lines  should  be  in  the  opti- 
cal axis  of  the  telescope. 

2.  The  level  attached  to  the  telescope  should  be  parallel  to 
the  optical  axis  of  tli6  telescope. 

3.  The  axis  of  the  telescope  should  be  parallel  to  the  hori- 
zontal plate. 

4.  The  optical  axis  of  the  telescope  should  be  perpendicular 
to  the  axis  of  motion. 

6.  The  vertical  circle  should  be  perpendicular  to  the  axis 
of  the  telescope  and  the  horizontal  plate. 

The  first  two  of  these  adjustments  are  made  precisely  as  the 
corresponding  adjustments  of  the  level.  The  other  three  are 
usually  attended  to  by  the  maker. 

The  theodolite  is  less  convenient  in  practical  field  work 
than  the  transit,  and  has  never  been  popular  in  our  own 
country. 


INSTEDUENTS. 

SECTION   II. 
INSTRUMENTS   IN  NAVIGATION, 

THE    SEXTANT. 


Tho  Sextant  ia  an  inBtniment  iuiic;li  nscd  nt  atia  f<jr  inenfmp>] 
iiijl  angles;   its  construtitiou  ia  siieli  that  observiitioiis  iniuleji{ 
with  it  are  not  esBentiaily  affected  l)y  the  iiiotioii  uftho  ship.  J 

In  the  figure  ahove,  wliidi  represents  the  eextimt,  BC  is  ( 
graduftteti  arc,  a  Httle  more  than  sixty  degrees  in  extent;  tli6'l 
gradnatiun  commences  at  B.     Tlie  ffradiiated  are  is  firmly^ 
connected  with  b  frame  of  hraas  or  ebony,    A  Via  a  revolving 
indrj;  fjar,  tnrninf*  on  a  ]iivot  at  the  eenter  oftlie  eirfrulariMU-tl 
dt  A,  this  [Kiint  being  also  tlie  center  of  t.lie  ;fradimted  j 
Attached  ti>  the  index  bar,  near  V,  ia  a  veriw&f  sc^e,  whie 
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slides  over  the  graduated  are,  and  wliicli  may  be  fastened  at 
any  point  by  a  clanip  screw,  or  moved  gently  by  a  tangent 
screw.  There  is  also  a  microscope  attached  to  the  bar,  whicli 
may  be  turned  over  the  vernier,  and  used  to  distinguish  the 
lines  of  graduation.  At  A  is  a  small  plane  mirror,  pei'pendi- 
cular  to  the  plane  of  the  sector ;  it  is  attached  to  the  index 
bar,  and  revolves  with  it.  This  is  called  the  hulex  glass. 
Attaclied  to  the  frame  of  the  instnnnent,  at  77,  is  another 
mirror,  called  the  horizon  glass.  It  is  fixed  at  right  angles 
with  the  plane  of  the  instrument,  and  is  parallel  to  the  index 
glass  when  the  index  is  at  zero  of  the  arc.  The  lower  half  of 
the  horizon  glass  is  silvered,  so  as  to  make  it  a  reflector;  the 
upper  half  is  transparent.  There  is  a  small  telescope,  Ej 
which  is  fixed  in  a  ring,  and  directed  towards  the  horizon 
glass  at  II.  At  M  and  N  are  sets  of  colored  glasses  or 
screens,  one  or  more  of  which  may  bo  thrown  between  the 
two  mirrors,  or  between  tlie  horizon  glass  and  telescope,  to 
moderate  the  light  of  tlie  sun  or  moon,  when  under  obser- 
vation. 

The  sextant  when  used  is  held  by  the  handle  at  P^  so  that 
the  plane  of  the  graduated  arc  shall  coincide  w^ith  the  two 
points  whose  angular  distance  is  to  be  measured.  The  tele- 
scope is  directed  to  one  of  the  points  or  bodies,  which  is  seen 
directly  through  the  upper  or  transparent  part  of  the  horizon 
glass.  The  index  bar  is  then  turned,  until  the  other  point  or 
body,  whose  image  is  reflected  from  the  index  glass  to  the 
horizon  glass  and  thence  into  the  telescope,  comes  into  ap- 
parent contact  with  the  first.  The  angular  distance  of  the  two 
points  is  then  indicated  by  the  vernier. 

ITie  angular  distance  measured  hetween  any  two  objects  is 
always  twice  the  nuinher  of  degrees  over  which  the  index 
bar  moves. 

To  show  this,  we  will  make  use  of  a  diagram,  showing  only 
the  lines  of  direction  assumed  by  the  principal  parts  of  the 
instrument.     A  V  is  the  direction  of  the  plane  of  the  index 


INSTRUMENTS. 


at 


glasBy  and  B.L  the  direc- 
tion of  the  plane  of  the 
horizon  glass.  The  eye 
piece  of  the  telescope  is 
supposed  to  be  at  £ 

Uow  conceive  a  ray  of 
Jight  coining  from  an  ob- 
ject aS^  and  striking  the 
mirror  A^  the  index  mir- 
ror being  tiirne;d  so  as  to 
throw  the  reflecting  ray  into 
the  mirror  H ;  this  mirror 
again  reflects  it  towards^,  and  an  eye  anywhere  in  the  line  DH 
will  see  the  image  of  the  object  behind  the  mirror  //.  Conceive 
the  ray  of  light  from  S  to  pass  right  through  the  mirror  at  A^ 
to  meet  the  line  HE  *y  then,  it  is  obvious  that  the  angle  8ED 
measures  the  angle  between  the  object  S  and  its  image  D. 

It  is  a  principle  in  optics  that  the  angle  of  incidence  is  ecpial 
to  the  angle  of  reflection  ;  from  this  it  follows  that  VA  bisects 
the  angle  EAH  in  the  diagram  ;  and  LH^  the  direction  of  the 
horizon  glass,  bisects  the  angle  EHC.  In  the  triangle  EAII^ 
the  angle  at  E  is  equal  to  the  difference  of  the  exterior  angle 
EUC^  and  the  interior  angle  EAIL 

Also,  in  the  triangle  LAH^  the  angle  at  L  is  equal  to  the 
difference  of  the  exterior  angle  LHC\  and  the  interior  angle 
IjAII,    Therefore  we  have 

E^  EIIC  -^  EAII, 
L^LIIC^LAIL 
But  EHC  is  twice  LIIC^  and  EAH  is  twice  LAH;  whence  it 
follows  that  the  angle  ^is  twice  the  angle  Z;  but  the  angle 
L  is  equal  to  the  angle  BA  F,  because  HL  is  parallel  to  AB, 
Therefore  the  angle  at  E  is  twice  the  angle  BA  F,  which  is 
measured  by  the  arc  B  F,  over  which  the  zero  of  the  index 
arm  has  moved.     It  is  obvious  that  double  the  number  of 
degrees  in  the  arc  B  Fwill  be  the  number  of  degrees  in  the 
angle  E. 
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For  ctonvenience,  however,  every  half  degree  of  tlie 
ated  aru  is  reekoued  as  a  degree;  for  it  repreBeiits  a  de; 
the  angle  measured.     In  tlie  figure  represeiiling  the  eextHiil 
the  arc  SC  ia  sixty-five  degrees  iii  extent,  but  the  130  half 
degrees  into  which  it  ia  divided  are  reckoned  as  130  degrees. 

Adjustments :  | 

1.  The  index  glass  should  be  ])ei'i>cndi<;ular  to  the  plane  (A 
the  instrument.  j 

Place  the  index  near  the  middle  of  the  are,  and  look  in(] 
the  index  glass  in  the  direction  of  the  plane  of  the  inetrnmeiM 
If  the  reflei.'ted  arc  appear  in  a  line  with  the  arc  seen  direa 
the  index  glass  is  perpendicular  to  the  ])lane  of  the  instrfl 
ment ;  if  not,  the  index  glass  must  be  moved-  until  the  arc  ain 
its  imago  appear  in  a  line,  i 

2.  The  horizon  glass  should  be  jiarallel  to  the  index  glaa 
when  the  index  is  placed  at  zero,  j 

Clamp  the  index  at  zero,  hold  the  instrument  vertically,  em 
see  if  the  distant  horizon  coincides  with  its  image,  as  seen  ii 
the  horizon  glass,  so  as  to  form  one  continued  line ;  if  not,  tU 
horizon  glass  must  be  moved  by  its  screws  until  the  object  art^ 
its  image  coincide.  ] 

3.  The  horizon  glass  should  be  perpendicular  to  tlie  plan 
of  the  inatnmient,  I 

Clamp  the  index  at  zero,  and  look  at  some  smooth  portlcd 
of  the  distant  horizon  while  holding  the  instrument  perpendiq 
nlar ;  a  continued  unbroken  line  will  be  seen  in  both  parts  ok 
the  horizon  glass;  and  if,  on  turning  the  instrument  from  thj 
perpendicular,  the  horizontal  line  contin^ies  -unbroken,  the  hoS 
zon  glass  is  in  full  adjustment ;  but  if  a  break  in  the  line  i 
observed,  the  glass  is  not  ^perpendicular  to  the  plane  of  the  iq 
strument,  and  nmst  be  made  so  by  the  screw  adapted  to  tlJ 
purjKise.  1 

Atler  an  instrument  has  bceiv  examined  according  to  thea 
directions,  it  may  be  considered  as  in  an  approximate  adjnM 
ment ;  a  re-examination  will  render  it  more  perfect,   •  J 
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Finally,  we  may  find  its  index  error  as  follows :  Measure 
the  suni^s  diameter  both  on  and  off  the  arch — that  is,  both  ways 
from  0 ;  and  if  it  measures  the  same,  there  is  no  index  error. 
But  if  there  is  a  diflference,  half  that  difference  will  be  the  in- 
dex error,  additive^  if  the  greater  measure  is  off  the  arch,  mb- 
tractive^  if  on  the  arch. 

1.  To  measure  the  altitude  of  the  sun  at  sea. 

Turn  down  the  proper  screen  or  screens  to  defend  the  eye. 
Put  the  index  at  0,  havihg  it  loose,  look  directly  at  the  sun 
through  the  tube,  and  you  will  see  its  image  in  the  silvered 
part  of  the  horizon  glass.  Now  move  the  index,  and  the  image 
will  drop ;  drop  it  to  the  horizon,  and  clamp  the  index. 

Let  the  instrument  slightly  vibrate  each  side  of  the  perpen- 
dicular, on  the  line  of  sight  as  a  center,  and  tlie  image  of  the 
sun  will  apparently  sweep  along  the  horizon  in  a  circle.  While 
thus  sweeping,  move  the  tangent  screw,  so  that  the  lower  limb 
of  the  sun  will  just  touch  the  horizon,  without  going  below  it. 
The  reading  of  the  index  will  be  the  altitude  corresponding  to 
that  instant,  provided  there  be  no  index  error. 

2.  To  measure  the  angular  distance  between  two  bodies  as 
the  sun  or  moon^  or  the  moon  and  a  star. 

The  most  brilliant  of  the  two  objects  is  always  reflected  to 
the  other.  Loosen  the  index,  place  it  at  0,  and  direct  the  line 
of  sight  to  the  brighter  object,  and  catch  a  view  of  its  image 
in  the  silvered  part  of  the  horizon  glass. 

Turn  the  plane  of  the  instrument  into  the  plane  between  the 
two  objects;  now  move  the  index,  keeping  the  eye  on  the 
image,  and  bring  it  along  to  the  other  object ;  bring  them  as 
near  as  possible,  then  gently  clamp  the  index. 

Hold  up  the  instrument  again,  in  the  plane  between  the 
two  objects,  and  view  one  object  through  the  transparent  part 
of  the  horizon  glass;  and  when  the  instrument  is  in  the  right 
position,  the  image  of  the  other  object  will  appear  also  in  the 
same  field  of  view,  and  then,  with  the  tangent  screw,  make  the 
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limb  or  the  refiex^tiMl  ubjwt  just  toaeb  the  other,  as  it  n 
past  it,  to  and  tiro,  hr  tlic  geutW  tnoiiun  v(  tlie  ingtr 
DDtil  tlte  oleerver  is  ^atiafied  that  he  lixs  gut  tiie  uieafim 
nesr  as  lie  can. 

The  liinb  of  tbe  eexlant  u  divided  into  degrees,  and  | 
dcfiToe  sobdirided  into  six  equal  parts  by  diurt  lines,  c 

b  tliese  parts  being  read  as  t«n  minutes. 

I      Tbe  xernier  is  bo  constrncted  that  60  spaces  on  tbe  t 

^  scale  are  just  equal  tu  59  uf  the  gmallest  ejiaces  oi^ 
limb :  aud  as  theec  gpa(.-e&  are  lU*  each,  tbe  veruier  will3 
to  10". 

Now,  if  tbe  zero  mark  of  the  vernier  coincides  witli  anyl 
on  tlie  limb,  theu  that  line  n'ill  indicate  tbe  angle.     Tliui 
it  coincides  with  tlie  line  marked  30,  then  tbe  angle  is  3 
If  tbe  zero  caincideg  with  the  next  lung  mark  beyond  tni 
marked  30,  then  the  angle  is  31^.     If  the  zero  does  not  coin- 
cide with  the  next  long  line,  but  is  beyond  it,  and  coincides 
with  one  of  tbe  shortest  lines,  then  the  angle  will  be  31'^  and 
J  many  minutes,  connting  each  small  s|>ace  as  Ity,     WTien 

Ltiie  zero  division  of  the  vernier  does  not  coini^idewith  any  line 

'  upon  the  limb,  but  stands  between  two  of  them,  then  look 
along  the  vernier  scale  for  a  line  that  does  coincide  with  a  line 
on  the  limb ;  then  connt  irom  the  zero  to  the  coinciding  line 

\  Bpon  tlie  vernier,  calling  each  small  spaL'e  of  the  vernier  10"; 
the  result  added  to  tbe  reading  of  the  lirab  will  give  tbe  angle. 

I  If,  for  example,  the  zero  of  the  vernier  is  between  tbe  second 
and  third  sliort  lines,  which  are  between  the  fir^t  and  second 
long  lines  beyond  30  on  tbe  limb,  and  the  fourth  short  line  be- 
yond 3  on  the  vernier  coincides  with  a  line  on  tlie  bmb;  then 
from  the  limb  we  read  31^  20",  and  fiom  the  vernier  we  read 
3'  40",  and  the  two  readings  give  for  the  angle 

31°  93'  40". 

In  reading  from  any  vernier,  fli-st  ascertain  the  vahie  of  the 
I  lowest  division  of  the  limb  of  the  instrnment,  and  then  find 
I  the  relation  of  one  divisitwi  of  the  vernier  to  one  division  of 
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the  limb.  This  can  be  done  by  findinfj  how  many  uf  I 
divisiotia  oi"  the  Uiiib  are  equal  to  tlio  graduated  i>a,rt  of  t 
vernier. 

THE    LOG. 


The  rate  at  which  a  ship  bails  is  incasiired  by  a  linenmnitiffl 
off  of  a  reel,  called  the  %  litie. 


TIic  log  IB  notliing  more  than  a  piece  of  tliiii  board  in  tha 
fonnof  a  eector,  of  about  six  inches  radius :  the  circular  part 
is  loaded  with  lead  to  make  it  Btand  perpendicular  in  the  water. 

The  line  is  so  attached  to  it  that  the  ^at  ^Ide  of  the  log  is 

kept  toward  tlie  ship,  that  the  resistance  of  the  water  ag&inat 

tiio  t&ce  of  the  1(^  may  prevent  it,  as  iiiucli  as  possible,  from 

ng  dragged  after  the  ship  by  the  weight  of  the  line  or  the^ 

Action  of  the  reel. 

Tlie  time  which  is  nsnally  occupied  in  determining  a  ship's 
rate  is  half  a  minute,  and  the  experiment  Ibr  tlie  puri>oee  is 
generally  made  at  the  end  of  every  hour,  but  in  common 
merchantmen  at  the  end  of  every  second  hour.  As  the  time 
of  operating  is  half  a  niimite,  or  the  hundred  and  twentieth 
part  of  an  hour,  if  the  line  were  divided  into  120th8  of  a 
nantical  mile,  whatever  number  of  those  parts  a  ship  might 
run  in  a  half  minute,  she  would,  at  the  same  rate  of  sailing, 
run  exactly  a  like  number  of  miles  in  an  hour.  The  12Uth 
part  of  a  mile  is  by  seamen  called  a  knot,  and  the  knot  is 
generally  subdivided  into  smaller  i)art8,  called  fathoms. 
Sometimes  (and  it  is  the  most  convenient  method  of  division) 
the  knot  is  divided  into  ten  parts,  more  fretjuently  perhaps 
into  eight;    but  in  either  case  the  subdivision  is   called  a 

The  sixiielh  part  of  a  degree  is  called  a  nautioai 


i 
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We  shall  consider  a  fatliom  the  tenth  of  a  knot,  and  as  the 
nautical  mile  is  6,079  feet,  the  130tb  part  of  it  is  50.6C,  the 
length  of  a  knot  on  the  line,  and  ii  little  over  five  feet  is  tlie 
I  lengtli  of  a  futliuin. 

The  operation  of  ascertaining  tiie  rate  of  sailing  is  called  hy 
I  seamen  heavituj  the  l*^. 

At  the  end  of  an  hour  the  loaded  chip,  or  log,  is  thrown 

I  over  the  stern  into  tho  sea ;  a  qnantity  of  the  line,  callod  the 

atra;/  line,  ts  allowed  to  run  off,  then  the  glaes  is  tnnied,  and 

the  number  of  knots  that  runs  off  the  reel  during  the  Aal^ 

minute  is  the  rate  of  the  ship's  motion. 

The  log  is  then  hauled  in,  and  the  same  operation  is  repeated 
[  at  the  end  of  the  next  hour. 

The  officer  of  the  watch,  wlio  has  been  on  deck  during  the 
hour,  will  mark  on  tlie  slate  or  board,  called  the  log  board, 
the  number  of  miles  and  parts  of  a  mile  which  the  ship  haa 
sailed  during  the  last  hour,  according  to  the  best  of  his  judg- 
ment;  the  log  was  thrown  only  to  help  make  up  that  judg- 
ment, for  the  rate  at  the  time  the  log  was  thrown  may  have 
been  considerably  more  or  less  thau.the  average  motion  during 

tiiia  hour. 


1 

I 

1 
1 
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SECTION  III. 
PLOTTING  INSTRUMENTS. 


Plottinf^  InSlrnmentS  arc  those  instruments  used  in  de- 
Jineating  upon  i)apcr  tho  lines  of  any  survey,  in  their  relative 
position  and  true  proportion. 

The  following  are  instruments  which  require  no  extended 
description. 

1.  The  PropDrlional  Compass  is  an  instrument  employed 
for  laying  oft'  lines  proportional  to  given  lines.  It  can  be  so 
adjusted,  by  moving  the  pivot,  as  to  secure  any  refjuired  ratio._ 
botweoD  the  lines  to  be  drawn  and  the  given  lines.  {See  Fig.  J.) 
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1. 


2. 


3. 


5. 


4. 


6. 


7. 


.  I 

2.  The  DiyMers  are  used  in  describing  arcs  of  circles  with 
given  radii,  and  in  transferring  proportional  lines  to  paper. 
{See  Fig  %) 

3.  The  Parallel  Rale  is  used  in  drawing  lines  parallel  to 
a  given  line.     {See  Fig.  3.) 

4.  The  T  Square  is  used  in  drawing  perpendiculars  and 
parallels.    {See  Fig.  4.) 

5.  The  Pr^tract^r  is  a  graduated  semi-circle  used  in  nicas- 
wing  angles  and  in  transferring  them  to  paper.     {See  Fig.  5.) 

6.  The  Engineer's  Pretraetor  is  only  another  form  of  the 
Instrument  last  described.  It  consists  of  a  rectangular  piece 
of  ivory  or  metal,  graduated  upon  three  sides  by  lines  converg- 
ing to  a  center  in  the  fourth  side.  The  gracfuations  represent 
d^rees,  or  parts  of  a  degree,  as  in  the  other  form.  {See  Fig.  6.)  ^ 


t* 
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7.  The  Pailosrapb  is  an  inBtrument  used  for  taking  nn 

enlarged  or  ilimtniBlied  copy  of  any  figure,  the  exact  Ibrm 

being  preseived.     It  can  be  so  adjusted  that  tlie  lines  of  the 

.  copy  shall  bear  any  required  ratio  to  the  corresponding  Una 

of  the  original.     {See  Fig.  1.) 

THE    DIAGONAL    SCALE    OF   EQUAL    PAItTB. 
A.  .«     *    .B    .8 


1  ■    \ 

1 11 M  1 1  U 

Tins  scale  is  used  in  transferring  lines  measured  in  units,  tens 
and  hundreds,  or  units,  tenths  and  hundredths. 

To  represent  2  chains  and  46  links,  place  one  foot  of  tlie 
dividers  on  the  sixth  parallel  below  2,  and  extend  the  othe^ 
foot  to  where  the  diagonal  .4  intersects  the  parallel  .06;  anii 
tlie  space  included  will  represent  3  chains  46  links  on  a  scal^ 
of  one  cliain  to  the  inch,  or  24  chains  60  links  on  a  scale  of  tew 
chains  to  the  inch,  or  246  chains  on  a  scale  of  one  hund) 
i  cliains  to  the  inch. 


GUNTER'S    SCALE. 

Ciniler*S  Scale  is  commonly  two  feet  in  length,  contaiij 
^  tlie  plane  scale,  and  tlio  scale  of  sines,  chordB,  and  tangents 
one  side  of  it,  and  the  scale  for  the  IfHja/rithmg  of  numbers, 
sines,  and  tangents  on  the  other.    The  logarithmic  scale  is  not 
I  much  used. 

The  plane  scale  includes,  in  addition  to  the  scale  of  equal  parts, 
I  a  line  of  chorda  formed  by  transferring  the  chords  of  Oto  several 
I  arcs,  into  which  a  quadrant  is  divided,  to  a  straight  hne,  the 
I  distance  from  0  to  00  being  the  radius  of  tho  ^uiidrant ;  aWi. 
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I  line  of  rhumbs,  which  is  a  line  of  chords  where  the  quadrant 
Is  divided  into  8  equal  parts,  called  points. 

There  are  also  lines  of  natural  sines,  tangents  and  secants, 
eind  a  line  of  semi-tangents  used  in  projections,  as  a  line  of  longi- 
budes  used  in  navigation,  and  a  line  of  latitudes  used  in  the 
cx)nstruction  of  sun-dials. 

The  lines  of  equal  parts  are  by  far  the  most  useful  of  the 
plane  scale;  these  lines  are  sometimes  so  graduated  as  to  give 
10,  15,  20,  25,  &c.,  parts  to  the  inch. 

1.  To  lay  down  a  given  angle  with  the  liTie  of  chords. 

Let  it  be  required  to  con-  C\ 

struct  an  angle  of  40^  at  the  XI} 

point  A.     With  the   dividers  y^    \ 

take  60  from  the  line  of  chords, 
and  with  one  foot  at  A  de- 
scribe the  arc  £0  with  60  as 
radius;    then  from   the  same 


line  of  chords  take  40,  and  with       A  B 

one  foot  of  the  dividers  at  B,  mark  the  point  D  with  the 
other  foot,  and  draw  the  line  AD. 
The  angle  BAD  will  be  the  required  angle  of  40°. 

2.  To  measure  an  angle  with  the  line  of  chords. 

Let  it  be  required  to  measure  the  angle  at  A  in  the  diagram. 
With  the  cliord  of  60,  and  A  as  center,  describe  the  arc  BD^ 
intersecting  the  sides  that  include  the  angle ;  then  extend  the 
dividers  from  B  to  D^  and  with  that  distance  apply  them  to 
the  line  of  chords,  one  foot  being  at  the  zero  of  the  line ;  the 
other  will  point  out  the  degrees  in  the  angle. 

Angles  are  constructed  and  measured  much  more  readily 
with  a  protractor  than  with  the  lines  on  the  plane  scale. 
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THE    SECTOR. 
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Tlie  Sector  consists  of  two  graduated  arms,  movable  alwnt 
a  common  point  as  center.  On  each  arm  are  several  lines 
diverging  I'roni  tlie  central  point.  One  of  these  lines  is  divided 
into  equal  parts,  and  is  called  tlie  line  of  lines ;  another  is  so 
graduated  aa  to  form  a  line  of  chords;  another  the  lincirf 
sines ;  iinotlicr  the  line  of  tangents,  itc.  The  lines  of  cliords, 
sines,  and  tangents,  are  constructed  upon  the  same  radius,  so 

I  that  when  the  sector  is  open  to  any  angle,  the  distance  from 
60  to  00  on  the  line  of  chords  is  the  same  aa  the  distance  from 
80  to  90  on  the  line  of  sines,  or  the  distance  from  45  to  45  on 
the  line  of  tangents. 
^  The  principle  of  the  sector  depends  upon  the  proportional- 
ity of  the  sides  of  similar  triangles;  and  as  the  lines  on  one 
arm  are  graduated  precisely  the  same  as  the  correspondiiif; 
lines  on  the  other  ami,  it  is  obvious  that  when  the  sector  ia 
open  at  any  angle,  as  in  the  dij^ain,  we  siial!  have — 

CA:  A3::  CA' :  A<B>. 
Therefore^l'^'isthesamopartofjlfitiiatCA  isot'CA.  Hence 
if  CA  is  a  chord  of  any  angle  to  CA  as  radius,  A'B'  will  be 
a  chord  of  the  same  angle  to  AS  as  radius;  and  if  CA'  is  a 
sine  of  any  angle  to  CA  as  radius,  then  A'£'  will  be  a  sine  o( 
the  same  angle  to  ^^  as  radius. 

ExampleH. — I.  To  find  the  chord  of  40°  to  a  radius  of  5 
inches,  open  the  sector  so  that  the  distance  from  60  to  60  on 
the  line  of  chords  shall  be  5  inches ;  then  the  distance  from  40 
to  40  on  the  same  line  will  be  the  chord  required. 
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'  2.  To  find  the  sine  of  44^  to  a  radius  of  6  inches,  open  the 
ficctor  so  that  the  distance  from  90  to  90  on  the  line  of  sines 
shall  be  6  inches ;  then  the  distance  from  44  to  44  on  the  line 
of  sines  will  be  the  sine  required. 

The  sector  is  also  used  in  drawing  lines  to  any  proposed 
scale. 

Example. — To  draw  a  line  of  37  feet  on  a  scale  of  20  feet  to 
flie  inch ;  open  the  sector  so  that  the  distance  from  20  to  20 
on  the  line  of  equal  parts  shall  be  one  inch;  then  the  distance 
from  37  to  37  on  the  same  line  will  represent  37  feet  on  a  scale 
of  20  feet  to  the  inch. 

To  divide  a  given  line  into  any  number,  say  5  equal  parts, 
open  the  sector  so  that  the  distance  from  5  to  5  on  the  line 
of  equal  parts  shall  equal  the  given  line ;  then  the  distance' 
from  1  »to  1  on  the  line  of  equal  parts  will  be  one  of  the  re- 
quired parts. 

The  advantage  of  the  sector  will  appear  from  the  following: 
problem. 

A  map  is  before  me,  its  scale  is  20  miles  to  an  inch ;  I  wish 
to  find  the  distance  in  a  right  line  between  two  points  laid 
down  on  it 

1st.  I  take  one  inch  in  the  dividers,  and  open  the  sector  so 
that  the  distance  between  20  and  20  on  the  two  arms,  shall 
just  correspond  to  the  measure  in  the  dividers,  that  is,  shall 
be  one  inch.     Let  the  sector  lie  on  the  table  thus  opened. 

2d.  Now  take  the  distance  you  wish  to  measure,  in  the 
dividers ;  place  one  foot  on  one  arm  of  the  sector,  and  the 
other  foot  on  the  other  arm ;  so  that  the  feet  of  the  dividers 
shall  fall  on  the  same  number  on  both  arms  of  the  sector. 

The  number  thus  marked  by  the  dividers  will  be  the  dis- 
tance required.  The  distance  between  any  two  other  points 
^ay  be  measured  on  the  same  map,  without  any  computation 
'v^hatever.  , 

It  is  obvious  from  the  construction  of  the  sector  that  such 
P^oblefais  a^^  finding  third  proportionals,  fourth  proportionals, 
^r  VMmi  proportionals,  can  readily  be  solved  from  the  line  o»f 
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eqnal  parts ;  and  also  ihnt  the  various  proportions  in  trif;&~ 
noiiietry  van  1^  worked  by  taking  the  sides  of  tlie  triangles 
from  the  line  of  etjiia}  part*,  and  tlie  deji^rees  and  minutra  from 
the  lilies  of  sines,  tangents 

Ob  some  eettors  there  are  otlier  lines,  such  as  a  line  of  poly- 
gons, a  line  of  solids,  etc.  But  these  are  morecurioiistJiaausefiiL 


line. 


^ 


SECTION    IV. 
PROBLEMS  SOLVED   INSTRUMENTALITY. 

With  the  instruments  previously  described,  solve  the  fol- 
lowing problems.  The  retereiites  are  to  Robinson's  New 
Geometry,  Thus,  (tli.  15,  b.  1,  cor.  1),  indicates  theorem  15, 
book  1,  corollary  1,  where  the  demonstrations  of  the  problem 
referred  to  will  be  found, 

PROBLEM    I, 
To  iisect  a  giv&ii  finite  straight 

Let  AB  be  the  given  line,  and  from 
its  extremities,  A  and  B,  with  any  radius 
greater  tlian  the  half  of  AB,  describe 
area,  cutting  each  other  in  n  and  ni. 
Join  n  and  wt,"  and  C,  where  it  euts  AB^ 
will  be  the  middle  of  the  line  reipired. 

Proof,  (th.  18,  b.  1,  Bch.  2). 

PROBLEM    II. 

To  bisect  a  given  wngle. 

Let  ABC  be  the  given  angla  With 
any  radius,  from  the  center  B,  describe 
the  arc  AC.  From  A  and  C,  as  centers, 
with  a  radius  greater  than  tlie  half  of  -4  (7, 
describe  arcs  intersecting  in  n,  and  join 
Bn.;  it  will  bisect  the  given  angle. 

Proof,  (th.  21,  b.  1). 


X 


IKSTBUMSNTS. 


49 


mB 


PROBLEM   III. 

From  a  gi/oenpoiwt^  in  a  gweti  lincy  to  draw  a  jperpendieur 
lar  to  that  line. 

Let  AB  ho  the  given  line,  and  C 
the  given  point.  Take  n  and  m  at  equal 
distances  on  opposite  sides  of  C ;  and 
from  the  points  7n  and  n,  as  centers, 
with  any  radius  greater  than  fiC  or 
m(7,  describe  arcs  cutting  each  other 
in  S.  Join  SC^  and  it  will  be  the  per- 
pendicular required. 

Proof,  (th.  23,  b.  1,  cor.). 

The  following  is  another  method,  which 
is  preferable  when  the  given  point,  (7,  is 
at  or  near  the  end  of  the  line. 

Take  any  point,  0,  which  is  manifestly 
one  side  of  the  perpendicular,  and  join 
00 ;  and  with  OC^  as  a  radius,  describe 
an  arc,  cutting  AB  m  m  and   C.     Join  mO,  and  produce 
it  to  meet  the  arc,  again,  in  n  /  mn  is  then  a  diametei;  to  the 
circle.     Join  Cn^  and  it  will  be  the  perpendicular  required. 

Proof,  (th.  9,  b.  3). 

PROBLEM   IV. 

From  a  gi/oen  jmnt  without  a  line^  to  draw  a  j>erpendicu 
^r  to  that  line. 

Let  ABhQ  the  given  line,  and  C  the 
given  point.  From  (7  draw  any  oblique 
^ine,  as  Cn,  Find  the  middle  point  of 
CVi  by  (Prob.  I.),  and  from  that  point 
^  a  center  describe  a  semicircle,  having 
CVi  as  a  diameter.  From  m,  where  the 
^mi-circumference  cuts  AB^  draw  Cm^ 
^ud  it  will  be  the  perpendicular  required. 
Proof,  (th.  9,  b.  3). 
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PROBLEM    V. 

At  a  given  j>oint  in  a  line^  to  make  an  am^gle  eqv^il  to  <xru^ 
other  give7i  angle. 

Let  A  be  the  given  point  in  the  line 
AB^  and  DCEihe  given  angle.  ^ 

From  (7  as  a  center,  with  any  radius 
CE^  draw  the  arc  ED. 

From  ^  as  a  center,  with  the  radius   ^ 
AE=  CE^  describe  an  indefinite  arc ;  and  ^ 

from  i^  as  a  center,  with  EG  as  a  radius,  equal  to  ED^  de 
scribe  an  arc,  cutting  the  other  arc  in  G^  and  join  AQ 
GAF  y^^iW  be  the  angle  required. 

Proof,  (th.  5,  b.  3). 


PROBLEM    VI. 
From  a  given  pointy  to  draw  a  line  parallel  to  a  given  lin^» 

Let  A  be  the  given  point,  and  CB  the 
given  line.  Draw  AjB,  making  an  angle, 
ABO ^  and  from  the  given  point  A^  in  the 
line  AB^  draw  the  angle  BAB—ABC^  by 
the  last  problem. 

J[Z>  and  CB  make  the  same  angle  with  AB  j  they  are, 
therefore,  parallel.    (Th.  7,  b.  1,  cor.  1). 


PROBLEM    VII. 
To  divide  a  given  line  into  any  numher  of  equal  parts. 

Let  AB  represent  the  given  line, 
and  let  it  be  required  to  divide  it  into 
any  number  of  equal  parts,  say  five. 
From  one  end  of  the  line  A^  draw 
AB^  indefinite  in  both  length  and 
position.  Take  any  convenient  dis- 
tance in  the  dividers,  as  Aa^  and  set  it  off  on  the  line  AB^ 
thus  making  the  parts  Aa^  dbj  hc^  &c.,  equal.     Through  the 
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last  point,  ^,  draw  EB^  and  through  the  points  a,  5,  c^  and  d^ 
draw  parallels  to  eB  (problem  6) ;  these  parallels  will  divide 
the  Kne  as  required. 
Proof  (th.  17,  b.  2). 

PROBLEM   VIII. 
Tojmd  a  third  proportional  to  two  given  lines. 
Let  AB  and  AChQ  any  two  lines.  Place    a 


A 
A 
A 


D 


B 


t^lem  at  any  angle,  and  join  CB.     On  the    a ^o 

greater  line,  AB^  take  AD  =  AC^  and 
t:hrough  D  draw  i>^  parallel  to  BC;  AE 
is  the  third  proportional  required. 
Proof,  (th.  17,  b.  2.) 

A  D 

PROBLEM    IX. 
ToJmd  a  fourth  proportional  to  three  given  lines. 

Let  AB^  AC^  AD^  represent  the 
three  given  lines.  Place  the  first  two 
together,  at  a  point  forming  any  angle, 
as  BAC^  and  join  BC.  On  AB  place 
AD^  and  from  the  point  Z>,  draw  (pro- 
blem 6)  DE  parallel  to  BC ;  JL^will 
be  the  fourth  proportional  required. 

Proof,  (th.  17,  b.  2). 

PROBLEM   X. 

To  Jmd  the  middle^  m*  tnean  proportional^  between  two 
gi/ven  lines. 

Place  AB  and  BC  m  one  right  line, 

and  on   -4.(7  as  a  diameter  describe  a      4 ? 

semi-circle  (postulate  3),  and  from  the 
point  B  draw  BD  at  right  angles  to 
-4.(7  (problem  3) ;  BD  is  the  mean  pro- 
portional required. 

Proof,  (cor.  to  th.  17,  b.  3). 
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PROBLEM   XI. 
To  find  the  center  of  a  given  cirde. 

Draw  any  two  chords  in  tlie  given  cir- 
cle, Q&  AB  and  CD ;  and  from  the  middle 
point,  Uj  oi  AB^  draw  a  perpendicular  to 
AB  ^  and  from  the  middle  point,  m,  draw 
a  perpendicular  to  CD  /  and  where  these 
two  perpendiculars  intersect  will  be  the 
center  of  the  circle. 

Proof,  (th.  1,  b.  3,  cor). 


PROBLEM   XII. 

To  dra/w  a  tangent  to  a  given  circle^  from  a  given  pcnnU 
either  in  or  withoiU  the  circumference  of  the  circle. 

Wlien  the  given  point  is  in  the  circum- 
ference, as  A^  draw  AC  the  radius,  and 
from  the  point  A^  draw  ^5  perpendicular 
to  AC ;  AB  is  the  tangent  required. 

Proof,  (th.  4,  b.  3). 


When  A  is  without  the  circle,  draw 
AC  to  the  center  of  the  circle;  and  on 
ulC/,  as  a  diameter,  describe  a  semicir- 
cle;  and  from  -ff,  where  the  semi-cir- 
cumference cuts  the  given  circumfer- 
ence, draw  AB^  and  it  will  be  tangent 
to  the  circle. 

Proof,  (th.  9,  b.  3),  and  (th.  4,  b.  3). 


PROBLEM   XIII. 

On  a  given   line^  to   descrile  a  segment  of  a  cvrcUy  ih^^ 
shall  contain  an  OAfigle  equal  to  a  given  angle. 
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Let  AB  be  the  given  line^  and  C 
the  given  angle.  At  the  ends  of  the 
given  line,  make  angles  DAB^  DBA^ 
each  eqnal  to  the  given  angle,  G.  Then 
draw  AE^  BE^  perpendiculars  to  AD^ 
BD }  and  from  the  center  E^  with 
radius  EA  or  EB^  describe  a  circle ;  then  AFB  will  be  the 
segment  required,  as  any  angle  F^  made  in  it,  will  be  equal  to 
the  given  angle  C. 

Proof,  (th.  11,  b.  3),  and  (th.  8,  b.  3). 


problem:  xiy. 

To  cut  a  segtrient  from  any  given  circle^  that  shall  contain 
a  given  angle. 

Let  C  be  the  given  angle.  Take 
any  point,  as  A^  in.  the  circumference, 
and  from  that  point  draw  the  tangent 
AB ;  and  from  the  point  -4.,,  in  the 
hne  AB^  make  the  angle  BAD  =  G 
(problem  5),  and  AED  is  the  segment 
required. 

Proof,  (th.  11,  b.  3),  and  (th.  8..  K  3). 


PROBLEM    XY. 

To  construct  an  equilateral  triangle  on  a  given  finite  straight 
line. 

Let  AB  be  the  given  line,  and  from  one 
extremity,  ^,  as  a  center;  witli  a  radius 
equal  to  ABj  describe  an  arc.  From  the 
other  extremity,  B,  with  the  same  radius, 
describe  another  arc.  From  G^  where 
these  two  arcs  intersect,  draw  GA  and  GB; 
•45(7  will  be  the  triangle  required. 

2he  construction  is  a  sicfficient  deinonstratvon.     Or  (ax.  1). 
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PROBLEM   XVI. 

To  construct  a  triangle  having  its  three  ndea  equal  to  three 
given  lineSj  any  two  of  which  shall  he  greater  than  the  third. 

Let  AB^  CDy  and  EF  represent  the  three      e  -       f 

lines.  Take  any  one  of  them,  as  AB^  to  be  . 
one  side  of  the  triangle.  From  A  as  the 
center,  with  a  radius  equal  to  EF^  describe  an 
arc ;  and  from  ^  as  a  center,  with  a  radius 
equal  to  CDy  describe  another  arc,  cutting 
tlie  fonner  in  n.  Join  An  and  -ff/i,  and  ' 
AnB  will  be  the  A  required. 

Proof,  (ax.  1). 


PROBLEM   XVII. 
To  describe  a  square  on  a  given  line. 

Let  AB  be  the  given  line,  and  from  the       (^ 
extremities,  A  and  B^  draw  AC  and  BD 
perpendicular  to  AB,     (Problem  3.) 

From  ^,  as  a  center,  with  AB  as  radius, 
strike  an  arc  across  the  perpendicular  at  C ; 
and  from  (7,  draw  CD  parallel  to  AB  j 
AGDB  is  the  square  required. 

Proof,  (til.  26,  b.  1). 


B 


PROBLEM   XVIIL 

To  construct  a  rectangh^  or  a  parallelogram^  whose  adjacent 
sides  are  equal  to  two  given  linens. 

Let  AB  and  AC  be  the  two  given  lines,    a ^o 

From  the  extremities  of  one  line,  draw  per-    a b 

pendiculars  to  that  line,  as  in  the  last  problem;  and  from 
these  perpendiculars,  cut  oft*  portions  equal  to  the  other  line ; 
and  bv  a  parallel,  complete  the  figure. 

When   the   figure  is  to  be  a  pamllelogram,  with  oblique 
angles,  describe  the  angles  by  problem  5. 

Proof,  (di.  26,  b.  1). 
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c 

1) 

A 

U 

£ 

F 


PROBLEM   XIX. 

Tyj  desert  a  rectangle  that  skall  he  equi/valeiit  to  a  givers 
square  a/nd  have  a  Bide  equal  to  a  given  line. 

Let  AB  be  a  side  of  the  given  square,  and 
CD  one  side  of  the  required  rectangle. 

Find  the  third  proportional,  EF,  to  CD 
and  AB  (problem  8).     Then  we  shall  have, 

CD\AB\\AB\EF 

Construct  a  rectangle  with  the  two  given  lines,  CD  and 
EF  (problem  18),  and  it  will  be  equivalent  to  the  given 
square,  (tli.  3,  b.  2). 

PROBLEM    XX. 

To  construct  a  square  that  ehaU  he  equivalent  to  the  differ- 
ence  of  two  given  squares. 

Let  A  represent  a  side  of  the  greater  of  two  given  squares, 
and  B  a  side  of  the  lesser  square. 

On  ^,  as  a  diameter,  describe  a  semi- 
circle, and  from  one  extremity,  j>,  as  a 
center,  with  a  radius  equal  to  B^  describe 
an  arc,  n^  and,  from  the  point  where  it 
cuts  the  circumference,  draw  vi7h  and  npj 
mn  is  the  side  of  a  square,  which,  when 
constructed,  (problem  17),  will  be  equivalent  to  the  difference 
of  the  two  given  squares. 

Proof,  (th.  9,  b.  3,  and  36,  b.  1). 

PROBLEM   XXI. 

To  construct  a  square^  that  shall  he  to  a  given  square^  as  a 
line  Mto  a  line  N. 

Place  M  and  JV  in  a  line,  and 
on  the  sum  describe  a  semicircle. 
From  the  point  where  they  meet, 
draw  a  perpendicular  to  meet  the 
circumference  in  A.  Join  Am  and 
Any  and  produce  them  indefinitely. 
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On  An  or  An  prodaeed«  take  AC  =^to  the  side  of  the  giyec 
equare ;  and  fram  C  draw  JBC  parallel  to  mnj  AJB  is  a  ttde 
of  the  required  square. 

PROBLEM  XXII. 

The  angles  and  one  side  of  a  triangle  heing  giveUj  to  jM 
Jy  construction  the  other  sides. 

Draw  the  given  side.     From  ^ 

the  ends  of  it  lay  off  the  angles 
that  are  adjacent  to  the  given 
side;  extend  tlie  other  sides  un- 
til they  intersect.  The  dis- 
tances from  the  point  of  inter- 
section to  the  extremities  of  the 
given  line  applied  to  the  same  scale  of  equal  parts,  irom  which 
the  given  line  was  taken,  will  give  the  other  sides. 

Example. 

One  side  of  a  triangle  is  24  chains,  and  the  adjacent 
angles  are  37°  and  64°.     Required  the  other  sides. 

Take  from  the  scale  of  equal  parts  24  chains,  calling  10 
chains  an  inch,  and  draw  the  line  AB..  At  A  construct  an 
angle  of  37°,  and  at  B  an  angle  of  G4°.  Draw  the  lines  meet- 
ing at  (7.  Then  A  G  applied  to  the  scale  will  give  22,  and 
-ff (7  applied  will  give  14.7  chains.  If  the  altitude  of.  the  tri- 
angle is  wanted,  draw  from  C  a  perpendicular  to  AB^  hy 
problem  4.  Then  ap})ly  CD  to  the  scale,  and  it  will  give  13.2 
chains  for  the  altitude. 

PROBLEM   XXIII. 

Two  sides  and  an  opposite  angle  of  a  triangle  heing 
gi/ven^  to  find  tJie  remaining  side  and  the  other  angles  hy 
construction. 

Draw  one  of  tlie  given  sides ;  from  one  end  of  it,  lay  off 
the  given  angle ;  and  extend  a  line  indefinitely,  from  which. 
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the  iseqnired  side  is  to  be 
taken.  From  the  other  end 
of  the  first  side,  with  the 
remaining^  given  side  for 
radios,  describe  an  arc  cut- 
ting the  indefinite  line. 
The  points  of  intersection 
will  determine  the  required 
triangle.  If  the  radios  is 
such  that  the  arc  touches 
the  indefinite  line,  sa  at  D, 

the  triangle  will  be  right  angled.   If  the  arc  does  not  intersect, 
the  problem  is  im}X>8sible. 

Two  sides  of  a  triangle  *are  21  and  25  chains  and  the  angle 
opposite  21  is  46°.     Required  the  third  side. 

From  the  scale  of  equal  parts,  calling  10  chains  an  inch, 
take  25  chains  for  AjB  ,  the  base  of  the  triangle.  At  A  con- 
struct an  angle  of  46°,  and  draw  the  indefinite  line  AC. 

Then  take  from  the  same  scale  of  equal  parts  21  chains,  and 
with  one  foot  of  the  dividers  at  ^,  and  with  21  as  radius,  de- 
scribe an  arc  cutting  the  indefinite  line  in  (7 and  (7' ;  and  AC 
or  AC  will  be  the  required  side.  These  applied  to  the  scale 
will  give  AC=28.2  chains,  or  ^6^' =6.4  chains.  This  exam- 
ple admits  of  two  answers. 

PROBLEM   XXIV. 

Given  two  sides  and  the  included  angle  to  construct  the  tri* 
angle  J  and  to  measure  the  third  side. 

Let  the  given  sides  be  23  and  28  ^ 

chains,  and  the  included  angle  51°. 

Take  28  from  the  scale  of  equal 
parts,  and  draw  the  line  AB  equal 
that  length.  At  A  construc*t  an 
angle  of   51^,  with   the  line  of  a 
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chords,  or  with  the  protractor ;  draw  the  line  AC^  and  make  it 
23  from  the  scale,  and  join  BC }  then  apply -BC^  to  the  Bame 
scale,  and  it  will  be  found  equal  to  22.2  chains. 

The  angles  can  also  be  measured  by  applying  the  protractor 
with  the  center  at  the  angle  to  be  measured. 

Or,  from  the  line  of  chords  take  60  as  radius,  and  describe 
a  circle  to  intereect  the  sides  that  include  the  angle  to  be  mea- 
sured, the  centre  being  at  the  angle.  The  distance  between 
the  points  of  intersection,  applied  to  the  line  of  chords,  will 
give  the  angle  in  degrees. 


PROBLEM    XXV. 
To  measure  a  parallelogram  vnth  a  scale  of  equal  parts. 

Let  ABCDhG2i  paral-  ^^ 

lelogram.  Take  the  base 
AB^  and  with  the  4i- 
videi*8  apply  it  to  a  scale 
of  equal  parts,  and  this 
will  give  the  relative 
lenirth  of  AB. 


A       E  B 

Then  from  one  of  the  angles  as  at  I),  draw  a  perpendicular 
to  AB  by  problem  4,  as  BB;  then  apply  BB  to  the  same 
scale  of  equal  parts,  and  this  will  give  the  length  of  BB  rela- 
tively. If  ABCB  is  constructed  on  a  scale  of  10  chains  to  the 
inch,  then  will  AB  =  25  chains,  and  BE  —  13.2  chains. 

These  are  sufficient  to  determine  the  area  of  the  parallelo- 
gram. 

PROBLEM    XXVI. 

To  measure  a  trapezium. 

Let  ABCB  be  any  trapezium;  draw  the  diagonal  AO. 
From  I)  draw  BE  parallel  to  A  (7,  and  join  EC ;  then  the 
triangle  EBC  will  be  equivalent  to  the  trapezium  ABCB. 
Since  Z^jE'is  parallel  to  AC^  the  triangle  ADC'v^  equivalent 
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to  AEC ;  to  each  add  the  triangle  ABC^  tlien  will  result 
ABCD^EBC. 

Now  apply  EB  to 
a  scale  of  equal  parts, 
and  draw  a  perpendi- 
cular from  C  to  AB^ 
and  apply  that  to  the 
same  scale. 

If  ^^(7i>  is  drawn       K  A  B 

to  a  scale  of  10  chains  to  the  inch,  then  will  AB  =  20 
chains,  EB  =  34.5  chains,  and  the  altitude  of  the  triangle 
EBC  will  be  13.2  chains.  These  lines  will  determine  the 
measure  of  the  triangle,  and  consequently  of  the  trapezium. 


PROBLEM    XXVII. 

To  inedsure  instrumentaUy  a  figure  of  five  sides. 

Let  ABODE  be  any 
figure  of  five  sides ;  draw 
the  diagonals  A  D  and 
BD ;  then  draw^G'^  par- 
allel to  AD,  and  (7i^  par- 
allel to  BD ;  then  join 
GD  and  ED;  then  will 

the  triangle  (?i^i?  be  equi-       ^  A  B     F 

valent  to  the  figure  ABODE,  Since  EG  is  parallel  to  AD^ 
the  triangle  AED^AGD ;  and  since  0F\^  parallel  to  DB^ 
we  have  BOD=BFD  ;  whence  it  follows  that 

GFD  =  ABODE. 

Then  apply  OF  to  the  scale  of  equal  parts,  and  if  AB  = 
20  chains,  then  will  GE=z  32  chains,  and  tlie  perpendicular 
from  D  on  AB  will  be  17.4  chains,  which  is  the  altitude  of 
the  triangle. 

These  lines  determine  the  measure  of  the  figure  ABODE. 
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PROBLEM    XXVIII. 
To  measure  am/ figure  of  six  sides. 

Draw  the  diagonals 
EA  and  DB ;  draw 
FH  parallel  to  EA ,  and 
CG  parallel  to  DB ; 
then  join  EH  and  DG. 
Draw  the  diagonal  DH^ 

and  draw -EZ  parallel  to    I  HA  B     6 

DRsLiid  join  DI,  and  IGD  will  be  equivalent  to  ABCDEF. 
Since  EH  is  parallel  to  AEj  we  have  AEE=AHE;  and  since 
CG  is  parallel  to  DB^  we  have  BCD=BGD;  and  also  since 
jEZis  parallel  to  DET^  we  have  HED  =  RID  ^  whence  it  fol- 
lows that  IGD  =  ABCDEF. 

Now,  if  we  apply  IG  to  a  scale  of  equal  parts,  we  shall  get 
its  length,  and  we  find  that  if  AB  is  12  chains,  then  IG  = 
33.5  chains ;  we  also  find  that  a  pei-pendicular  from  D  to  the 
base  AB  will  equal  17.3  chains. 

Wherefore  the  measure  oi  ABCDEFis  determined. 


CHAPTEK    II. 


LOGAIHTHMS    AND    TRIGONOMETRY, 


Mensuration,  Surveying  and  Navigation  are  practical  appli- 
cations of  geometry  and  trigonometry. 

The  geometrical  principles  involved  can  be  best  acquired  by 
the  study  of  that  science  in  its  full  extent,  as  laid  down  in  the 
common  elementary  text-books. 

The  principles  of  trigonometry  required  do  not,  however, 
include  all  those  given  in  the  text  books  upon  that  subject,  or 
all  that  are  important  to  the  general  student. 

It  is  therefore  considered  best  to  give  a  brief  resume  of  those 
theorems  practically  involved  in  the  subsequent  matter  of  the 
work,  lor  the  purpose  of  refreshing  tlie  recollection  of  those 
who  have  already  pursued  the  study,  and  as  a.condensed  course 
for  those  desiring  to  fit  themselves  immediately  for  practice. 

It  is  intended  to  include  in  this  chapter  only  those  matters 
intimately  connected  with  practice.  For  a  fuller  discussion  of 
both  Logarithms  and  Trigonometry,  the  student  is  referred  to 
Robinson's  New  Geometry  and  Trigonometry. 

For  greater  ease  in  the  solution  of  almost  all  the  practical 
problems  of  Mensuration,  Surveying  and  Navigation,  a  clear 
knowledge  of  Logarithms  is  essential ;  and  the  student  should 
make  himself  perfectly  familiar  with  their  use. 

*  The  student  who  is  acquainted  with  Logarithms  and  Trigonometry,  and 
dearea  to  take  up  Surveying,  may  omit  this  entire  chapter  if  he  chooses, 
and  also  so  much  of  Mensuration  in  the  following  chapter  as  may  be  deemed 
ftdvisabla 
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SECTION    I. 


OF    LOGARITHMS. 


The  Logarithm  of  any  quantity  is  an  exponent  expressing 
the  power  to  which  a  constant  or  fixed  quantity  must  be  raised 
to  equal  the  given  quantity.     Thus,  in  the  equations 


where  ah  s.  constant,  n  is  the  logarithm  of  a?,  and  m  is  the 
logarithm  of  y. 

Likewise  in  the  numeral  equations, 

10=  =  1,000, 

where  10  is  the  constant,  2  is  the  logai'ithm  of  100,  and  3  is  the 
logarithm  of  1,000. 

Thus  logarithms  are  sign^,  showing  the  relation  which  dif- 
ferent quantities  bear  to  one  assumed  or  constant  quantity. 

In  many  operations  it  is  found  far  more  convenient  to  com- 
pare quantities  by  their  relations  than  absolutely,  and  logarithms 
have  thus  become  of  vast  utility  to  the  practical  mathe- 
matician. 

A  System  of  Logarithms  comprises  the  logarithms  of  num. 
bers  derived  from  any  assumed  constant  quantity. 

This  assumed  constant  is  called  the  base  of  the  system,  and 
any  number  being  taken  as  the  base,  a  system  of  logarithms 
may  be  formed  from  it. 

The  main  qualification  is  that  of  convenience.  Two  systems 
have  been  prepared,  called  from  the  projectors,  Napier's  and 
Briggs'  logarithms.  The  one  in  common  use  is  tlie  Briggs' 
system,  which  has  for  its  base  the  number  10. 

In  writing  the  logarithm  of  a  number  or  letter,  the  contrac- 
tion ''log."  is  used.     Thus,  in  the  equation  <z**=a?,  we  have 

n  =  log.  X. 
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In  the  Briggs  system,  where  10  is  the  base,  it  follows  from 
the  definition  of  a  logarithm,  that  as  10*  =100,000,  5— log. 
100,000.     In  like  manner  we  have 

10*  =  10,000,  whence  4  =  log.  10,000 ; 


10'  =    1,000, 

u 

3  =  log.  1,000  ;• 

10»  =       100, 

u 

2  —  log.  100 ; 

10  >  =         10, 

u 

1  -  log.  10  ; 

10«  =           1, 

u 

0  =  log.  1; 

io->  -        .1, 

u 

-1  -  log.  .1 ; 

10-»  =        .01, 

6i 

—2  — log.  .01; 

10- s  =      .001, 

n 

— 3  =  log.  .001 ; 

JYom  an  examination  of  the  above  numbers  and  their  loir- 
ayithms,  it  is  seen  that  as  the  logarithm  of  1  is  0,  and  the  log- 
arithm of  10  is  1, — the  log.  of  auy  number  between  1  and  10 
will  be  greater  than  0,,and  less  than  1 ;  that  is,  it  will  be  a 
decimal.  So  also  the  logarithm  of  any  number  between  10 
and  100  will  be  greater  than  1  and  less  than  2  :  that  is,  it  will 
be  1  and  a  decimal.  Returning  to  O=log.  1,  we  find  that  —1 
is  the  log.  of  .1.  Now  any  number  between  1  and  .1 — that  is, 
any  decimal  greater  than  .1 — will  have  a  logarithm  greater 
than  —1,  but  still  negative  or  less  than  0 ;  that  is,  the  loga- 
rithm will  be  —1  plus  a  decinial.  So  taking  — l=log.  .1,  and 
— 2=log.  .01,  any  number  between  .1  and  .01  will  have  for  its 
logarithm  a  number  less  than  —1,  and  greater  than  —2;  or, 
— %  plus  a  decimal. 

It  will  also  be  noticed  that  while  the  quantities  increase  and 
decrease  by  multiplying  or  dividing  by  10,  the  logaritlims  in- 
crease and  decrease  by  the  addition  or  subtraction  of  1,  whieli 
accords  with  the  algebraic  rule,  that  adding  exponents  multi- 
plies, and  subtracting  exponents  divides  the  quantities  them^ 
selves.     For  example, 

10  >  =  10, 
102  =  100. 
Multiplying,  10'+»  =  10^  ::=  1,000. 
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Tlius  increasing  or  decreasing  any  number  in  a  tenlbld  ratio, 
will  increase  or  decrease  tlie  logarithm  by  unity. 
From  the  foregoing  are  deduced  tlie  following : 

1,  All  powers  of  10  and  their  reciprocals  will  have  for  log- 
arithms integral  numbers. 

2,  All  other  numbers  will  have  for  logarithraa  an  int^er 
together  with  a  decimal,  or  simply  a  decimal. 

3«  Increasing  or  decreasing  numbers  in  a  tenfold  ratio,  in- 
creases or  decreases  only  the  integer,  without  aftecting  the 
decimal  of  the  logarithm. 

4.  The  integer  of  the  logarithm  depends  entirely  upon  the 
local  value  of  the  number,  or  the  position  which  the  figures 
occupy  with  reference  to  the  decimal  point. 

6.  The  integer  of  the  logarithm  of  any  number  greater  than 
unity  will  always  be  one  less  than  the  number  of  integral 
places  which  that  number  contains. 

6.  The  integer  of  any  number  less  than  unity  will  alwa3^s 
be  equal  to  the  number  of  places  the  first  significant  figure  is 
removed  from  the  decnnal  point. 

7.  The  integer  belonging  to  the  logarithm  of  a  decimal, 
will  always  have  the  minus  sign. 

8.  The  decimal,  however  connected  with  this  negative  in- 
teger, will  he  jpofiitive. 

From  the  integer  of  a  logarithm,  the  position  of  the  first 
significant  figure  with  reference  to  unity  may  always  be 
determined. 

Hkmark. — To  mako  clear  the  distinction  between  a  logarithm  to  be  8ub 
tractedj  and  one  simply  having  a  negative  integer,  the  minus  sign  in  the 
latter  case  is  placed  above  the  integer,  not  before  it,  as  in  the  other  case. 

The  integral  portion  of  a  logarithm  is  called  its  character- 
istic  or  index. 
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LOGARITHMIC    TABLE. 

It  is  now  necessary  to  explain  the  table  of  logarithms  and 
its  use. 

In  the  table  connected  with  this  work  (as  is  the  usual  form), 
the  logarithms  of  numbers  from  1  to  100  are  given  entire,  with 
botk  index  and  decimaL  Thus  the  logarithm  of  any  number 
within  those  limits  may  be  taken  at  once  complete  from  the 
table. 

For  numbers  above  100^  to  10,000,  only  the  decimals  are 
given ;  for,  as  the  index  depends  entirely  upon  the  position  of 
tiie  highest  significant  figure,  it  may  be  readily  supplied.  Thus, 
the  decimal  of  the  logarithm  of  7956,  as  found  in  the  table, 
is  .900695 ;  and  since  the  number  has  four  integral  places,  we 
have  only  to  prefix  the  integer  3,  and  we  have 

3.900695  =  log.  7956. 

Should  we  divide  the  number  successively  by  10,  we  must 
subtract  1  eadt  time  from  the  logarithm ;  hence 

2.900695  =  log.  795.6, 
1.900695=  "  79.56, 
0.900695=   ''    7.956. 

In  the  table,  the  decimal  part  of  the  logarithms  of  all  these 
numbers  is  the  same,  the  significant  figures  alone  being  con- 
sidered. The  index  gives  the  position  of  the  figures  with 
reference  to  unity. 

1.  To  find  the  logarithm,  of  emy  number  fro7n  the  table. 

The  logarithm  of  a  number  containing  three  figures  will  be 
found  with  great  ease. 

The  figm'es  are  arranged  in  a  column,  headed  N.,  at  the  left 
of  the  page ;  in  the  second  column,  headed  0,  opposite  the 
proper  figures  in  the  first  column,  will  be  found  the  decimal 
of  the  logarithm. 
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If  the   iitimber  contain  four  figures,  tlie  first  three  will  be 
found  as  lietbre,  tJie  fourtli  figure  will  he  found  at  the  head  of 
I  <me  of  the  columiis,  couiniencing  with  0  at  the  left,  aud  pasfr 
T  ing  to  9  at  the  right. 

In  the  column  headed  by  the  fourth  figure,  aud  opposite  the 
L first  three  in  the  left  hand  column,  will  be  found  the  decimal 
l<of  the  logarithm. 

It  is  to  be  noted  that,  as  the  first  two  terms  of  the  decimd 
are  the  same  for  several  successive  numbers,  tliey  ai'o  only 
given  in  the  column  at  the  letl,  headed  0,  and  must  be  prefixed 
to  the  four  figures  given  iu  the  other  colnmns. 
Also,  when  dots  are  found  in  place  of  figures,  tljo  two  lead- 
Ting- decimals  must  he  taken  from  the  line  Www,  and  ciphers 
L  oaed  in  place  of  the  dots.     For  illustration  take  the  following 


1,  To  find  tlic!  logarithm  of  the  number  154. 

Turning  to  page  4  of  the  table  of  logarithms,  in  the  colonin 
at  the  left  beaded  K.,  we  find  the  number  154;  opposite,  in 
the  column  headed  0,  we  iind  7321,  the  last  four  figures  of 
thedecimal.  Two  lines  above,  we  find  18  the  first  two  figures 
to  be  prefixed.  We  thus  have  for  the  decimal  of  the  loga- 
rithm, .187521.  Since  the  number  has  three  integral  plaees, 
the  index  will  be  2.     Hence, 

Log.  154  =  2.187521,  Am. 

S.  To  find  the  logarithm  of  the  number  3725. 
^  "We  find  372  at  the  side  of  the  table,  and  in  the  colurari 
terked  5  at  the  top,  and  opposite  372,  we  find  .571136,  for  the 
Kimal  part  of  the  logarithm.     Hence, 

Log  3725  =  3.571126,  Ans. 

3.  To  find  the  logarithm  of  the  number  S34785. 
This  number  is  so  large  that  we  cannot  find  it  in  the  table, 
wt  wa  can  find  the  numbers  8347  and  8348.     The  logarithms 
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of  these  numbers  are  the  same  as  the  logarithms  of  the  num- 
bers 834700  and  834800,  except  the  indices. 

834700,  log.  5.921530 
834800,  log.  5.921582 

Differences,  100  52 

The  given  number  is  between  two  assumed  numbers,  and 
its  logarithm  must  lie  between  the  logarithms  of  those  assumed 
numbers.     Now  the  differences  between  the  logarithms  are 
very  nearly  proportional  to  the  differences  between  the  num- 
bers ;  so  nearly  that,  where  the  numbers  are  not  too  widely 
separated,  for  all  practical  purposes  the  proportion  may  be 
considered  exact.     We  may,  therefore,  form  the  proportion, 
Difference  between  assumed  numbers : 
Difference  between  lesser  assumed  and  the  given  number: : 
Difference  between  log.'s  of  assumed  numbers : 
Difference  bet  ween  log.'s  of  lesser  and  the  given  number. 
Using  the  differences  found  above, 

100  :  85  : :  52  :  44.2, 
Or,  1 :  .85  : :  52  :  44.2. 

In  the  last  proportion,  the  difference  between  the  lesser 
assumed  and  the  given  number,  considered  as  a  decimal,  and 
multiplied  by  the  difference  between  the  logarithms  of  the 
two  assumed  numbers  gives  the  difference  between  the  loga- 
rithm of  that  lesser  number  and  the  logarithm  of  the  given 
number.  This  difference  added  to  the  logarithm  of  the  lesser 
number,  as  a  correction,  gives  the  required  logarithm. 

Thus,  Log.  834700  =  5.921530 

Difference  or  correction,  =  44.2 

Log.  834785  =  5.921574.2. 

The  difference  between  the  logarithms  of  the  two  assumed 
numbers,  is  called  the  Tahular  Difference  y  and  for  conven- 
ience, this  is  given  in  the  column  headed  4,  and  in  a  line  by 
itself.     For  example,  on  page  4,  under  column  4,  in  the  sixth 
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line,  we  find  281,  which  is  the  Tabular  Diffierenoe  ibr  the 
logarithms  immediately  preceding  and  tbllowing. 

From  these  illustrations  we  derive,  for  finding  from  the  table 
the  logarithm  of  a  number  consisting  of  more  than  four  places 
of  figures,  the  following 

BULE. 

Take  from  the  taJjle  the  logarithm,  of  the  nvmber  expressed 
Iry  the  four  Sfwperior  figures  /  this^  with  the  proper  indeXy  is 
ilve  approximate  logarithm.  Multiply  the  number  expressed 
hj  ilve  remaining  figures  of  the  number  ^  regarded  as  a  decimal, 
by  the  tabular  difference,  and  the  product  will  be  the  correction 
to  be  added  to  the  approximxite  logarithm  to  obtain  the  true 
logarithm,, 

EXAMPLES. 

1.  Wliat  IS  the  log.  of  357.32514  ? 

The  log.  of  357.3  is 2.553033 

No.  not  included,      .2514 
Tabular  difference,       122 

Prod.,  30.6708 ;  correction,     31 

log.  sought,  2.553064 

Tlie  log.  of  35732.514  is 4.553064 

"  .035732514  " —2.553064, 

2.  Wliat  is  the  log.  of  7912532  ? 

Ai)proximate  log., 6.898286 

.532  X  55  =  correction, 29 

True  log.  =  6.898315,  Ans. 

2.  A  logarithm  being  given,  to  find  its  corresponding 
number. 

For  example,  what  number  corresponds  to  the  !*»<?, 
6.898315 } 
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The  index  6  shows  that  the  entire  part  >f  the  number  must 
tsantain  seven  places  of  figures.  With  the  decimal  part, 
.898316,  of  the  log.,  we  turn  to  the  table,  and  find  the  next 
less  decimal  part  to  be  .898286,  which  corresponds  to  the 
superior  plaeee,  7912. 

The  difference  between  the  given  Ic^.  and  the  one  next  less 
is  29.     This  we  divide   by  the  tabular   difference,  65,  be- 
cause we  are  working  the  convenao  of  the  preceding  problem 
Thus, 

29-V-55  =  .52727+. 

Place  the  quotient  to  the  right  of  the  four  figures  before 
found,  and  we  shall  have  7912527.27  for  the  number  sought. 

This  example  was  taken  from  the  preceding  case,  and  the 
number  found  should  have  been  7912532;  and  so  it  would 
have  been,  had  we  used  the  true  difference,  29.26,  in  place 
of  29. 

When  the  numbers  are  large,  as  in  this  example,  the  result 
is  liable  to  a  small  error,  to  avoid  which  the  logarithms  should 
contain  a  great  number  of  decimal  places ;  but  the  logarithms 
in  our  table  contain  a  sufficient  number  of  decimal  places  for 
most  practical  purposes. 

Hence,  for  finding  the  number  corresponding  to  any  given 
logarithm,  we  have  the  following 

RITLE. 

Look  in  the  table  for  the  decimal  part  of  the  given  logo- 
rithrn^  and  if  not  found  take  the  decimal  next  less,  and  take 
out  the  four  corresponding  figures. 

Take  the  difference  between  the  given  logarithm  and  the  next 
less  in  the  table ^  di/vide  that  difference  hy  the  tabular  difference^ 
wnd  write  the  qtcotient  on  the  right  of  the  four  superior  figures^ 
wad  the  result  is  the  number  sought, 

Poiid  off  the  whole  number  required  hy  the  given  index. 
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EXAMPLES. 

1.  Given  the  logarithm  3.743210,  to  find  its  corresponding 
number  true  to  three  places  of  decimals.        Ans.  5536.177. 

2.  Given  the  logarithm  2.633356,  to  find  its  corresponding 
number  true  to  two  places  of  decimals.  Ans.  429.89. 

3.  Given  the  logarithm  ---3.291746,  to  find  its  correspond- 
iig  number.  Ans.  .0019577. 

4.  What  number  corresponds  to  the  log.  3.233568  ? 

Ans.  1712.25. 

5.  What  is  the  number  of  which  1.532708  is  the  log.  ? 

Ans.  34.0963. 

6.  Find  the  number  whose  log.  is  1.067889. 

Ans.  11.692. 

APPLICATIONS    OF    LOGARITHMS. 

From  the  definitions  and  prmciples  heretofore  giv^n,  the 
rules  for  applying  logarithms  may  be  readily  deduced. 

To  multl^ply  hy  logarithms, 

RULE  . 

Add  the  logarithms  of  multiplicand  and  midtiplier/  the 
sum  will  he  the  logarithm  of  the  product.  From,  the  tahle 
ji/ad  the  number  corresponding  to  this  logarithm^  and  it  vnU 
be  the  product  required. 

EXAMPLES. 

1.  What  is  the  product  of  7896  and  9872  ? 

Log.  7896  =  3.897407 
"   9872  =  3.994405 

Log.  of  product       =  7.891812 
Approximate  log.    :=    .891760  =  log.  7794 

Difference  =  52 

Tabular  difierence  =  56. 

Correction         f  f  =  .928571. 
Therefore,  7.891812  =  log.  77949285.71. 

Ans.  77949285.71  nearly. 


LOGABITHMS.  71 

Rkmabk. — As  ioe  logarithms  are  not  exacts  the  correction  carried  out 
beyond  two  places  becomes  maccurate ; — ^hence  the  result  in  the  preceding 
example  is  incorrect,  though  the  error  is  slight  When  great  accuracy  is 
required,  and  large  numbers  are  used,  the  logarithms  must  be  more  accu- 
rately calculated,  and  carried  out  to  more  decimal  places,  or  their  use  dis* 
pensed  with.  t 

2.  Eequired  the  product  of  976.24:  and  9.76. 

Ans.  9528.11. 

3.  Eequired  the  continued  product  of  8.761,  3.426,  7.97, 
and  5.63.  Ans.  1346.814 +. 

4.  Eequired  the  continued  product  of  9.913,  5.864,  11.23, 
4.51,  and  7.62. 

To  divide  hy  logarithms. 

As  before,  logarithms  are  considered  as  exponents.  By 
algebraic  rule  for  division,  the  difference  between  exponents 
of  dividend  and  divisor  will  be  the  exponent  of  the  quotient. 
Hence  the  following , 

RULE. 

Svhtract  the  logarithm  of  the  divisor^  from  that  of  the 
dividend  /  the  result  will  he  the  logarithm  of  the  quotient. 
Find  the  number  co7*re8ponding  to  this  from  the  tahle^  and  it 
^^riH  he  the  quotient  required. 

EXAMPLES. 

1.  Divide  8967.42  by  32.1. 

Log.  8967.42  =  3.952668 
"       32.1    =  1.506505 


Log.  of  quotient      =  2.446163 
Approximate  log.    =  2.446071  =  log.  2793 

Difference  =  92 

Tabular  difference  =  155 

Correction    =  92  ^  155   =  .59 
Hence,     2.446163  =  log.  279.359 

Alls.  279.369. 
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2.  What  is  the  quotient  of  739.86  divided  by  23.12! 

Ans. 

8.  Wliat  is   the   value    of   the    fraction    yVrr   expreesed 
decimally  ?  Ans, 

4c.  What  is  the  quotient  of  36278  divided  by  97  ? 
To  solve  jproportions  h/  logarithms. 

RULE. 

Add  the  logarithms  of  the  m^ans^  and  suht/ra^t  that  of  ihs 
gi/ven  extreme  /  or  add  the  logarithms  <f  the  extremes^  a/nd 
subtract  that  of  the  givefi  mean.  The  result  in  either  case  wiU 
he  the  logarithm  of  the  required  term^  which  wiU  he  found  hj 
taking  from  the  table  tJie  numher  correspondhig  to  the  logor 
rithmic  result. 

The  reason  ifor  this  rule  is  evident  from  the  rule  for  solving 
proportions  by  multiplication  and  division,  and  the  rulei 
before  given  for  the  use  of  logarithms. 

EXAMPLES. 

1.  Required  the  fourth  term  in  the  proportion 

97  :  126  =  321  :  ? 

Log.  126  =  2.100371 
Log.  321  =  2.506505     ' 

4.606876 
Subtract  log.  97  =  1.986772 

Log,  extreme        =  2.620104 

2.620104  =  log.  416.97.  Ans. 

2.  Required  the  fourth  term  in  the  proportion 

32.71  :  142.81  =  76.4  :  ?      Am.  333.56. 

3.  Required  the  third  term  in  the  proportion 

43.24  :  217.16  =  ?  :  137.39.      A7is.  27.35. 


LOGABITHMS.  78 

1  the  solution  of  proportions  by  logarithms,  and  in  other 
i  where  division  is  performed,  the  Arithmetical  Comple- 
t  of  the  logarithm  of  the  divisor  is  oilen  used. 

le  Arithmetical  C^npleaeit    of  any  nnmber  is  the  re- 

ider  after  subtracting  that  number  from  a  unit  of  the  next 

er  order. 

>  obtain  the  complement,  subtract  each  figure^  commencing 

^  ^f^j  yW?m  9,  save  that  upon  the  n'ghty  which  svhtraci 

n  10. 

3  solve  a  proportion  with  the  use  of  the  arithmetical  com- 

lent,  we  have  the  following 

BULB. 

irst  obtain  the  compleTnent  of  the  logarithm  of  the  term  to 
sed  as  a  divisor  ;  to  this  add  the  logarithins  of  the  two 
s  tohe  miUtiplied,  svhtraxst  10  from  the  resulty  a/nd  there 
rernain  the  logarithm,  of  the  term,  required. 

3  apply  to  simple  division  this  method,  add  the  comple- 
t  of  the  logarithm  of  the  divisor  to  the  logarithm  of  the 
lend,  and  diminish  the  result  by  10,  or  by  100  should  the 
rithm  of  the  divisor  exceed  10. 

bat  the  use  of  the  complement  does  not  change  the  result 
ident  from  the  following  equation. 

{{10—a)-\-h  +  c)—10=h  +  G—a, 
re  a=log.  of  divisor,  b  and  o=log.'8  of  factors  of  the 
dend. 

EXAMPLES. 

.  Find  the  unknown  term  in  the  proportion 

376  :  aj  =  497 :  1891 

Co.  log.  497  =  7.303644  . 
log.  376  =  2.575188 
log.  1891  =  3.276693 

Sum  less  10  =  log.  x  =  3.155524 
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Sum  less  10  =  1<^-  x  =  3.155524 
App.  log. = log.  1430  =    .155336 

Difference,         =  188 

Tab.  Diff. =304.     188—304=62  oprrection. 
Hence,  3.155524=log.  1430.62  An8.=1430.62. 

2.  Kequired  the  unknown  term  in  the  proportion, 

3796: 9843=4265  :a?^ 

3.  Kequired  the  unknown  term  in  the  proportion 

472:976=0?:  2345. 

4.  Required  the  unknown  term  in  the  proportion 

7.693: 11=9.679:  a?. 

To  perform  involution  hy  logarithms. 

BULE. 

To  invdhe  a  quantity  to  any  power ^  mvlUply  its  logarithm 
hy  the  index  of  the  power ^  the  product  will  he  the  logaritlm  of 
the  power  required. 

For  if  10^=100,  when  2= log.  100,  raising  both  sides  to 
second  power,  10*=1002  =  10000.  In  this  equation  4=2  X 
2=1(^.  10000  ;  that  is,  the  log.  of  100,  multiplied  by  the  index 
2,  gives  the  log.  of  the  square  of  100. 

EXAMPLES. 

1.  Eequired  the  cube  of  32. 

Log.  32  =  1.505150 
Multiply  by  3 

Log.  of  power      =  4.515450 

App.  log.  =      515344:s:log.  3276 

106^132=737 
4.515450=log.  32767.37 

Ans.  by  logarithms,        32767.37 
"      "  multiplication,  32768. 
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The  error  of  .63  m  the  first  result  is  caused  by  the  inaccu- 
racy of  the  logarithms,  which  generally  affects  results  beyond 
the  sixth  oi*  seventh  place  from  the  left. 

2.  Eequired  the  fourth  power  of  2.T63. 

3.  Bequired  the  ninth  power  of  .0176^ 
KoTs.-i-The  dedmdl  of  every  Ibganthm  laposUhei 

To  perform  evolution  hy  logarithms* 

RULE. 

Divide  Ijie  loga/rith/m  of  the  quantity  hy  the  index  denoting 
the  root  reqicired,  the  result  wiU  he  the  logarithm  of  the  root 
desired. 

m 

This  rule  would  follow  like  the  preceding  from  the  algebmia 
rule  for  the  same  operation. 

EXAMPLE  S^. 

1.  Bequired  the  cube  root  of  7896.34 

Log.  of  7896.34  ^  3.897426 
Divided  by  3       =  1.299142 

1.299142  =  log.  19.913,  Ans. 

2.  Eequired  the  fifth  root  of  9764, 

Ans.  6.279. 

3.  Eequired  the  cube  root  of  89763. 

Ans.  44.774. 

4.  Eequired  the  sixth  root  of  97643.89. 
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SECTION     II. 

OF    PLANE    TRIGONOMETRY. 

Note. — References  to  geometry  refer  to  Robinson's  New  Geometry  anl 
TrigoQonietrj ;  Uiose  to  plane  and  apberical  trigonometry  refer  to  the  Me- 
lons oa  tho3e  subjects  which  follow.  R.  A.,  and  O.  A.  Spber.  Trig,  art 
.  to  dislJnguiah  propositions,  coDceming  right-angled  and  oblique- angled 
triangles.  When  the  numbera  alone  of  proportions  or  proporUons  lae 
given,  thej  refer  to  those  in  the  maae  eecUon. 

Trlf;«nomelrrt  in  its  literal  and  restricted  sense,  liaa  for  ita 
object  tlie  measurement  of  triangles.  "When  it  treats  of  plane 
triangles  it  is  called  Plane  Trigonometry.  In  a  more  enlarged 
sense,  trigonometry  \&  the  science  which  investigates  the  rela- 
tions of  all  possible  arcs  of  the  circumference  of  a  circle  to 
certain  straight  linea,  termed  trigonometrieaZ  lines  or  oiradar 
fundiona,  connected  with  and  dependent  on  such  arcs,  and 
the  relations  of  these  trigonometrical  lines  to  each  other. 

The  measure  of  an  angle  is  the  arc  of  a  circle  intercepted 
between  the  two  lines  which  form  the  angle — the  center  of 
the  arc  always  being  at  the  point  where  the  two  lines  meet. 

The  arc  is  meaanred  by  degrees,  mintttes,  and  seconds/  there 
being  360  degrees  to  the  whole  circle,  60  minutes  in  one 
degree,  and  60  seconds  in  one  minute.  Degrees,  minutes,  and 
Beconds,  are  designated  bj'  °, ',  " ;  thus,  27°  14^  21",  ia  read 
27  degrees  14  minutes  31  seconds. 

Tlie  circumferences  of  all  circles  contain  the  same  number 
of  degrees,  hnt  the  greater  the  radius,  the  greater  is  the  abso- 
Inte  length  of  a  degree.  The  circumference  of  a  carriage 
wheel,  the  circumference  of  the  earth,  or  the  still  greater  and 
I  indefinite  circumference  of  the  Iieavena,  has  the  same  number 
I  of  degrees;  yet  tlio  same  number  of  degrees  in  each  and  every 
circumforonce  is  the  measure  of  precisely  the  same  angle,     ^^ 
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definitions: 

1.  The  CoBplement  of  an  arc  is  90^  minus  the  arc. 

2.  The  SnppleHent  of  an  arc  is  180^  minus  the  arc. 

3.  The  Siie  of  an  angle,  or  of  an  arc,  is  a  line  drawn  from 
one  end  of  an  arc,  perpendicular  to  a  diameter  drawn  through 
the  other  end.  Thus,  BF\a  the  sine  of  the  arc  AB^  omd  also 
of  the  arc  BDE,    BK\&  the  sine  of  the  arc  BD. 

4.  The  Coslie  of  an  arc  is  the  perpen- 
dicular distance  from  the  center  of  the 
circle  to  the  sine  of  the  arc ;  or,  it  is  the 
same  in  magnitude  as  the  sine  of  the  com- 
plement of  the  arc.  Thus,  CF  is  the 
cosine  of  the  arc  AB^  but  CF=  KB^  is 
the  sine  of  BD, 

6.  The  Taif^ent  of  an  arc  is  a  line  touching  the  circle  in 
one  extremity  of  the  arc,  and  continued  from  tlience,  to  meet 
a  line  drawn  through  the  center  and  the  other  extremity. 
Thus,  ^J^is  the  tangent  to  the  arc  AB^  and  DL  is  the  tan- 
gent of  the  arc  DB. 

6.  The  Cotanf^eit  of  an  arc  is  the  tangent  of  the  comple- 
ment of  the  arc.  Thus,  2)Z,  which  is  the  tangent  of  the  arc 
DBj  is  the  cotangent  of  the  arc  AB. 

Remark. — ^The  co  is  but  a  contraction  of  the  word  complement. 

7.  The  Secait  of  an  ate  is  a  line  drawn  from  the  center  of 
the  circle  to  the  extremity  of  the  tangent.  Thus,  CH  is  the 
secant  of  th6  arc  AB^  or  of  its  supplement  BDE, 

8.  The  Cosecait  of  an  arc  is  the  secant  of  the  complement. 
Thus,  CLy  the  secant  of  BD^  is  the  cosecant  of  AB. 

9.  The  Versed  Sine  of  an  arc  is  the  distance  from  the 
extremity  of  the  arc  to  the  foot  of  the  sine.  Thus,  AF  is 
the  versed  sine  of  the  arc  AB^  and  DK  is  the  versed  sine  of 
the  arc  DB. 

For  the  sake  of  brevity,  these  technical  terms  are   con 
tracted  thus:  for  sine  AB^  we  write  sm,  AB ;  for  cosine 
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A.B,  we  write  cos.   AB j   for   tangent  AB^  we  write  /an. 
AB,  etc. 

From  tlie  preceding  definitions  wc  deduce  the  following 
obviuua  fonseqiieiieeB ; 

1st.  That  wlien  the  arc  AB  becomes  insensibly  email,  or 
zero,  its  sine,  tangent,  and  vereed  sine  are  also  nothing,  and 
ite  secant  and  oosine  are  each  equal  to  radius. 

2d.  The  sine  and  veiled  sine  of  a  quadrant  are  cac'h  equal 
to  the  radius ;  its  cosiite  is  zero,  aud  its  secant  and  tangent 
are  infinite. 

3d.  The  chord  of  an  arc  is  twice  the  sine  of  one  lialf  fiie 
ar(^.     Thus,  the  chord  BG  is  double  tlie  sine  BF. 

■ith.  The  versed  sine  is  equal  to  the  difference  between  tlifl 
Tadius  and  the  cosine. 

5th.  The  sine  and  cosine  of  any  arc  form  the  two  sides  of 
a  right-augled  ti-iimgle,  which  lias  a  radius  for  its  hypotenuBe. 
Thus,  OF  and  FB  are  the  two  sides  of  the  right-angled  tri- 
angle CFB. 

Also,  the  radius  and  tangent  always  form  tjie  two  sides  of 
a  right-angled  triangle,  which  has  the  aeoant  of  the  arc  for 
ita  hypotenuse.  This  we  observe  from  the  right-angled  tri- 
angle CAB. 

To  express  these  relations  analytically,  we  write 

sin."  -t-  COS.*  ^  R'  (1) 

M'     -^tan.=  =  see.>  (9) 

From  the  two  equiangular  triangles  CFB,  CAH,  we  have 
CF:FB  =  CA-.AM. 
That  is, 

R.  sin.         n\ 


That  ia, 


COB.  :  sin.  i^  R  :  tan. ;  whence,  tan.  =  - 

CF:CB^  CA  :  CU. 
COS. :  R  ^^  R  :  sec. ;  whence,  cob.  sec.  ^  R'. 
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The  two  equiangular  triangles,  CAH  and  CDL^  give 

CAxAH^DL.DG. 
That  iB, 

-ff  :  tan.  =  cot  :  -ff  /  whence,  tan.  cot.  =  R^.        (5) 

CFx  FB  =  DLx  DC. 

That  is, 

COS.  :  sin.  =  cot.  :  R  /  whence,  cos.  R  =  sin.  cot.      (6) 
From  equations  (4)  and  (5),  we  have 

COS.  sec.  =  tan.  cot.  (7) 

Or, 

COS.  :  tan.  =  cot.  :  sec 
We  also  have 

ver.  sin.  =  ^  —  cos.  (8) 

The  TOJtios  between  the  various  trigonometrical  lines  are 
always  the  same  for  arcs  of  the  same  number  of  degrees, 
whatever  be  the  length  of  the  radius;  and  we  may,  therefore, 
assume  radius  of  any  length  to  suit  our  convenience.  The 
preceding  equations  will  be  more  concise,  and  more  readily 
applied,  by  making  the  radius  equal  unity.  This  supposition 
being  made,  we  have,  for  equations  1  to  6,  inclusive, 

sin.*  +  cos.*  =  1. 


tan.  = 


sm. 


(3) 


tan.  = 


(5) 


COS. 

JL_ 
cot. 

Let  the  circumference, 
AEDH^  be  divided  into  four 
equal  parts  by  the  diameters, 
AD  and  E3^  the  one  hori- 
zontal and  the  other  vertical. 
These  equal  parts  are  called 
quadrants^  and  they  may  be 
distinguished  as  the  fivst^ 
second^  thirds  and  fov/rih 
quadrants. 


=  1. 

—  sec* 

^ 

(1) 

(2) 

cos.  — 

sec. 

(4) 

COS.  =  sin.  cot 

(6) 

y^^ 

B 

A 

/ 
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Tlie  center  of  tlic  circle  is  taken  as  the  origin  of  dii- 
tancew,  or  tlio  zero  point,  and  thedifi'ei-ent  directions  iu  whidi 
dietanceg  are  estiuijited  from  tliia  poiut  are  indicated  by  tLe 
Bigns  +  and  — .  If  those  from  C  to  the  right  be  marked  +, 
those  I'rom  C  to  the  left  must  be  marked  —  ;  and  if  distances 
from  C  upwards  be  considered  plna,  those  from  C  downwards 
must  be  considered  minus. 

If  one  extremity  of  a  varying  arc  be  constantly  at  Ay  and 
the  other  extremity  fall  successively  in  each  of  the  sevCTal 
quadrants,  we  may  readily  determine,  by  the  above  rnle,  the 
algebraic  signs  of  the  sines  and  cosines  of  all  arcs  fromO" 
to  360°,  Now,  since  all  other  trigonometrical  lines  can  lie 
expressed  in  terms  of  t!ie  sine  and  cosine,  it  follows  that  the 
algebraic  signs  of  all  the  circular  functions  result  from  thoee 
of  the  sine  and  cosine. 

We  shall  thus  find  for  arcs  terminating  in  the 


1st  quadrant, 


+ 


_         _         + 


PROPOSITION    I. 

The  chord  of  60°  and  the  tangent  cf  45°  are  each  equal  to 
radi-ua,'  the  sine  qf  30°,  tfie  versed  sins  of  60°,  and  the  codM 
of  60°  aire  each  equal  to  one  half  the  radius. 

With  C  as  a  center,  and  CA  as  a  radius,   ^   ^  ^ 

describe  the  arc  ABF,  and  from  A  lay  off 
the  arcs^Z>=45°,  ^5=60°,  and  ^,£"=90°; 
then  is  £5=30°. 

1st.  The  side  of  a  regular  inscribed  hexa- 
gon is  the  radius  of  the  circle  (Geom.  Pi-ob. 
28,  B.  IT),  and  as   the  arc  subtended  by 
each  side  of  the  hexagon  contains  60°,  we  have  the  chord  c 
of  60°  equal  to  the  radius. 
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2<J.  The  triangle  CAHi&  right-angled  .at  -4,  and  the  angle 
C  is  eqnal  to  45^,  being  measured  by  the  arc  AD  j  hence 
the  angle  at  ^ETis  also  equal  to  45^,  and  the  triangle  is  isosceles. 
Therefore  AH^CA=^  radius  of  the  circle. 

3d.  The  triangle  ABC\&  isosceles,  and  Bn  is  a  perpendicu- 
lar from  the  vertex  upon  the  base;  hence  An  =  nC  =^  Bm. 
But  Bm  is  the  sine  of  the  arc  BE^  Cn  is  the  cosine  of  the  arc 
AB^  and  An  is  the  versed  sine  of  the  same  arc,  and  each  is 
eqnal  to  one  half  the  radius. 

Hence  the  proposition ;  the  chord  of  60°,  etc. 


PROPOSITION   II. 

Griven^  the  sine  and  the  cosine  of  two  arcs^  to  jmd  the  sine 
and  the  cosine  of  the  sum  and  of  the  difference  of  the  sam^ 
arcs  eocpressed  hy  the  sines  and  cosines  of  the  separate  arcs. 

Let  O  be  the  center  of  the  circle, 
CD  the  greater  arc,  and  DF  the 
less,  and  denote  these  arcs  by  a  and 
J  respectively. 

Draw  the  radius  GD ;  make  the 
arc  DE  equal  to  the  arc  DF^  and 
draw  the  chord  EF.  From  F  and 
E^  the  extremities,  and  I^  the  mid- 
dle point  of  the  chord,  let  fall  the 
perpendiculars  FM^  EP,  and  IJST^ 
on  the  radius  GC.  Also  draw  DO^  the  sine  of  the  arc  CZ), 
and  let  fall  the  perpendiculars  IHon  FM^  and  EKon  IN. 

Now,  by  the  definition  of  sines  and  cosines,  DO=.mi.a; 
O0=co&.a;  FI=sin.h;  GI=cos.i.    We  are  to  find 

FM^  sin.  {a  +  h);  GM  =  cos.  {a  +  J); 
EP  =  sin.  (a  -  i);  GP  =  cos.  {a  -  h). 

Because  ZZT  is  parallel  to  2?  (?,  the  two  a's,  GDOj  GIJ!f] 
are  equiangular  and  similar.  Also,  the  A  FffI  is  similar  to 
the  A  GIN;  for  the  angles,  FIG  and  HIN^  are  right  angles ; 


1 

D 

u 

/  * 

B 

/ 

/ 

\ 
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from  these  two  equals,  taking  away  the  commcm  angle  HIQ^ 
we  have  tlie  angle  FIIl^  the  angle  GIN.  The  angles  at  R 
and  iTare  right  angles;  therefore,  the  a's  FHI^  OIN^  and 
GDO^  are  equiangular  and  similar ;  and  the  lude  ^/kliomdr 
ogous  to  IN  and  DO. 
Again,  as  FI^IE,  and  /JTis  parallel  to  Fl£^ 

FH^  IK,  and  HI  ^  KK 

By  similar  triangles  we  have 

OD'.DO  =  OI\IN. 

That  is,    R  :  sin.a  =  cos.S  :  IN;  IN  =  !!!^^.  (1) 

Also,  GD-.OOz^FI:  FR. 

That  is,   E  :  C06.a  =  Bin.5  :  HF;  or,  ^^  =  cps-a  8ip.&^  ^2^ 

It 

Also,  GD:GO=GI'.  GJfT. 

That  is,    i?  :  cos.a  =  cos.  J  :  GJST;  or  GJST  =  22^£^.  (3) 

Also,  GB  :  DO  =  FI :  Iff. 

That  is,     i?  :  8in.a  =  sin.5  :  Iff;  or,  Iff  =  «»'^-«  «'°-^ .  (4) 

By  adding  the  first  and  second  of  these  equationSj  we  have 

IN+FH=  FM=  sin.  (a+h). 

m,    .  .           .     /    .  7\       sin.a  cos.S  +  eos.fl^  sin,h 
That  is,       sm.  {a+o)  = = — . 

By  subtracting  the  second  from  the  first,  since 

IN-FH  =  IN-- IK  =  EP,  we  have 

/      TV       sin. (2  cos.J— co8.a  6in.S 
sm.  (a— 6)  = = 

By  subtracting  tlv^  fourth  from  the  third,  we  have 

GN—IH  =:  GM  =  COS.  (a-f  J)  for  the  first  member. 

TT                    /    .  i\      cos.a  cos. J — sin.a  sin. J  /k> 

Hence,    cos.  (a+6)  = — .  (5) 

By  adding  the  third  and  fourth,  we  have 

GN+Iff^  GN+NP  =  GP^  COS.  (a- J). 
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fience,  cos.  (a-l)  =  «»•«  coBMn.a  sin.^ 


(6) 


(^)i 


Collecting  these  four  expressions,  and  considering  the  radios 
unity,  we  have 

"  sin.  {a+h)=sm.a  cos.J+co8.  a  sin.&  (7) 

sin.  {a—i)=:ain.a  cos.J— co8.a  sin.J  (8) 

cos.  ((2+ J)=cos.a  cos.J— sin.a  sin.S  (9) 

^  cos.  (a— &)=cos.a  cos.J+sin.a  sin. J  (10) 

FormulflB  (A)  accomplish  the  objects  of  the  proposition,  and 
from  these  equations  many  useful  and  important  deductions 
can  be  made.     The  following  are  the  most  essential : 

By  adding  (7)  to  (8),  we  have  (11) ;  subtracting  (8)  from  (7) 
gives  (12).  Also,  (9)  added  to  (10)  gives  (13) ;  (9)  taken  from 
(10)  gives  (14). 

sin.  (^+ J)+8in.  (<2— J)=2  sin.a  cos.J  (11) 

sin.  (a+ J)— sin.  (a—l)=2  cos.a  sin.5  (12) 

cos.  (d-|-5)  +  C08.  (<2— J)=2  C0S.a  COS.&  (13) 

,  COS.  (a— 5)— COS.  (a-\-l)=2  sin.a  sin.A  (14) 

If  we  put  a-\'h^A,  and  a—h=By  then  (11)  becomes  (15), 
(12)  becomes  (16),  (13)  becomes  (17),  and  (14)  becomes  (18). 


m 


(o 


6in.^+6in.^=2  sin.(4±^)  cos.  (^~^)  (15) 
sin.^ -sin:^=2  cos.(^+^)  sin.  {^^^)  (16) 
cos.^ + cos.^=  2  cos.(^±^)  cos.  (^^^)      (I'O 


cos.5-cos.^=2  sin.(^±^)  sin.  (^Y^)      (18) 


sm. 


1%  III 

If  we  divide  (15)  by  (16),  observing  that  ^  =  tan.,  and 

cos. 

-_l=r  cot.=  j^^j  as  we  learn  by  equations  (6)  and  (5),  we 
Bin. 


tan. 


shall  have 
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8in.^+8in.^_     \2/^V2/  V2/ 


sin.  A— sin.  £  „,^  {A+B 

COS. 


/A+B\  .    IA-B\    .      IA—B\ 


(19) 


Whence, 


8iii.J.-f  sin.J?:  8in.J.— 8in.^=tan.  ( — — — j  :  tan.  / 1 

That  18 :  The  sum  of  the  sines  of  way  two  a/rcs  is  to  the  dif- 
ference of  the  same  sines^  as  the  ta/agervt  of  one  half  the  sum  of 
the  same  a/rcs  is  to  the  tangent  of  one  half  their  difference. 

By  operating  in  the  same  way  with  the  different  equations 
in  formulsB  ((7),  we  find, 


(^) 


8in.^+8in.^  =  tanY4±:?^) 

C08.^H-C08.^  \       2       / 

8in.J.4-8in.^  _      .(A—B 


co^.B—Qos.A 


(to^.A-\-Qo%.B 
cos.^—cos.^" 


cot.  I 


coa.B — C08.-4  ^     2 

sin.^— sin.5  _  .      /A—B 

cos.^+cos.^  ^      2 

sin.J.— sin.5  _  ./A  +  B 


2 
A+B^ 

2  ; 


(20) 
(21) 
(22) 
(23) 


tan.  I 1 

\     2     / 


(24) 


These  equations  are  all  true,  whatever  be  the  value  of  the 
arcs  designated  by  A  and  B  /  we  may,  therefore,  assign  any 
possible  value  to  either  of  them,  and  if  in  equations  (20),  (21), 
and  (24),  we  make  B=0,  we  shall  have, 

sin.  J.         j^      A  1 


14-C0S..J. 

sin.^ 


=  tan = 


2      cot.^J. 
1 


=:  cot.  -TT-  =  -  - 

1— cos.^  2      tan.^-d 

l-|-cos.^__cot.^^___       1 


1— cos.^     tan.iJ.     tan*  4^ 


(25) 
(26) 

(27) 
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If  we  now  tnm  back  to  formulsB  (A),  and  divide  equation 
(7)  by  (9),  and  (8)  by  (10),  observing  at  the  same  time  that 

?51£:  =tan.,  we  shall  have, 

COB. 

tan  (aA-hS  =  ^^^'^  C08.ft+C08.fl^  sin.6 

co8.a  COS.&— sin.a  Bin.J 

4.      />.    z\       sin.a  COS.&— co8.a  sin.5 
tan.  (<z — o)  = -r= ^ 

cos.a  cos.dH-sin.a  sin.& 

By  dividing  the  numerators  and  denominators  of  the  second 
members  of  these  equations  by  (cos.a  cos.  J),  we  find, 

sin.a  C08.J   ,   co&.a  sin.J 

/      i\       cos.eaj  C08.&      cos.a  COB. J         tan.a+tan.J      ,^^. 

tan.(a+J)  = J- -, r— T  =  q — 7 1 — X    (28) 

^        ^       cos.a  C08.6  __  Qin.a  Bin.o        1— tan.a  tan.J    ^    ^ 

cos.a  COS.&      cos.a  cos.i 

sin.a  C08.J  __  co8.a  sin.J 
/       T\       cos.fl^  cos.J      cos.a  cos.J  tan.fl^— tan.J.     rc%a\ 

^        ^       cos.<:&  C08.6       sm.a  sm.o         1-f  tan.a  tan.} 

COS.a  COS.J         COS.a  C0S.J 

If  in  equation  (11),  formute  (-B),  we  make  a=J,  we  shall 
have, 

sin.2a  =  2  Bin.a  cos.a  (30) 

Making  the  same  hypothesis  in  equation  (13),  gives, 

co8.2(2+l  =  2  cos.^a  (31) 

The  same  hypothesis  reduces  equation  (14)  to 

1— cos.2flt  =  2  sin.2^  (32) 

The  same  hypothesis  reduces  equation  (28)  to 

,      c\  2  tan.a  ,rt„. 

tan.2a  =  ^ -—  (33) 

1— tan.2a  "^    ^ 

If  we  substitute  a  for  2a  in  (31)  and  (32),  we  shall  have 

l+cos.a  =  2  cos.^l^^.  (34) 

and  1— cos.a  =  2  sin.^^ct.  (35) 
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PROPOSITION   III. 

In  amy  right-angled  pUme  triam^gle^  we  may  home  thefd- 
lowing  proportions  : 

Ist.  The  hypotenuse  is  to  either  sidei^  ct9  ike  rddius  istoths 
sine  of  the  aaigle  opposite  to  that  side. 

2d.  One  side  is  to  the  other  side,  as  the  radius  is  to  the  tarir 
gent  of  the  a/ngle  adj  accent  to  the  first  side. 

Sd.  Oifie  side  is  to  the  hypotenuse^  as  0ve  rad/ius  is  to  ths 
secant  of  the  angle  adjacent  to  that  side. 

Let  CAB  represent  any  right- 
angled  triangle,  right  -  angled 
at  A, 


FE 


(Here,  and  in  all  cases  hereafter,  we  shall  rq)resent  the  angles  of  a  tri- 
englc  by  the  large  letters  J.,  B^  Cj  and  the  sides  opposite  to  them,  bj  tiie 
small  letters  a,  5,  c.) 

From  either  acute  angle,  as  C,  take  any  distance,  as  CD, 
greater  or  less  than  CB,  and  describe  the  arc  D£!.  This  arc 
measures  the  angle  C  From  D,  draw  DI^  parallel  to  £A  / 
•and  from  ^,  draw  ^G,  also  parallel  to  BA  or  BJP". 

By  the  definitions  of  sines,  tangents,  secants,  etc.,  j0jPid  the 
sine  of  the  angle  (7/  JSG  is  the  tangent,  CG  the  secant,  and 
CI^  the  cosine. 

Now,  by  proportional  triangles  We  have, 

CBiBA  =  CD:  DF\  ov,a:c  =  E:  sin.(7 
CA  \AB^CE\EG\ox,h\c^R\  tan.  (7 
CA:CB  =  CE\  CG\or,l\a  =  i?:  sec.(7 

Hence  the  proposition. 

Scholium. — ^If  the  hypotenuse  of  a  triangle  is  made  radius,  one  ald6  is  the 
sine  of  the  angle  opposite  to  it,  and  the  other  side  is  the  cosine  of  the  same 
angle.    This  is  obvious  from  the  triangle  QDF, 
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PROPdaiTioir  iv-. 

In  cmy  triangle^  the  sines  of  the  angles  ar4  to  one  <mother 
as  the  sides  opposite  to  them. 

Let  ABC  be  any  tri- 
angle. From  the  points 
A  and  -B,  as  centers,  with 
any  radius,  describe  the 
arcs  measuring  these  an- 
gles, and  draw  pa^  CD,  ^ 
and  m/i,  perpendicular  to  AB. 

Then, 

pa  =  sin.  J.,  and  mn  =  sin.^. 
By  the  similar  a's,  Apa  and  ACD^  we  have, 

H  :  &m.A  =  J  :  CZ>;  or  Ii{CD)  =  h  sm.A. 
By  the  similar  a's,  £mn  and  BCD,  we  have, 

JS  :  sin.^  =  a  :  CD ;  or  E{CD)  =  a  sin.B. 
By  equating  the  second  members  of  equations  (1)  and  (2) 


(1) 


(2) 


Hence, 
Or, 


h  Bm.A  =  a  s>m.D, 

Bin.A  :  sin.^  z=  a  :  S 
a  :h  =  &m.A  :  sin.^. 


SoBOLiUM  l.-*-When  eitiher  angle  is  90®,  its  sine  is  liidiiis. 

ScHouuM  2. — ^When  CB  is  less  than  A  C,  and  the  angle  B^  acute,  the  tri- 
angle is  represented  by  A  CB,  When  the  angle  B  becomes  B^  it  is  obtuse, 
and  the  triangle  is  A  CB ;  but  the  proportion  is  equally  trae  with  either  tri- 
angle ;  for  the  angle  CBD  =  CBA,  and  the  sine  of  CBD  is  the  same  as 
the  sine  of  ABC,  lii  practice  we  can  determine  which  of  these  trian^es  is 
proposed,  by  the  ride  AB being  greater  or  less  than  AC ;  or,  by  the  angle 
at  lihe  vertex  C  being  large,  as  A  CBj  or  small,  as  ACB, 

In  the  soHtary  case  in  which  AC,  CBy  and  the  angle  A^  are  given,  and 
CB  less  than  A  (7,  we  can  determine  both  of  the  A 's  J.  CB  and  A  CB ;  and 
then  we  surely  have  the  right  one. 
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PROPOSITION    V. 

If  from  any  angle  of  a  trian^gle,  a  perpendicular  Tie  leh/aR 
f  e»  Ute  opposite  side  or  hme,  the  tangents  of  the  segrneiiie  <f 

I  the  angle  are  to  each  other  as  t/u!  xegmeiitu  of  the  iaee. 

Let  ABC  be  the  triangle.  Let  fall 
r  the  perpendicular  CD,  on  the  side  A£. 

Tak«  any  radius,  ns  Cn,  and  describe 
I  the  arc  which  measures  the  angle  C 
i  Trom  n,  draw  qnp  parallel  to  AB.  Then 
L  it  ia  obvious  that  np  is  the  tangent  of  the 
)  angle  DCB,  and  nq  is  the  tangent  of  the  angle  ACD. 

Now,  by  reason  of  the  parallels  AB  and  qp,  we  liave, 
qn:np  =  AD  :  DB 

That  is,         tan.^CZ>  :  Uw.DCB  =  AD  :  DB. 


PROPOSITION    VI. 

Jf  a  perpendieular  he  let  fall  from  any  angle  of  a,  triable 
}  to  its  opposite  aide  or  base,  this  base  is  to  the  sum  of  t/ie  other 
I  ftflo  sides,  as  th£  difference  of  the  sides  is  to  the  differen.ce  cf 
I  Ale  segments  of  the  hose, 

(See  Figure  to  Proposition  V,) 
Let  AB  be  the  base,  and  from  f,  as  a  center,  with  the 
I  shorter  side  as  radiuBf  describe  the  circle,  cutting  AB  in  G, 
I  and  AC  in  F;  produce  -^  C  to  ^, 

It  is  obvious  that  AE'k  the  sum  of  the  sides  AC  and  CB, 
and  AF  la  their  difference. 

Also,  AD  is  one  segment  of  the  base  made  by  the  peqien- 
dicular,  and  BD  =  DG  ia  the  other ;  therefore,  the  difference 
if  the  segments  is  A  G. 
AaAias.  point  without  a  circle,  by  Cor.  TIi.  IS,  B.  Ill, 
L  ve  have 

AF  X  AF=  AB  K  AG 
AB  :   AF=  AF  :  AG. 
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PROPOSITION   VII. 

The  9um,  of  any  two  sides  of  a  triangle  is  to  their  difference^ 
as  the  tangent  of  one  half  the  sum  of  the  angles  opposite  to 
these  sideSy  is  to  the  tangent  of  one  half  their  difference, 

1st  Demomtraiion. 

Let  AJBChe  any  plane  triangle.   Then, 
by  Proposition  IV,  we  have, 

JBG:  AC  =  sin.^  :  sin.^. 

Hefice,  ^  ^ 

BC+ACiBC-A  C=:An.A +%m.B:  8m.^-Bin.^(Th.9,B.II), 
Bnt, 

tan.  ( — i — j  :  tan.  / — Z! — ^j  =  sin. J.  +  sin.^  :  sin. J. 

-  sin.^,  (eq.  (19),  Trig.) 

Comparing  the  two  latter  proportions,  (Th.  6,  B.  II), 
we  have, 

JBC  +  AG:  BC- AC  =^UTi.  (^-J?\  :  tan.  (-^  ""  ^ 

Hence  the  proposition. 

For  those,  who  prefer  a  demonstration  wholly  geometrical, 
we  give  the  following : 

2d  Demonstration. 

Let  ABC  be  a  plane  triangle; 
about  ^  as  a  center,  with  AB^  the 
greater  side,  as  radius  describe  a 
circle,  meeting  AC^  produced  in  E 
and  F,  and  BC  in  D.  Join  DA, 
EB,  and  FB ;  and  draw  FO  par- 
allel to  BC^  meeting  EB  in  G. 
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^H  TLe  angle  EAB  is  the  &nin  of  the  angles  at  tlie  base  of  the 
^■triangle  ABC  (B.  I.  Th.  12);  and  EFB  at  the  clrcnm- 
^V^ference  U  equal  to  one  half  EAB  at  the  center:  EFB  is 

tTierafore  equal  to  one  half  the  sum  of  the  base  angles  of  tbe 

triangle. 

The  angle  ACB  ia  equal  to  CAD  and  J.-0<7tO5^ther;  or 

I  since  ADC  equak  ABC,  ACB  ia  equal  to  the  sum  of  CAJ) 
and  ABO,  CAD  is  therufope  equal  to  the  diflerence  between 
the  base  angles  ACB  and  ABC.  Now  DBF  at  the  ciroum 
ference  is  one  half  FAD  at  tJio  center ;  and  theretbre  DBF, 
or  its  equal  (since  5(7  and  FC  are  parallel)  BFG  is  equal  to 
dne  half  the  difference  of  the  base  angles  of  the  triangle. 
Since  the  angle  EBF'it,  inscribed  in  a  eemi-circle,  it  iaa 
right  angle;  and  if  BF  be  taken  as  radiiis,  and  a  ckcje 
described  fram  ^aa  a  center,  BE  and  BO  would  be  tangents 
(B.  Ill,  Th.  4) ;  BE  being  the  tangent  of  the  angle  EFB,  and 
SG  of  BFG ;  or  since  these  angles  are  the  half  sum  and  half 
difference  of  the  base  angles  of  the  triangle,  BE  and  B6 
would  be  tangents  of  the  half  sura  and  half  dffi'erence  of  those 
angles. 

From  the  construction  of  the  figure  it  is  plain  that  EC  equals 
AG+AB  and  Ci^ equal  AB-AV. 

In  the  triangle  EFG,  since  BO  is  parallel  to  FG,  we  have 
K  (B.  II,  Th.  17), 
I  EC :  OF  =  EB  :  BG,  (yc 

■  ABJtAC-.AB—AC^  tan.i  {ACB+ABC)  i  i7a\.\{ACB 

■  -ABC). 

H  That  is ;  the  sum  of  two  sides  is  to  their  difference  as  the 
H  tangent  of  half  the  sum  of  the  opposite  angles  is  to  the  tangent 
H   of  half  their  difference. 

I  PROPOSITION    Till. 

^1  Given  the  three  sides  of  any  plane  fy^angle,  U)  find  amie 
^1  relation  which  they  TJiust  Sear  to  the  cosines  of  the  respea^M 
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Let  ABC  be  the 
triangle,  and  let  the 
perpendicular  fall 
either  upon,  or  with- 
out the  base,  as  shown 

in  the   figures.      By     o  a        d    «    b     o 

recuiTinj^  to  Geom.  Th.  41,  B.  I.,  we  shall  fiad 

CD  =  '^l+tn^l. 

2a 

Now,  by  Imposition  3,  we  have 


a     B      (c      i> 


<i) 


a  :  COS.  C=h:  CD. 


Therefore, 


CD  = 


hem.  C 


(2) 


Equating  these  two  values  of  CZ),  and  reducing,  we  have 

COS.  C  =  ^(^-+\--^0.  (^) 

2ab  ^   ^ 

In  this  expression  we  observe,  that  the  part  c,  whose  square 
is  found  in  the  numerator  with  the  minus  sign,  is  the  side 
opposite  to  the  angle;  and  that  the  denominator  is  twice  tlie 
rectangle  of  the  sides  adjacent  to  the  angle.  From  these 
observations  we  at  once  draw  the  following  Expressions  for  the 
cosine  Ay  and  cosine  -B; 


2iG 
2ac 


cos 


in) 

(2>) 


As  th^i^  expressions  are  iiot  convenient  far  ibgarithtiiic  com- 
putation, vce  modify  them  as  follows  i 

If  we  put  2a  =  A,  in  equation  (31),  we  have 

cos.  J.  4-1  =  2cos.^^J.. 

In  the' precsedlng  expression  (n),  if  we  consider  riiditte  unity, 
and  add  1  to  both  membets,  we  diall  hav^ 
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COQ.A  +  1  =  1  + 


2bo 


Therefore,  2  cos.^ ^  =  ^^"+^' t"'""^' 


2bo 

Considering  h+c  b&  one  quantity,  and  observing  that  (b+ 
cy—a^  is  the  difference  of  two  squares^  we  have 
(J+c)'*— «*  =  (Jh-c?+«)(Jh-(?— a);  but(J  +  t?— a)=&+c+a— 2^. 

Hence,      3cos.»i^  =  {h+c+a){J>+c+a-^2a) 

ll)+c-{-a\i'b+c+a         \ 
Or,      00..M  =  '^~^'T^  '■ 

DC 

By  putting  ^Jt—IIlf  =  «,  and  extracting  square  root,  the 

final  result  for  radius  unity  is 

COS.  ^  ^  =  y  -1— — I. 

be 

For  any  other  radius  we  must  write 

COS.  1 A  =  a/^^Z^. 
'  be 

By  inference,      cos.  i  J?  =  V^^Slzi). 

Also,  COS.  1  C'  =  /^IfC^. 

aft 

In  every  triangle,  the  sum  of  the  three  angles  is  equal  to 
180° ;  and  if  one  of  the  angles  is  small,  the  other  two  must  be 
comparatively  large;  if  two  of  them  are  small,  the  third  one 
must  be  large.  The  greater  angle  is  always  opposite  the 
greater  side ;  hence,  by  merely  inspecting  the  given  sides,  any 
person  can  decide  at  once  which  is  the  greater  angle ;  and  of 
the  three  preceding  equations,  that  one  should  be  taken  which 
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applies  to  the  greater  angle,  whether  that  be  the  particular 
angle  required  or  not;  because  the  equations  bring  out  the 
cosines  to  the  angles ;  and  the  cosines  to  very  small  arcs  vary 
so  slowly,  that  it  may  be  impossible  to  decide,  with  sufficient 
numerical  accuracy,  to  what  particular  arc  the  cosine  belongs. 
For  instance,  the  cosine  9.999999,  carried  to  the  table,  applic^ 
to  several  arcs ;  and,  of  course,  we  should  not  know  which 
one  to  take ;  but  this  difficulty  does  not  exist  when  the  angle 
is  large ;  therefore,  compute  the  lai^est  angle  first,  and  then 
compute  the  other  angles  by  Proposition  lY. 

Equations  showing  the  relations  between  the  sides  of  a  tri- 
angle and  the  sines  of  the  angles,  may  be  readily  obtained ; 
but  as  those  above  given  for  the  cosines  in  terms  of  the  sides 
are  more  easily  applied  and  most  generally  used,  we  deem  them 
sufficient  for  our  purpose. 


OF    THE    TABLES    OF    SINES,    COSINES,    ETC. 

NATURAL    SINES,     ETC. 

Wlien  the  radius  of  the  circle  is  taken  as  the  unit  of 
measure,  the  numerical  values  of  the  trigonometrical  lines 
belonging  to  the  different  arcs  of  the  quadrant,  become 
natural  sines,  cosines,  etc.  They  are  then,  in  fact,  but  num- 
bers expressing  the  number  of  times  that  these  lines  contain 
the  radius  of  the  circle  in  which  they  are  taken.  The  tables 
usually  contain  only  the  sines  and  cosines,  because  these  are 
generally  sufficient  for  practical  purposes,  and  the  others, 
when  required,  are  readily  expressed  in  terms  of  them. 

For  the  method  of  calculating  these  fiinctions,  the  student  is 
referred  to  Robinson's  New  Geometry  and  Trigonometry, 
page  265  and  on. 

Natural  sines  and  cosines  are  rarely  used,  except  in  cases 
where  addition  or  subtraction  is  to  be  performed;  in  all 
cases  of  multiplication  or  division,  logarithmic  numbers  are 
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preferable,  and  great  paina   ie  taken  to  adapt  tbe  formnlse 
trigonometry  to  the  use  of  logaritlims. 

Natural  sinea  and  co&ines  are  given  in  the  tables  connected 
■witb  this  -work,  and  may  be  fotind  in  connection  with  loga- 
rithmic  Binea  and  cosines,  in  two  columna  at  tbe  right,  headed 
"  N.  Bin."  and  "  N.  cos."  The  degrees  under  45°  are  found  at 
(tile  top  of  the  page,  those  above  45°  at  the  bottom,  and  the 
minutes  either  on  the  left  or  right  hand,  as  the  degrees  are 
found  at  the  top  or  bottom  of  the  page.  Natural  sioea  and. 
eofiiiiea  are  alt  calculated  with  unity  as  the  radius. 


OP    LOGARITHMIC    SINES 


mgwi^ 


The  If^rithmic  sines  and  cosinea,  tangents  and  cotangi 
are  the  logarithms  of  the  number  representing  these  lines  ih"^ 
cirele  whose  radius  is  10,000,000,000.  The  radius  has  a  loga- 
rithm of  10 ;  and  since  tlie  trigonometrical  linea  are  propor- 
tional to  the  radii  of  the  circles  in  which  they  are  calculated, 
the  logai'ithmic  sines,  &c,,  may  he  found  by  adding  10  to  the 
logarithms  of  the  natural  sines,  *fec,,  as  given  in  the  tables. 
The  reason  why  so  great  a  value  is  assumed  tor  the  radius  is, 
that  when  the  radius  is  uniti/,  the  sines  and  cosines  are  deci- 
mals,  and  eonseqiiently  their  logarithms  have  negative  indices. 
To  avoid  this  a  radius  is  assumed,  whose  logarithm  10,  added 
to  the  logarithm  of  the  decimal,  will  in  ail  ordinary  cases 
make  the  index  positive. 

In  dealing  with  logarithmic  numbers  in  trigonometry, 
wherever  radiua  is  introduced,  its  logarithm,  10,  must  be  used ; 
in  natural  numbers  the  radius,  being  unity,  is  neglected,  where 
it  ia  connected  with  other  numbers  as  a.  factor. 

The  abbreviations  sin.,  coa.,  tan,,  cotan,,  &c,,  refer  to  the 
natural  numbers;  for  the  logarithmic  terma,  log.  sin.,  lug. 
tan.,  &c.,  are  used. 

The  secants  and  eosecanta  of  arcs  are  not  given  in  the  table, 
because  they  are  very  little  used  in  practice  ;  and  if  any  par- 
ticular secaut  ia  required,  it  can  be  determined  by  subtracting 
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the  cosine  from  20 ;  and  the  cosecant  can  be  found  by  sub- 
tracting the  sine  from  20.     For, 

sec.  = ,  and  cosec.  =  -r- 

cos.  sin. 

"Hie  sine  of  every  degree  and  minute  of  the  quadrant  is 
given,  directly,  in  the  table,  commencing  at  0°,  and  extending 
to  45°,  at  the  head  of  the  table  ;  and  from  45°  to  90°,  at  the 
bottom  of  the  table,  increasing  backward. 

The  same  column  that  is  marked  sine  at  the  top,  is  marked 
cosine  at  the  bottom ;  and  the  reason  for  this  is  apparent  to 
any  one  who  has  examiijed  the  definitions  of  sines. 

The  difference  of  two  consecutive  logarithms  is  given,  cor- 
responding to  ten  seconds.  Removing  the  decimal  point  one 
figure,  will  give  the  difference  for  one  second ;  and  if  we  mul- 
tiply this  difference  by  any  proposed  number  of  seconds,  we 
shall  have  a  difference  of  logaritlim  corresponding  to  that 
number  pf  seconds  above  the  preceding  degree  and  min- 
ute. 

For  example,  find  the  sine  of  19°  17'  22. 

The  sine  of  19°  IT',  taken  directly  from  the  table,  is    9.518829 
The  difference  for  10"  is  60.2;  for  1",  is  6.02;  and 
6.02  X  22  =  132 

Hence,  the  sine  of  19°  IV  22"  9.518961 

From  this  it  will  be  perceived  that  there  is  no  diflSculty  in 
obtaining  the  sine  or  tangent,  cosine  or  cotangent,  of  any 
angle  greater  than  30'. 

C&nversely :  Given,  the  logarithmic  sine  9.982412,  to  find 
its  corresponding  arc  The  sine  next  less  in  the  table  is 
0.9824O4,  which  gives  the  arc  T3°  48'.  Tlie  difference  be- 
tween this  and  the  given  sine  is  8,  and  the  difference  for  1" 
is  .61 ;  therefore,  the  number  of  seconds  corresponding  to  8, 
nauBt  be  discovered  by  dividing  8  by  the  decimal  .61,  which 
gives  13.     Hence,  the  arc  sought  is  73°  48'  13". 

These  operations,  so  similar  to  those  required  in  the  loga- 
rithms of  simple  numbers,  \vdll  need  no  rule. 
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PKACTIOAL    APPLICATIONS.  | 

Having  maatered  tlie  neeessary  principJes,  and  tlie  esplani- 
tion  of  tbe  tables  containing  the  numerical  values  needed,  the 
student  may  now  give  liie  attention  to  tbo  application  of  these 
principles  and  the  uso  of  these  nuinbera,  in  the  solution  o£ 

i   plane  triangles.  ^^H 

I.     OF    aiOKT-ANGLED    TRIANGLES.  ^H 

For  all  the  examples  which  follow,  but        "^  r\,^^  ^H 

one  figure  is  necessary ;  and  in  each  case  ^v„__^    ^H 

the  pupil  will  refer  to  tlie  one  here  given,  I — ^^H 

AO  being  the  hypotenuse,  D  the  right  '^l 

angle,  and  each  angle  being  represented  by  the  letter  at  ttaW 
VBrtflx. 

Ndtb. — In  all  numerical  aoluliona,  unless  otherwise  noted,  the  reference- 
numbers  connected  witli  equations  and  proportionH,  refer  to  correBponding- 
,   numberg  m  the  preceding'  theoretical  expLtnatlons.  ^^ 

In  every  right-angled  plane  triangle,  the  right  angle  bein^H 
'  always  known,  there  remain  five  parts :  the  hypotenuse,  bas^^ 
perpendicular,  base  angle,  and  perpendicular  angle. 

Any  two  of  these  being  given,  the  others  may  be  found, 
provided  one  of  the  known  quantities  be  a  side. 


Given  tim  hypotenuse  and  an  angh. 
(1.)  To  find  the  other  angle. 

Since  ^  +  C  =  90° .-.  90°-^  =  C  and  90°-  0  = 
(3.)  To  find  other  sidea. 

(Prop.  Ill)  in  verting  first  proportion, 


(  sin.^  1  CD  \ 


e.^  :  AB  ) 

n.O:AI)\  /. 

:>B.C:CD) 


(iM 
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From  either  the  first  or  second  couplet  qfjtroportiott,  CD 
and  AJ)  become  known. 

EXAIIPLES. 

1.  Given  hjpotenose  =  6^,  ftnd  base  angle  =;  87°  W, 

^O'^-A  =^  90°— 37°  SQf  =  52°  SO*  =  C,  perpendicular  angle. 

l^j  first  cdnplet  of  proportion  above, 

^ :  68  : :  sin.  37°  30' :  CZ)  ,jv 

^  :  68  :  :  cos.  37°  30* :  AP  ^  ' 

Jjcyg.  68  =  1.832509 

leg.  sin.  37°  SO*     :^  9.784447 

Sum  less  10*  =  1.616956 

1.616956  =  log.  CI>  =  log.  41.396. 

Log.  68  =  1.832509 

Ix)g.  cos;  37°  30^    =  .9.899467 

Sum  less  10  =  1.731976 

1.731976  =  log.  AD  =  log.  63.948. 

[  C    =  52°  30^ 
Am.  \CD=:  41.396 
( AD  =  53.948 

5.  Given  AC  =  236,  C  =  49°  50',  to  find  A,  AD  and  CD. 

(A     =40°10f 

Am. )  AD  =  180.34 

(  CD  =  152.22 

S.  Given  AC  =  92.76  :  J.  =  24«  le",  to  find  otlifer  parts. 

(C      =65°  44' 
Ans.  \  AD  =  84.56 
(  CD  =  38.12 

4.  Given  AC  =  102.8  :  ^  =  42°  48',  to  find  other  parts. 

*  The  IV  here  aubtracted'  is  tiu>  bgariUua  of  liiB  first  term  of  the  pro- 
portion. 
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OASB    II. 

Oi/oen  the  hypotenu^  and  one  side. 

(1.)  To  find  angles. 

(  sin.^  :  CD  )   /^v 

Bj  Prop.  Ill,  a»  before,  i?  :  ^(7  =   ^jj^  ]  ^^ 

\  006.C  :  CD  J  ^' 
From  (1),  A  may  be  foand;  and  as  before  90°—A=C.   Oi 
from  (2)  G  may  be  found ;  and  90°—  C  •=■  A. 

(2.)  To  find  other  side. 

By  Geotn.,  B.  I.,  Tb.  39, 

l/AC-^-AD"^  =  CD  or  VAC^-CD*  =  AD.      (3) 

By  Prop.  III.,  2d  proportion, 

J2  :  tan.^  =  AD  :  CD  (i) 

J2  :  t&n.C  =  CD  :  AD  (6) 

From  either  oi  which  the  side  reouired  may  be  fomid. 

EXAMPLES. 

1.  Given  AC  =  100,  AD  =  48. 

Solution. 

i?  :  100  =  COB.A  :  48  (1) 

Log.5+log.48   =11.681241 
Subtract  log.  100  =    2.000000 

Log.  cos.  A  =  9.681241  =  log.  cos.  61°  18'  53" 

A  =  61°  18'  53" ;  90° -61°  18'  53"  =  28°  41'  7"  =  C. 

B  :  tan.  28°  41'  7"  =  CD  :  48  ^  (5) 

Log.  B  +  log.  48    =  11.681241 
Log,  tan.  28°  41'  7"  =   9.738106 


Log.  CD  =    1.943134  =  log.  87.73. 

An8.A  =  61°  18'  63";  C=  28°  41'  7" ;  CD  =  87.7a 
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3.  Given  AC  ==  SOO,  and  (72)  =  180 

Am.  \      (7  =  64°  19'  16" 
I  ^/>  =  270.37 

3.  Given  AC  =  1896,  and  CZ?  =  479. 

4.  Given  AC  =  241,  and  AD  =  78. 

CASK    III. 

Owen  OTte  side  and  cm  (mgU. 

(1.)  To  find  other  angle. 

Subtract  given  angle  from  90°. 

(2.)  To  find  hypotenuse. 

By  Prop,  in.,  1st  proportion, 

AC\  AD  =  5  :  sin.  C  or  cos.  A  (I5 

AC\CD  ^  R\  sin.  A  or  cos.  G.  (2) 

By  Prop,  m.,  3d  proportion, 

AD:  AC  =  R  :  secant^  (3) 

CD:AC  =  E\  secant  C.  (4) 

Proportions  (1)  and  (2)  would  be  used  most  generally,  as 
sines  are  more  easily  obtained  from  table  than  secants. 

3.  To  find  other  side. 

{a)  Use  -4(7  and  angle,  and  apply  Case  I. 

Qf)  Use  ^(7  and  given  side  according  to  Case  II. 

(c)  By  Prop.  III.,  2d  proportion, 

AD  iCD  =  R\  tan.  A,  (5) 

Or,        CD  :  AD  =  R  :  tan.  C.  (6) 

EXAMPLES. 


1.  Given  AD  =  39,  and  ^  =  41°  lO*. 
(1.)  90°-41°  10'  =  48°  60'  =  C 


81^^^^^ 
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(3.)  AC :  S9  =  Ji  :  aa,  48'>  6tf.  (1) 

Leg.  5+ log.  39  =  11.591065 

(Less)  log.  sin.  48°  50'  =    9.876678 

Log.  AC  =    1.714387  =  log.  51.81. 

AC  =  51.81 

(3.)  CZ?  :  39  =  5  :  tan.  48<'  50.  («) 

Log.  5+ log.  39  =  11.591065 
Log.  tan.  48°  SO^"  =  10.058286 


Log. 

CD 
CD 

-    1.53277^ 
=  34.1. 

Ana, 

-log- 

(   ^    = 

{  AC-. 

(  CD-. 

34.1 

=  48°  50" 
=  51.81 
i;84.1 

2. 

Given  CD  = 

76.84, 

and  /I  =  51° 

'42' 20" 

• 

( 

C     = 

•86°  17' 40" 

Ana.   < 

AC  = 
AD^' 

97.91 
60.67. 

3.  Given  CD  =  103^4^  and  C  =  21°  SO*. 

(  A    =  68°  10* 
Ans.  {  AC=  111.54 
[AD=    41.48; 

4.  Given  AD  =  7.96,  and  C  =  17°  23'  12". 

OA.SB  rr. 

Given  the  two  sides  or  the  base  and  perpenctloitlar. 

(1)  To  find  angles, 

AD  -.CD  —  R:  tan.  J.,  or  cot.  C.  (1) 

90°— J.  =  C^  or  90°— <7=  A. 

2.  To  find  hypotenuse, 

(a).    Apply  (2),  Case  L 
(J),    Apply  (2),  Case  IH. 

(c),     ^AD^  +  CZ?*  =  J:'4<7. 
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EXAMPLES. 

1.  Given  AD  =  42.5,  and  CD  =  5«. 

Sohxtkn. 

(1)  42.5  :  59  =  ^  :  tan.  A.  (1) 

log.  69+log.  R  =  11.770853 
Log.  42.5  =    1.628889 

lag.  tan.  A         =  10.142463 
10.142463  =  log.  tan.  54°  14' ;  .-.  54°  14?  =  A. 
90° -54°  14'  =  35°  46*  =  C. 

(2.)  By  (2),  Case  I. 

.ff  :  ^C  =  sin.  54°  14' :  59 

Log.  59+kig.J?    =  1L770858 
Log.  sin.  J.  =    9.909237 

10%.  AG  =    1.861616 

1.861615  =  log.  72.71  .-.  AC  r^  72.71. 

I  A     =  54°  14* 
An«.   \C     =35°  46' 
I  AG  =  72.71 

2.  Given  AD  =  84.75,  and  CD  =;  52.25. 

I  A    =56°  22'  84" 
Am.  \C     =33°  37'  36" 
{aC=  62,75 

S.  Giyen  AD  =  102,  and  CD  =  143. 

(A     =  54°  30'    1" 
^n#.  \C    =  35°  29*  59" 
{aG-  176.66 
4.  Given  ^i?  =  17.377,  and  GD  =  26.89. 

As  the  solution   of  right-angled   plane    triangles   is    so 
fi^quently  required  in  practical  mathematics,  a  list  of  practical 
examples  is  subjoined,  to  which  the  pnpil  may  apply  for  him- 
self the  principles  and  proportions  heretofore  given.     And  the 
B^^vdent  will  be  fully  recompensed  for  all  time  and  labor  ex- 
pended, by  the  increased  tamiliarity  witii  these  operations. 
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PRACTICAL   PROBLEMS. 

Let  ABC  repremnt  any  right-angled  plane  triangle,  riglit- 
BQgled  at  B. 

In  a  riglit-angled  triangle,  ABC,  given  the  base  AB, 
1314,  and  the  angle  A,  61°  40"  30",  to  find  the  other  parts. 

2.  Given  A  C,  73.26,  and  the  angle  A,  49°  12*  20";  required 
the  other  parts. 

Atis.  The  angle  C,  40°  4^40";  BC,  55.46;  and  ^5,  47.86. 

3.  Given  AB,  469.34,  and  the  angle  A,  51°  26'  17",  to  find 
the  other  parts. 

[nit.  The  angle  C,  38°  33'  43";  BO,  588.7 ;  and  ^  C,  753.9. 
Given  AB,  493,  and  the  angle  G,  30°  14' ;  required,  the 
remaining  parts. 

Alls.  The  angled,  eg-' 46';  BC,  1337.5;  KaA  AC,  1425.5. 
5.  Let  .45  =  331,  and  the  angle  J.  =49°  14';  what  are 
the  other  parts  ? 

Am.  AC,  506.9;  BC,  383.9;  and  the  angle  (7,  40°  46'. 
:.  l'iAG=  45,  and  the  angle  C  =  37°  22',  what  are  the 
remaining  parts  ? 

Ana.  AB,  27.31 ;  BC,  35.76  ;  and  the  angle  A,  52°  38'. 

7.  Given  AC  =  4264.3,  and  the  angle  A  =  56°  29'  13",  to 
find  the  remaining  parts. 

Ans.  AB,  2354.4;  BC,  3555.4 ;  and  the  angle  C,  33°30'47". 

8.  If  AB  =  42.2,  and  the  angle  A  =  31°  12'  49",  what  are 
the  other  parts ! 

Ans.  AC,  49.34  ;  BC,  25.57 ;  and  the  angle  C,  58°  47'  11". 

9.  If  AB  =  8873.1,  and  BC  =  694.73,  what  are  the  other, 
parts! 

^^   iAC,  8400.9;   the  angle   C,  85°  15'  23";  and 
"*■  I      angle  A,  4°  44'  37". 

10.  U  AB  be  63.4,  and  J.  £7  be  85.73,  what  are  the  other 
parts  3 

BC,  57.69  ;  the  angle  C,  47°  41'  5C"  ;  and  the 
A,  42°  16'  4". 


:her 
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11.  Given  -4(7  =  7269,  and  AB  =  3163,  to  find  the  other 
parts. 

^^  (  BC,  6546.23 ;  the  angle  (7, 25°  47'  7" ;  and  the  angle 
'  \     A,  64°  12'  53. 

12.  Given  AC  ^  4824,  and  BC  =  2412,  to  find  the  other 
parts. 

^^  (  The  angle  A  =  30°  00',  the  angle  C  =  60°  00', 
.'(     and  ^J?  =  4178. 

13.  The  distance  between  the  earth  and  sun  is  94,770,000 
miles,  and  at  that  distance  the  semi-diameter  of  tlie  sun  sub- 
tends an  angle  of  16'  6".  What  is  the  diameter  of  the  sun  in 
miles  %  Ans.  887,673.5  miles. 

B 


In  this  example,  let  ^be  the  center  of  the  earth,  a?  that  of 
the  sun,  and  .£L&  a  tangent  to  the  sun's  surface.  Then  the 
A  £!BSi&  right-angled  at^,  and  J^xS^is  the  semi-diameter  of 
tlie  sun.     The  value  of  ^BS  is  required. 


n.    op    OBLIQUE-ANGLED    PLANE    TRIANGLES. 

In  every  oblique-angled  plane  triangle,  there  are  six  parts ; 
viz.,  three  sides  and  thre6  angles.  Any  three  of  these  being 
known — ^provided  one  side  at  least  be  given — the  others  may 
be  found  by  the  preceding  theorems  and  formulae,  as  is  shown 
in  the  following  cases. 

CASE   I. 

Gi/oen  a  aide  cmd  two  adjacent  ambles.  ^ 

Let  ABC  be  any  plane  triangle. 

Suppose  AB  to  be  given,  and  the  angles 
A  and  B. 


^04  SUBTEYINQ  AND  NAYIOATION. 

(1.)  To  find  third  angle. 

By  (B.  I.,  Th.  11)    180°-(^  +B)  =  C. 

(2.)  To  find  the  other  sides. 

1 8in.5  :  AC,   (p) 

EZAICPLKS. 

1.  Given  AB  =  376,  A  =  4^"  Sf,  and  JS  ==  40°  14f. 

Soiutiott. 
(1.)  180*'— (48''  3'+40°  140  =  ^1°  43'  =  O. 
(2.)  Sin.  91°  43' :  376  =  sin.  48°  3' :  BC.  (o) 

Co.  log.  Bin.  91°  43'  =  0.000195 
Log.  376  =  2.575188 

Log.  sin.  48°  3'         =  9.871414 

Sum  less  10  =  2.446797 

2.446797  =  log.  279.77  =  BC. 

Sin.  91°  43' :  376    =  sin.  40°  14' :  ^<7         (5) 
Co.  log.  sin.  91°  43'  =  0,000195 
Log.  376  =  2.676188 

Log.  sin.  40°  14'      =  9.810167 

Sum  less  10  =  2.385550 

2.385550  =  log.  242.97=  AC. 

(C     =91°  43«. 
Am.  -{.4  (7  =242.97. 
( BC  =  279.76. 
3.  ^  =  86°  42',  ^  sr  76°  27',  and  AB  =  142. 

(C    =67°  51 
Am.  }aC=  149.06 
iBC=    89.47 
3.  Given  B  =  23°  40'  22",  C  =  69°  39'  51",  and  BC  =  lOi 

Ans. 
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CASE    II. 

CHoen  two  sides  a/nd  am,  cmgle  opposite  one  of  them. 

A 

Let  ADC  be  a  plane  triangle.  Sup- 
pose AD  and  -46/  to  be  given,  and 
angle  D  opposite  AC. 

(1.)  To  find  other  anglea.  

^     ^  °  DOB  B 

By  Prop.  IV, 

AC :  sin.  D  =  AD  :  sin.  angle  opposite  AD.      (1.) 

Now  in  this  proportion  the  fourth  term  is  a  sine ;  and  as  the 
sine  of  an  angle  and  of  its  supplement  are  the  same,  the  re- 
sult is  ambiguous. 

The  same  ambiguity  may  be  found  in  the  figure ;  for  there 
will  be  two  lines  AC^  and  AE^  one  on  each  side  of  the  per- 
pendicular AB^  each  of  which  will  correspond  with  the  given 
side  numerically. 

Thus,  if  the  angle 2?  be  given  opposite  the  shorter  side  AC^ 
there  will  be  two  triangles  which  will  contain  all  the  required 
conditions.  In  practical  cases  circumstances  will  generally 
determine  which  of  the  two  is  to  be  used. 

If  the  angle  given  be  obtuse,  as  C,  the  other  angles  must  be 
acute,  and  there  can  be  no  ambiguity. 

-40^  must  not  be  less  than  AB^  the  sine  of  the  angle  D 
when  AD  is  made  radius ;  for  if  so,  the  triangle  becomes  im- 
possible. 

By  the  prc^KNtion  given  above  having  found  C  and  E^  we 
have 

180^-^(2?+  €0  ^  DAC,  and  180°-(i?+-E^  =  DAK 

(2.)  To  find  third  side. 

By  PK)p.  IV,       Sin.  i)  :  ^C^ »  sin.  DAC \  DC       (2) 

Sin.  D\AC^  sin.  DAE\  DE       (3) 
When  there  is.  no  ambiguity ,^  only  one  of  the  above  will  be 
nBed,-^aa  only  one  vertical  angle  will  be  found. 
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EXAHPLES. 

1.  Given  AB=i50,  AC=309,  and  D=21°  SC. 

(1)  309  :  sin.  21°  &0> =450  :  sin.  CorS  (Eq.  1). 

Co.  log.  309  =  7.510041 
Log.  sin.  27°  50"  =  9.669225 
Log.  450  =  2.653213 

Sum  less  10         =  9.832479  =  log.  sin.  C  or  K 
9.832479  =  log.  sin.  42°  50'  24"  or  137°  9*  36". 
C  =  137°  9'  36",  iT  =  42°  60*  24". 
180°-(27°  50'+137°    9' 36"=    15°    0' 2i<' =  DAO.   {a) 
180°— (27°  50'+  41°  50' 24"  =  109°  19'  36"  =  DAK    (J) 

Sin.  27°  50*  :  309  =  sin.  15°  0'  23"  :  DC  (2) 

Co.  log.  sin.  27°  50'  =  0.330775 
Log.  309  =  2.489959 

Log.  sin.  15°  0*  24"  =  9.413184 

Sum  less  10  =  2.233918  =  log.  DO. 

2.233918  =  log.  171.36  .-.  DC  =  171.36. 

Sin.  27°  50' :  309  =  sin.  109°  19'  36"  :  DE. 

Co.  log.  sin.  27°  50'  =  0.330775 
Log.  309  =  2.489959 

Log.  sin.  109°  19'  36"  =  9.974809 

Slim  less  10  =  2.796543  =  log.  DK 

2.796543  =  log.  624.52.  .-.  i>^=  624.52. 

(  G        =  137°  9'  36"         CB        =42°  50*  24" 
Ans.  (1)  \dAC=    15°  0'  24"   (2)  \  DAE  =  109°  19'  36" 
{DC     =  171.36  ( DF    =  624.52. 

2.  Given,  AD  =  201,  AC  =  140,  and  Z>  =  36°  44'. 

(  C        =  120°  49'  49"       [H        =59°  10'  11" 
Ans.\DAC=    22° 26'  11"      \  DAE  =  84°    5'  49" 
(DC     =   89.34.  I  DE    =  232.84. 
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S;  Given,  AD  ^  180,  AC=\WS,vcAC-  127°  S3'. 

iD       =26°    1}  59" 
AuB.   \DAC=z  26°  19'    I'' 
(  DG    =  100.65. 

GASB    III. 

Gwen  two  sides  a/nd  the  angle  included  hy  them. 

In  the  triangle  ABC,  let -4  <7 and  JSChe  given, 
and  the  angle  C,  which  they  include. 

(1)  To  find  other  angles. 

(ISO^—C)  =  A+B. 

By  Prop.  Vn,  a  b 

AC+BO  :  AC—BC  =  tan.  \  {A+B)  :  tan.  i  (A^B)    (1). 

J  {A—B)  thus  becomes  known, 

i(^+j5)-K-4-^)  =  ^.  f  ^  ^ 

(2.)  To  find  third  side. 
By  Prop.  rV, 

Sin.  A  :  BC  =  sin.  O  :  AJB,  or 


Sin.  B  :  AC=  sin.  C7  :  AB. 


(3). 


"Which  is  the  greater  of  the  two  angles,  A  and  .5,  is  deter- 
ttiined  from  the  sides  opposite,  which  are  known  ;  in  the  above, 
-d.  is  assimied  as  the  greater. 

EXAMPLES. 

1.  A0=  97,  BQ  =  113,  and  C  =  63°  41'. 

Solution. 

(1)  180°-63°  41'  =  116°  19'  =  A+B. 

.-.  i{A+B)  =  58°  9' 30". 
118+97  =  210  -t  AC+BO  ;11S''97  =  16  =  AC-B^ 
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810  :  16  =  ten.  58°  9'  30" :  tan.  |  iA^\B)        {1% 

Co.  log.  210  =    7.677781 

Log.  16  =    1.304120 

Log.  tan.  58°  9'  SO**  =  10.206885 

Sum  less  10  =    9.088786  =  log.  tan.  ^  (A—B) 

9.088786  =  log.  tan.  6°  59'  39". 

HA+B)       58°    9' 30"  68?    9*  30" 

iU-B)  +    6°  59'  39"  -    6°  59'  39"  ^^' 

66°    9'    9"  =  A       51°    9'  61"  =  J?, 

(2)      Sin.  65°  9'  9"  :  113  =  sin.  63°  41' :  A£  (8) 

Oo.  log.  sin.  65°  9'  9"  =  0.042187 
Log.  113  =  2.053078 

Log.  sin.  63°  41'  =  9.952481 

Sum  less  10  =  2.047746  s:  log.  A£ 

2.047746  =  log.  111.62  =  AB. 

A      =  65°  9'  9" 
Ans.    IB      =51°  9'  51" 
AB  =  111.62. 

2.  Given  AB  =  100,  BO  =  69,  and  B  =  31°  30'. 

Alls.    A  =  41°  12'  36" ;  C  =  107°  17'  24" ;  4^^  =  54.7a 

3.  Given  AC  ;^  233,  BC  =  396,  and  C  =  49°  40'. 

4.  Given  AB  =  9.75,  AC  =  11.6,  and  -d.  =  70°  11'  10.« 

CASE    IT. 

CUven  the  three  aides  to  determine  the  angles. 

This  may  be  solved  by  two  methods  entirely  distinct,  and 
each  solution  quite  easily  obtained. 

1st  method. — ^By  Prop.  YTII,  \ye  have  formulse  for  the  cosines 
of  one-half  the  angles  in  terms  of  the  sides.    In  this  cas^,  amj 
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of  these  equations  may  be  used  for  determining  the  first  angia 
To  avoid  danger  of  ambiguity,  arising  from  the  cosines  of 
small  arcs,  it  is  customary  to  solve  ibr  the  largest  angle  of  the 
triangle.     The  following  are  the  formulae. 


Cos 


.io='/S^^ 


oA 


(1) 


(2) 


(3) 


One  angle  having  beqn  obtained,  the  others  may  be  found 
by  Case  II.  As  the  largest  angle  is  generally  obtained  from 
the  formula,  there  is  no  ambiguity  in  the  other  results. 

In  these  formulae,  the  letters,  a,  5,  <?,  represent  the  sides 
opposite  the  angles  designated  by  the  corresponding  capital 
letters. 

id  fnethod. — In  the  triangle  ^jff  (7,  draw  the  perpendicular 
CDy  dividing  ABC  into  two  right  angled 
triangles, 

By  Prop.  VI, 

AB.BC^ACz^BC-AC.BB'-AB.     (1) 

Whence,  BD—AD  becomes  known. 
\{AB)^\{BD^AD)^  BD\   or   the 
greater  segment,  adjacent  to  the  greater  side.     AlsOj 

AB^BD  =  AD. 


In  triangle  BDC,  Prop.  Ill, 

BC:BD=:  R:(ios.B. 
In  triangle  ADC^ 

AO:AD  =  B:co&.A. 
180°  -  (A+B)  =  O. 


(2) 

(3) 
(4) 


no  SUBVEYlNO  AND  KAYiaATIOH. 

EXAMPLES. 

1.  Given  BC  =  122,  AC  =  107,  and  ,4J?  =  98. 

Solution. — 1st  Method. 

Since  BCv&  the  longest  side,  A  ie  the  largest  angle.    We 
use  therefore  formula  (1). 


^.iA=/^^ 


co8.j^=y     ^   '  (1) 

S=-^{  a+b+c)  =  163.6 ; ,  «  —  o  =  41.6. 

Log.  i?«     =  20. 

Log.  163.5  =  2.213618 

Log.  41.5  =  1.618048 

Log.  numerator,  23.831566 

L<^.  h,  107  =  2.029384 

Log.  0,    98  =  1.991226  4.020610  =  Lc^.  denom. 

To  extract  root,  2)19.810956 

Log.  COS.  ^  J.  =      9.905478  =  log.  36°  26*  48". 

Therefore,  A  -  72°  53'  36". 

By  Case  II,        122  :  sin.  72°  53'  36"  =  107  :  sin.  B. 

=    98  :  sin.  O. 
Co.  log.  122  =  7.913640 

Log.  sin.  72°  53'  36"  =  9.980348 
Log.  107  =  2.029384 

L<^.  sin.  B  =  9.923372  =  log.  sin.  66°  57*  20"  =  £. 

Co.  log.  122  =  7.913640 
Log.  sin.  72°  53'  36"  =  9.980348 
Log.  98  =  1.991226 

Log.  sin.  C       =  9.885214  =  log.  sin.  50°  9'  4"  =  C. 

A  =  72°  63'  36" 

Am.   -^  -B  =  56°  57*  20" 

C  =  50°  9'  4". 


». 
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a.  Given  AB  =  214,  AC  =  176,  BC  =.200. 

SolmHon. — 2<2  Method. 

214  :  376  =  24  :  ^i>  -  AD.  (1) 

Xog.  876  =  2.675188 

Xc^.  24  =  1.380211 

Subtract  log.  214   =  2.330414 

Xog.  {BD  -  AD),=i  1.624985;  .-.  BD-AD  =  42.168. 
^(214  +  42.168)     =   128.084  =  BD,  adjacent  to  BC. 
i(214  -  42.168)     =     85.916  =  AB. 

In  triangle  BBC, 

200  :  128.084  =  ^  :  cos.  B.  (2) 

Co.  %.  200      =  7.698970 
Log.  128.084    =  2.107495 

Sum+log.  ^—10  =  9.806465  =  log.  cos.  B. 
"Whence,  B  =  50°  10'  37", 

In  triangle  ABC, 

176  :  85.916  =  B  :  cos.  A.  (3) 

Co.  log.  176     =  7.754487 
Log.  85.916     =  1.934074 

Bum+log.  5—10  =  9.688561  =  log.  cos.  A. 
Whence,  A  =60°  46'  49". 

180"'-110°  57'  26"  =  69°  2'  34"  =  C. 

(  ^  =  60°  46'  49" 

Am.   \b  =  50°  10'  37" 

(  C  =  69°    2'  34" 

8.  Given  AB  =  76.5,  AC  =  51.75,  and  BC  =  43.25. 

A  =    32°  44'  31" 

Ana.   ■(  jff  =    40°  19'  37" 

C  =  106°  56'  52" 
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i.  Given  AB=M,AC=  i8,  and  BC  =  30. 

(  A,  38°  20"  33" 

Ans.    }  B,  96°  58'  57" 

(   C,  44°  40'  30" 

Having  given  the  theory  and  practice  of  the  aolntton  of 
oblique-angled  plane  triaiiglea,  we  add  tlie  following  exam- 
ples, where  the  atudent  will  select  and  apply  the  proper 
methodB  to  be  employed. 


PRACTICAL    PROBLEMS. 
Let  j45C  represent  any  oUiqae-angled  triangle. 
1.  Given  AB  697,  the  angle  A  81°  30' 10",  and  the  angle 
B  ifi°  30'  44",  to  find  the  other  parts. 

Ans.  AC,  534 ;  BC,  813  ;  and  L  C,  37°  59"  6". 

%lt  AC=  720.8,  L^  =  TO"  5'  22",    L-^  =  59°  35' 36", 
required  the  other  parts. 

Am.  AB,  643.2;  BC,  785.8;  and  L  C,  50°  19'  2". 

3.  Given  BC  980.1,  the  angle  A  7°  6'  26",  and  the  angle 
B  106°  2'  23",  to  find  the  other  parts. 

Ans.  AB,  7283.8 ;  AC,  7613.1 ;  and  L  C,  66°  51'  11". 


4.  Given  AB  896.2,  BC  328.4,  and  the  angle  C  113°  4ff 
20",  to  find  the  other  parts. 

Ana.  AC,  712;    L^,  19°  35'  46";  and  \_B,  46°  38'54». 


5.  Given  AC  =  4637,  BC  =  5169,  and  the  angle  A 

70°  35'  12",  to  find  the  other  parts. 

Ans.  AB,  4328  ;    L  B,  57°  29'  56" ;  and  L  C,  52°  4'  52". 


6.  Given  AB  793.8,  BC  481.6,  and  AC  500.0,  to  find  the 
acglea. 


L  35°  15'  32"  j    L  -S,  36°  49'  lS»*j 
and  L  C,  101°  55' 10' . 


%  Qi\m  AB  100^,  BG  X00.3,  vsAAC  100.3,  to  find  the 

^^    (  The  angle  A,  60°  j  the  angle  B, 
'    \     60°  J  and  the  angle  (7,  60°. 

8.  Given  AB  92.6,  BG  46.3,  and  ^<7  71.2,  to  find  the 
axifirleB. 

i^    \  L-4,29°17'22";  L -5, 4:8°4r30"; 
'^^^'    \     and  L  C;  101°  55'  8". 

«.  Given  AB  4963,  50^  5124,  and  ^(7  5621,  to  find  the 
ikngles. 

'°  42'  36" ; 


.         {  A,  57°  30*  28" ;  L  B,  67' 
I     and  L  ^,  54°  46'  55". 


10.  Given  AB  t'2%.l,BG  614.7,  and  AG  583.8,  to  find  the 
angles. 

.        J  L  ^  -  54°  32'  52",  L  -ff  =  50°  40*  58", 
I     and  L^=74°46'10". 

11.  Given  AB  96.74,  BG  83.29,  and  AG  111.42,  to  find 

the  angles. 

^        (  L  ^  =  46°  30'  45",    \.B  =  76°  3'  46", 

'    i     and  L  C'  =  57°  25'  29". 

12.  Given  AB  363.4,  BG  148.4,  and  the  angle  B  102°  18' 
27",  to  find  the  other  parts. 

.        i  L  ^  =  20°  9'  17",  the  side  AC=  420.8, 
1     and  t  ^  =  67°  32*  16" 

13.  Given  AB  632,  BG  494,  and  the  angle  4  20°  16',  ta 
&d  the  pther  part^,  the  angle  C  being  acute. 

.        j  L  C  =  26°  18'  19",  LB-  133°  25' 41», 
1     and  4^=  1035.7. 

14.  Given  45  63.9, 4  C  46.21,  and  the  angle  jB  68°  16',  to 
find  the  other  parts. 

4m.  L  4  =  38°  68',  L  C7  =  82°  46',  and  BC=  ,84.16. 
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15.  Given  AB  21fi3,  £C  1672,  and  the  angle  C 112°  18' 
to  find  the  otliur  parts. 

Ans.  AC,  611.2;    L^.Sa"  2' 10"  ;  and  1-^,45°  39' 22". 

16.  Given  ABi9G,JiC  496,  and  tlie  anjrlo/?  38°1G' tofind 
tUe  otlier  parts. 

Ana.  AC,  325.1 ;    L  A,  10°  52' ;  and  L  O,  10"  52*. 

IT.  Given  AB  42S,  tlie  angle  ^49°  16',  and  {AC-i-BC) 
918,  to  find  the  otlier  parts,  the  angle  B  being  obtusa 

^  The  angle  A  =  38=  44'  4S",  the  angle  B  =  91° 


Ans. 


59'  12",  AC=  564.49,  mdBC=  353.5. 


18.  Given  AC  126,  the  angle  5  29"  46',  and  {AB~BC) 
43,  to  find  the  other  parts. 

.  I  The  angle  A  =  55°  51'  32",  tlie  angle   C  =  94° 

"*■    t      22'  28",  AB  =  253.05,  and  BC  =  210.054. 


19.  Given  AlB  1269,  J.C  1837,  and  the  angle  A,  53°  16'  30", 
[  to  find  the  other  parts. 

,  L-S  =  83°  23'  47",  L  C  =  43°  19*  53",  and  £G 
=  1482.16. 


Ans. 


\LB- 
\     BI- 


SECTION III. 
OF  SPHERICAL  TRIGONOMETRY. 


A  Spherical  Triangle  contains  six  parts — three  sides  and 
three  angles^any  three  of  wliich  being  given,  the  other  three 
may  be  determined. 

Spkerical  Trigonometry  has  for  its  object  to  explain  the 
different  methods  of  computing  three  of  the  six  parts  of  a 
splierical  triangle,  when  the  other  three  are  given.  It  may 
be  divided  into  Mighi-a/iigled  Spherical  Tngoaometrjr,  and 
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OhliqueangUd  Spherical  Trigonometry ;  the  firet  treating  of  i 
the  solution  of  right-angled,  aud  the  eecond  of  oblique-angled  ] 

spherical  triangles. 


f        RIGHT-ANGLED  SPHERICAL  TRIGONOMETRT. 
PROPOSITION    I. 

With  the  sines  of  the  sides,  ajid  the  tangent  of  one  eiDE  o^  j 
^ny  right^ngled  spherical  triangle,  two  plane  triangles  can  6*  I 
formed  tJiat  will  be  similar,  and  similarly  aititaied. 

Let  ABC  be  a  spherical  triangle,  right- 
angled  at  B  ;  and  let  D  be  the  center  of 
the  sphere.  Becanae  the  angle  CBA  is  a 
right  angle,  the  plane  CBD  is  perpendic- 
ular to  the  plane  DBA.  From  C  let  fall  _ 
Cn,  perpendicnlar  to  the  plane  DBA; 
and  as  the  plane  CBD  is  perpendicular  to 
the  plane  DBA,  CRvf'xW  lie  in  the  plane  CBD,  and  he  per- 
pendicular to  the  line  DB,  and  perpendicular  to  all  lines  that 
can  be  drawn  in  the  plane  DBA,  from  the  point  H  (Det^  2, 
B.VI.  Geom.) 

Draw  HG  perpendicular  to  DA,  and  draw  GG;  GC  will 
lie  wholly  ia  the  plane  CD  A,  and  GHG  is  a  right-angled  tri- 
angle, right-angled  at  H. 
We  will  now  demonstrate  that  the  angle  D6C  ia  a  right 
.   ingle. 

T!ie  right-angled  A  CHG,  gives  CR^  -\-  HG'  =  CO*  (1) 
The  right-angled  c,DOIT,gne&  DG*  -1-  RO^  =  DW  (2) 
By  subtraction,         CR'  —  DG'  =  CG'  —  DR'  (3) 

By  transposition,       CR  +  DW  =  CG*  +  DG*  (4) 

But  the  first  member  of  equation  (4)  ia  equal  to  CD*,  be- 
cause CDH  is  a  ^igh^angled  triangle ; 
Therefore,  CD'  =  CG'  +  DG' 

Hence,  CD  is  the  hypotenuse  of  tlie  right-angled  triangle 
^ffC,  (Th.  39,  B.  I.  Geom.) 
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From  tlie  poiut  B,  draw  BE  aX  riglit  luiglee  to  DA,  uuj 

\^F  at  riglit  angles  to  DB,  ia  tlie  I'laiie  CDB  extended ;  tlia 

P  poiut  F  will  be  ill  the  line  DC     Draw  7;'/'^,  and  as  F  isia 

the  plane  CDA,  and  E'ts  in  the  same  plane,  the  line  EF'n  in 

the  plaTie  CDA.  Now  we  are  to  prove  that  the  biaoj^le  CJI6 

is  similar  to  the  triangle  BEE,  and  similarly  situated. 

Aa  HG  and  BE  are  both  at  right  angles  to  DA,  they  are 
r  parallel ;  and  as  DC  and  BE  are  butli  at  right  angles  to  DB, 
Itbey  are  parallel;  and  by  reason  of  tlie  parallels,  tlie  angles 
J  GHO  and  EBEare  equal ;  but  GDC  is  a  right  angle ;  there- 
I  fore,  EBFie  also  a  right  angle. 

Now,  as  GD  and  BE  are  parallel,  and  CD  and  BEare 
I  also  parallel,  we  have, 

DH:DB  =  IIG-.BE 
And,  DD :  DB  =  DC  :  BE 

Therefore,  DG  :  BE  =  DC:  BE(T\i.  6,  B.  II.), 

Or,  DG://C  =  BE:BE. 

Here,  then,  are  two  ti-iangles,  haying  an  angle  in  the  one 
squal  to  an  angle  in  the  other,  and  the  sides  about  the  equal 
angles  proportional ;  the  two  triangles  are  therefore  equiangu- 
lar (Geom.   Cor.  2,  Th.  17,  B.  II.) ;  and  they  are  similarly 
situated,  for  their  sides  make  equal  angles  at  iifand  B  with 
I  the  same  line,  DB. 
I      Hence  the  proposition. 

'  ScHOLiiTM  — By  the  definition  of  8inca,  cosines,  and  tangenlii,  we  per- 
ceive that  OH  is  the  sine  of  the  arc  BC,  BIT  ia  ila  cosine,  and  BFita  Ian- 
gent;  00  is  the  Bine  of  tlio  arc  AC,  and  DO  its  cosine.  Also,  BEistiie 
aae  of  the  arc  J  B,  and  D£  is  the  coeine  of  the  same  arc  With  this  fignre 
e  prepared  to  dejnonstrata  the  following  propositions,  ^^H 

PROPOSITION    II.  ^M 


En  any  right-angled  spherical  triangle,  the  sin^  of  one  aide 
B  to  the  tangent  of  the  other  sids,  as  radius  is  to  the  tangent  of 
~e  angle  adjacent  to  th£  jir8t-rfw>itioned  side. 

Or,  the  sine  of  one  side  ia  to  the  tangent  of  th«  other  » 
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the  e0iaaig&fU  qftks  cm^gU  adga^ent  to  the  fir^t^meniMned  dde 
is  to  the  radius. 

For  the  sake  of  bFevity,  we  will  reppesent  the  angles  of  the 
triangle  by  A,  JSy  O;  and  the  sides  or  arcs  opposite  to  these 
angles  by  a,hyC;  that  is,  a  opposite  A,  etc. 
•   Iff.  the  >iglit4UiigIed  ^lane>  l»>i«mgle  EBF^  we  htfve, 

EB  :  BF=^  R  :  Un.BEF 
That  is,  sin.{? :  t«a,a  =  II :  tafi. J., 

which  agrees  with  the  first  part  of  the  enunciation.     By  refer- 
ence to  equation  (5),  Plane  Trigonometry,  we  shall  find  that 

tan. J.  eot.^  =  B^  ; 

Pa 

therefore,  tan.  J.  =  — — -. 

cot.^ 

Substituting  ttis  value  for  tangent  A^  in  the  preceding  pi*b- 
portion,  and  dividing  the  last  couplet  by  jff,  we  shall  have, 

sin.(? :  tan.a  =  1  : -. 

cot.^ 

Or,  sin.c  :  hji.a  =  cot.  JL :  B. 

Or,  B  smx  =  tan.«  cot.^,  (1) 

which  answers  to  the  second  part  of  the  enunciation. 

Cor.  By  changing  the  construction,  drawing  the  tangent  to 

AB  in  place  of  the  tangent  to  ^C^and  proceeding  in  a  similar 

manner,  we  have, 

B  sin.a-  =  tan.^  cot.  (7.  (2) 

PROPOSITION   III. 

In  (my  right-cmgted  spherical  triangle^  the  sine  of  the  ri^ht 
^leis  to  the  sine  of  the  hypotenuse^  as  the  sine  of  either  of 
il^  other  angles  is  to  the  sine  of  the  side  opposite  to  that  a/ngle. 

The  sine  of  90°,  or  radius,  is  designated  by  B. 
In  the  plane  triangle  CHGy  we  have, 

wi.CSG :  CG  =  sm.CGH:  CS 

That  id,  -ff  :  sii^.J  =  sin.  J.  :  %m.a 

6*,  B  mi.a  =  sin.}  sin.^'.  (8) 
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CoF.  By  a  change  in  the  constraction  of  the  figure,  drawing 
I  a  tangent  to  AB^  etc.,  we  sliall  have, 

R  :  BJn.J  =  sin.(7:  fiin,c 
Or,  R  siii.c  =  Bin.*  sin.C.  (4) 

ScnoLmu. — Collecting  die  four  eqoationa  taken  from  this  and  the  prt» 
ding  proportion,  we  have, 


fl) 

Jim 

n.c  = 

tULa 

oot.A 

(2) 

R  Bin.a  = 

ton-e 

COLO 

(3) 

fls 

n.a  = 

8ill.b 

siD.^ 

(4) 

iffi) 

Q.e  = 

sin.6 

sin.C 

B         O 


These  equations  refer  \a  the  right-angled  triangle, 
ABC;  but  the  principles  are  true  for  any  riglit- 
uigled  spherical  triangle.  Let  ua  apply  them  to  the 
right-angled  triangle,  PCD,  the  completnental  tri- 
•D^  to  ABC. 

Vnlfing  this  application,  equation 

(1)  becomes  Rwd.CD  =  tim.PD  coL  C 

(2)  becomes  Jiaa.PI)  =  tan.Oi?eoti' 

(3)  becomes  S  Bia.PD  =  sia.PC  tao.C 

(4)  becomes  -R  ain.CU  =  ain.i'C  wn.P 

By  obserring  that  ain.  Cfl  =  cai.AC  ~  cos.6,  and  that  tai:>.P0  =  cotJX? 
=  cotJ.,  etc.;  and  by  tunning  equations  (n),  (m),  (o),  and  if),  bid 
intotiie  triangle  ABC,  we  shall  have, 


(5)  R  cos.i  =  coL.1  ci 

(8)  R  aos.A  =  cot.6  U 

(7)  B  C08.i  =  C08.0    8l 

(8)  B  coa.6    =  coa.o   c 


1 


By  observing  equation  (6),  we  find  that  the  second  member  refeqy 
■ides  adjacent  lo  the  angle  A.     The  same  relation  holds  in  respect 
angle  C,  and  gives, 

(9)  ^oo9.C=  cot.6.  tati-o. 
Uaking  the  same  obaervations  on  (7),  ws  infer, 

(10)  .H  COS.  a  =  cos.e  sin.il. 

Oiseraation  1. — Several  of  these  equations  can  be  dedul 

I  geometrically  without  the  least  difficulty.     For  example.  t»k'» 


i 
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tlie  figure  to  Fropoeition  I.    The  parallels  in  the  plane  DBA 


?ive 


That  is, 


DB\DE^  DE'.DQ. 
R  :  cos.a  =  COS.C? :  co8.J. 


A  resnlt  identical  with  equation  (8),  and  in  words  it  is  ex- 
pressed thus :  Radius  is  to  cosine  of  one  side,  as  the  cosine  of 
the  other  side  is  to  the  cosine  of  the  hypotenuse. 

Observation  2. — The  equations  numbered  from  (1)  to  (10) 
cover  every  possible  case  that  can  occur  in  right-angled  spheri- 
cal trigonometry  ;  but  the  combinations  are  too  various  to  be 
remembered,  and  readily  applied  to  practical  use. 

"We  can  remedy  this  inconvenience,  by  taking  the  comple- 
ment of  the  hypotenuse,  and  the  complements  of  the  two 
oblique  angles,  in  place  of  the  arcs  themselves. 

Thus,  h  is  the  hypotenuse,  and  let  V  be  its  complement. 

Then,  h+V  =  90° ;  or,  5  =  90°— J';  and,  sin.J  =  cos.y, 
COS.J  =  sin.J' ;  tan.J  =  cot.5'. 

In  the  same  manner,  if  A^  is  the  complement  to  A,  then 
sin.^  =  COS.-4' ;  cos.^  =  sin.^' ;  and,  tan.^  =  cot.J.' ;  and 
Bimilarly,  sin.(7=  cos.C;  cos.  (7=  sin.C;  and  tan.  (7=  cotC. 

Substituting  these  values  for  J,  A,  and  (7,  in  the  foregoing 
fen  equations  {a  and  c  remaining  the  same),  we  have, 

NAPIER'S    CIRCULAR    PARTS. 


(11)  R  sin.(? 

(12)  R  mi.a 

(13)  R  sin.a 

(14)  R  sin.(? 

(15)  R  sm.V 

(16)  R  sin.^' 
(1^  R  sin.^' 

(18)  R  sin.y 

(19)  i?  sin.  (7'. 

(20)  if  sin.  C7' 


tan.a  tan.^' 
tan.c  tan.  (7' 
cos.5'  cos.^' 
cos.y  cos.C^ 
tan.^'  tan.  6^ 
tan. J'  tan.c 
cos.a  cos.C^ 
cos.a  cos.{? 
tan.J'  tan.a 

COS.C?'  C0S.-4' 


Omitting  the  consid* 
eration  of  the  right  an* 
gle,  there  are  five  parts. 
Each  part  taken  as  a 
middle  part^  is  connect- 
ed to  its  adjacent  parts 
by  one  equation,  and  to 
its  extreme  parts  by  an- 
other equation;  there- 
fore ten  equations  are 
required  for  the  com- 
binations of  all  the  parts. 


f 
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These  eqiiations  are  very  r(>Tnark»ble,  lliecKitse  the  first  mem. 
bera  are  all  uoinposed  uf  radius  into  some-  shit;  and  the  second 
members  are  all  cuiapoaed  of  tho  product  of  two  tangents,  or 
'/wo  cosines. 

I  To  condense  these  eqiiatione  into  worda,  for  tlie  pnrpose  of 
^Usisting  the  memory,  we  will  refer  any  one  of  them  directly 
to  the  right-angled  triangle,  ABC,  in  the  last  figure. 

When  the  right-angle  is  lell  out  of  the  question,  a  right- 
uigled  triangle  consists  of  Jine  parts — three-  sides,  and  two 
angles.  Let  auy  one  of  these  parts  be  called'  a  middle  part} 
then  two  other  parts  will  lie  adjat-eut  to  this  part,  and  two 
opposite  to  it,  that  is,  separated  from  it  by  two  other  parts. 

For  instance,  take  equation  (11),  andcall  cthe  middle  part  l 

len  A'  and  a  will  be  adjacent  parts,  and  O  and  V  opposite 
parts.  Again,  take  o  as  a  vdddle part ;  then  e  and  C  will  be 
adjacent  parts,  and  A'  and  h'  will  be  opposite  parts  ;  and  thus 
we  may  go  round  the  triangle. 

Take  any  equation  from  (11)  to  (20),  and  consider  the  mid- 
dle part  in  the  iirst  member  of  the  equation,  and'  we  shall  find 
that  it  corresponds  to  one  of  the  following  invariable  and 
comprelienawe  rules. 


thi 

•  compretienawe  rutes.  .^^m 

1.  The  radius  inio'  the  sine  of  the  middle  part  is  ei^a^^H 

[j       the  product  of  tite  tangenis  of^e  adjacent peM'ts.  ^^| 

^^L    2.  The  radius  into  the  sine  of  the  middle  part  ia  e^^u^^^^^ 

^^^le  product  of  the  cosines  of  the  opposite  parts.  ^^M 

^*     These  rules  are  known  as  N'apier's  Kules,  because  they  we^^^ 

first  given  by  that  distinguished  mathematician,  who  was  also 

the  inventor  of  logarithms. 

In  the  application  of  these  equations,  the  accent  may  be 
omitted  if  tati.  be  changed  to  cotan.,  sin,  to  cosin,,  etc.  Thus, 
if  equation  (13)  were  to  be  employed,  :^  would  be  written,  in 
the  first  instance,  Ji  sin-ii  =  cos.J'  cos.^A*,  to  insure  conibniri 
to  the  rule ;  then,  we  would  change  it  into  H  Bin.a  ^ 
Bio.-4. 

Beuare. — We  caution  the  pnpil  to  be  very  parttculEii  to  take  the  a 
merit)  of  the  hypoteause,  and  the  complements  of  the  oblique  angles. 


TSIGONOKBTBT. 


ION  OF  RIGHT-ANGLED  SPHERICAL  TRIANGLES. 


A  good  general  conception  of  the  sphere  is  essential  t« 
practical  knowledge  of  epherical  trigonometry,  and  tliia  con*' 
ceptiou  is  best  obtained  bj  the  examinntion  of'  an  artificial, 
globe.     By  tracing  out  uixin  its  surface  the  various  forms  of' 
right-angled  and  oblique-angled  triangles,  and  viewing  them 
from  different  points,  we  may  soon  acquire  the  power  of  mak- 
ing a  natural  representation  of  them  on  paper,  which  will 
found  of  much  assistance  in  the  solution  and  interpretation 
problems. 

For  instance,  Enppoee  one  side  of  a  right-angled  spherical 
triangle  to  be  56°,  and  the  angle  between  this  side  and  the 
hypotenuse  to  be  2i°.  "What  is  the  hypotenuse,  and  wliat  the 
other  side  and  angle  ? 

A  person  might  solve  this  problem  by  the  application  of  tlia> 
proper  equations  or  proportions,  without  really  coniprehendii^j 
it ;  that  is,  without  being  able  to  fonn  a  distinct  notion  of  thtf 
shape  of  tlie  triangle,  and  of  its  relation  to  the  surface  of  ths 
sphere  on  wliich  it  is  situated. 

If  we  refer  this  triangle  to  the  common  geographical  globe, 
the  side  56"  may  be  laid  off  on  the  equator,  or  on  tho  meridian. 
In  die  first  case,  the  liypotenuse  will  he  the  are  of  a  great  cir- 
cle drawn  through  one  extremity  of  the  side  56°,  above  or 
below  the  equator,  and  making  with  it  an  angle  of  24°;  the 
other  side  will  be  an  are  of  a  meridian.  In  the  second  case, 
le  side  56°  falling  on  a  meridian,  the  hypotenuse  will  be  the 
of  a  great  circle  drawn  through  one  extremity  of  this  side, 
on  the  right  or  left  of  the  meridian,  and  making  with  it  an 
angle  of  24°  ;  the  other  side  will  be  tho  arc  of  a  great  circle^ 
at  right  angles  to  the  meridian  in  which  the  given  side  lies. 

Generally  speaking,  the  ai>parent  form  of  a  spherical  tri- 
angle, and  consequently  the  manner  of  representing  it  on 
paper,  will  differ  with  the  position  assumed  for  the  eye  in 

iwing  it.     From  whatever  point  we  look  at  a  sphere,  it* 


I 

i 
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nutline  is  a  perfect  circle  in  the  axis  of  which  the  e; 
nated ;  and  when  the  eye  is,  ae  will  be  hereafter  enpp 
an  infinite  distance,  this  cirirlo  will  be  ii  great  drule 
epiiere.  All  great  circles  of  the  sphere  whose  plan 
through  the  eye,  will  seem  to  he  diameters  of  the  circlf 
represents  the  outline  of  the  sphere. 

We  will  now  suppose  the  eye  to  be  in  the  plane  of  thi 
tor,  and  proceed  to  constniet  our  triangle  on  paper. 

Let  the  great  circle,  I'ASA\ 
represent  the  outline  of  the 
sphere,  the  diameter  AA'  the 
equator,  and  the  diameter  PS 
the  central  meridian,  or  the 
meridian  in  whose  plane  the  , 
eye  is  situated.  Let  j1^=56° 
represent  the  given  side,  and 
AC,  making  with  yl^the  angle 
£AG  =  24°,  the  hypotenuse; 
then  will  JiC,  the  arc  of  a 
meridian,  be  the  other  side  at  right  angles  to  AS,  and  1 
angle,  .A^f,  corresponds  in  all  respects  to  the  given  trii 

Again,  measure  off  56°  from  7*  to  Q,  draw  the  arc 
make  tlie  arc  A'  G  equal  to  24°,  and  draw  the  quadrant . 
The  triangle  PQIi  will  also  represent  the  given  trial 
every  particular. 

We  know  from  the  constmction  that  DY^  =■  24°  ie  j 
than  -BC,  and  that  ^  C  is  greater  than  AB,  that  is,  | 
tlian  56°. 

In  like  manner,  we  know  that  A!  =■  24°  is  greater  th( 
and  that  PP  is  greater  tlian  PQ,  because  PH  ia  more* 
equal  to  PG  =  90°  than  PQ  is  to  PA  =  50. 

For  illustratioTi  and  ex]ilanation,  we  also  give  the  fol 
example : 

In  a  right-angled  spherical  triangle  there  are  gii! 
liypotenuse  equal  to  150°  33'  20",  the  angle  at  the  ba 
37'  29",  to  find  the  base  and  the  perpendicular.     Let 
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lla  the  last  figure,  represent  the  triangle  in  which  A}C  =  150° 
Ib3'  30",  the  L  BA*C  =  23"  2T'  29",  and  the  aides  J^B  Hiid 
I  ^(7 are  required. 

Tliia  problem  presents  a  rigLt-angled  spherical  triaagle, 
iwliuae  base  and  hypotenuse  are  each  greater  than  90° ;  and  in 
a  of  this  kind,  let  the  pupil  observe,  that  the  base  is  greater 
Mihan  the  hypotenuae,  and  the  oblique  angle  opposite  the  base, 
B  greater  than  a  right  angle.  In  ail  cases,  a  spherical  triangle 
prnd  its  supplemental  triangle  make  a  lune.  It  is  180"  from 
le  pole  to  its  opposite,  whatever  great  circle  be  traversed. 
r  It  ifl  lgo°  along  the  equator,  ABA\  and  also  180°  along  the 
'  Seliptic  ACAK  The  lune  always  gives  two  triangles;  and 
^^'ijen  the  sides  of  oue  of  them  are  greater  than  90°,  we  take 
'■iie  triangle  having  supplemental  sides ;  hence  in  this  case  wo 
•^I^erate  on  the  triangle  ABC. 

ACis  greater  than  AB,  therefore  A'B  is  greater  than  the 
^.ypiitenuse  A'G. 

The  \_AOB  is  less  than  90°;  therefore  the  adjacent  angle 
■^^'OB  is  greater  than  90°,  the  two  together  being  equal  to 
'•"^vo  right  angles. 

When  a  side  and  opposite  angle  are  both  greater  or  both 
l^S3  than  90°,  they  are  said  to  be  of  the  saTne  affection;  when 
tae  one  is  greater  and  the  other  less  than  90°,  they  are  said  to 
**«  of  different  affection. 

Now,  if  the  two  sides  of  a  right-angled  spherical  triangle  are 
of  the  same  affection,  the  hypotenuse  will  be  less  than  90° ; 
^nd  if  of  different  affection,  the  hypotenuse  will  be  greatei 
tliiin  90=. 

If,  ill  every  instance,  we  make  a  natnral  construction  of  tbq 
re,  and  use   common  judgment,  it  will  be  impossible  to 
[flouht  whether  an  arc  must  be  taken  greater  or  less  than  90°. 
We  will  now  solve  the  triangle  ACB.    ^^=180°— 150° 


I" =29° 


i'  40". 


To  find  BC,  we  use  Eq.  (3)  or  (13),  Prop,  m.,  thus  : 


r 

SURVEYING    ANO   NAViaATION. 

S,  ain.  29°  26'  40"          8.691594 

A,  tin.  23°  27'  29"          9.5999M 

!,  sin.  11°  17' 


9.291578 


To  fiud  ABy  we  use  equation  (1)  or  (11),  tbiu: 
a,  tan.  11"  17'     7"  9.300016 

^,  cot.  23°  27'  29"        10.362674 


t,  sin.  27°  22' 
180 


A}B  =  152°  37'  38" 

Behakc — The  small  letters  gtVen  in  the  preceding  equations  ct 
to  the  sides  opposite  the  an^es  or  tike  letters. 

The  student  ^oold  fotnituirize  himself  thoroughly  with  Ibe  inlet  oC  Napkc 
by  careful  solutions  of  the  following 


PRACTICAL   PROBLEMS    IN    RIGHT-ANGLED  SPHERICA: 
TRIGONOMETRY. 


Aat.  ' 


.  In  the  riglit-angled  splierical  triangle 
\ABC,  given  AB  =  118°  21'  4",  and  the 
I  Migle  A  =  23°  40'  12",  to  tind  Uie  otlier 
BjtartB. 

!  AC,  116°  17'  55"  ;  the  angle  C,  100°  59'  26" ;  and 
BO,  21°  5'  42". 

2.  In  the  right-angled  spherical  triangle  ABC,  given  AB 
[83°  14'  20",  and  the  angle  A  91°  25'  53",  to  find  the  other 
I  parts. 

.        \  AC,  91°  4'  9":  the  angle  C,  53°  15'  8";  and  BC, 
Ana.  (         '  5  &         5  ' 

I      91°  47'  10". 

3,  In  the  right-angled  spherical  triangle  ABC,  given  AB 
)T  501  25",  and  the  angle  A  113°  14'  37",  to  find  the  other 


I  AC,  84°  51'  36";  the  angle   C,  101°  46'  5r 
I     BC,\\Z°  46'  27". 
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in  the  right-angled  epberical  triangle  ABC,  given  A£ 
tS"  24'  16",  and  56' 59°  3S'  27",  to  find  the  other  piirts. 

j  AC,  70"  23'  42";  tlie  angle  A,  60=  20'  40" ;  and  the 
angle  C,  52"  32'  56". 

■        5.  In  the  right-angled  Bpherical  triangle  ABC,  given  AB 
f     151°  23*  9",  and  BC 16°  35'  14",  to  tind  the  other  parts. 

^^   \AC,  147°  16'  51";  the  angle  C\  1\T  37'  21";  and 
'  I      the  angle  A,  31"  SS*  49". 

6.  In  the  right-angled  spherical  triangle  ABC,  given  AB 
73"  4'  31",  and  AC  86"  12'  15",  to  find  the  other  parts. 

^B         *  i      angle  C,  73"  29'  40". 

^^TT.  In  the  right-angled  spherical  triangle  ABC,  given  AC 
118"  32'  12",  and  AB  47°  26'  35",  to  find  the  other  parts. 
Ans  \  -^^'  ^^■*°  ^^'  ^**" '  ^^^  ^"E'e^:  1^6"  19'  2" ;  and  the 
■  t      angle  C,  56"  68'  44". 

In  the  right-angled  spherical  triangle  ABC,  given  AB 
18'  23",  and  AC  100°  3'  7",  to  find  the  other  parts 
^   (  The  angle  A,  98°  38'  53";  the  angle  C,  41°  4'  6"^ 
"*■  1      and  BC,  103°  13'  52". 


L 


9.  In  the  right-angled  spherical  triangle  ABC,  given  A^ 
61°  3'  22",  and  tlie  angle  A  49°  28'  12",  to  find  the  othi 
parts. 

j^^^   I  AB,  49°  36'  6" ;  the  angle  C,  60=  29'  20" ;  and  BO^. 

'  \      41"  41'  32". 


10.  In  the  right-angled  spherical  triangle  ABC,  given  AS 
29°  12*  50",  and  the  angle  C  37°  26'  21",  to  find  the  other 
parts. 

/  AmbignouB ;  the  angle  A,  65=  27'  57",  or  its  supph 
Ans.}      ment;  AC,  53°  24'  13",  or  its  supplement;  BO^ 
{      46"  55'  2",  or  its  supplement. 

11.  In  the  right-angled  spherical  triangle  ABC,  given  A£ 
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L  100"  lO*  3",  and  the  angle  0  90"  14'  20",  to  find  the  otber 
I  parts. 

r  AC^  100°  9'  52",  or  its  supplement;  BC,  V  19'  S5", 
Ans.  \      or  its  supplement;  and  tlie  angle  A,  V  21'  12',M  J 

(      its  supplement, 
13,  In  the  right-angled  Bpherical  triangle  ABC,  given  AS^ 
[  W°  21'  35',  and  tlie  angle  C  61°  2'  15",  to  iind  the  other  parta. 
/  BO,  129°  28'  28",  or  its  supplement  •,^AC,  111°  4^ 
Ana.  I      34",  or  ita  supplement ;  aud  the  angle  A,  123° 
(      44",  or  ita  supplenient. 

13.  In  the  right-angled  spherical  triangle  ABC,  given  A^ 
[  121°  26'  25",  and  the  angle  C  111"  14'  37",  to  find  the  other 
f  parts. 

!The  angle  A,  136°  0'  5",  or  its  supplement ;  AC,  S< 
15'  38",  or  its  supplement ;  and  BC,  140°  SC  53 
or  its  supplement. 


QUADRANTAL    TRIANGLES, 

The  solution  of  right-angled  spherical 
triangles  includes,  also,  the  solution  of 
quadrantal  triangles,  as  may  be  sedn  by 
inspecting  the  adjoining  figure.  When  we  * 
have  one  quadrantal  triangle  wehavefmir, 
which,  with  oiie  right-angled  triangle,  fill 
up  the  whole  hemisphere. 

To  effect  the  solution  of  either  of  the  four  quadrantal  tri- 
angles, APC,  AP>0,  A'PC,  or  A'P'C,  it  is  sufficient  to  solv^ 
the  small  right-angled  spherical  triangle  ABC. 

To  the  half  lune  ABB,  we  add  the  triangle  ABC,  and  ■«■&- 
have  the  quadrantal  triangle  APC;  and  by  subtracting  the, . 
same  from  the  equal  half  lune  APB,  we  have  the  quadranta 
triangle  P^  (7. 

When  we  have  the  side  AC,  of  the  same  triangle,  we  h 
its  sapplement  A'C,  which  is  a  aide  of  the  triangles  A'E 
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P^C.  When  we  have  the  Bide  CZf,  of  the  small  tri- 
by  adding  it  to  90°  we  have  -P(7,  a  side  of  the  triangle 
/  and  subtracting  it  from  90*^,  we  have  P<7,  a  side  of 
ingles  APC,  and  A^PC. 


PROBLEM  I. 

quddrcmtal  tricmgle^  there  are  given  the  qyMdrcmtal 
°,  a  aide  adjacent  42°  21',  amd  the  angle  apposite  this 
e^  equal  to  36°  31'.    Required  the  other  paHs. 

lis  enunciation  we  cannot  decide  whether  the  triangle 

►r  AP^C  is  the  one  required,  for  J.  (7=42°  21'  belongs 

to  both  triangles.    The  angle  ^^(7=^/^ 0^=36°  ZV 

)perate  wholly  on  the  triangle  ABC.   To  find  the  angle 
it  the  middle  part.     Then, 

R  co^.CAB  =  R  mi.PAG  =  Qoi.AGim^B. 

Qoi. AC      =     42°  21'  10.040231 

tan.J.^      =     36°  31'  9.869473 

QOS..CAB  =    35°  40'  51"  9.909704 

90° 


PAC  ==     54°  19'    9" 
P^AC=  125°  40'  51" 


nd  the  angle  Cj  call  it  the  middle  part.    Then, 
R  cos, A  CB  =  ein.  CAB  CO&. AB. 


Bm.CAB  =    35°  40'  51" 
cos.^^     =     36°  31' 

9.765869 
9.905085 

COS. ACS  =     62°    2'  45" 

180° 

9.570954 

^  =  A'CP  =  117°  57'  15" 


28         SURVErjNO    AND    NAVIGATIOS". 

To  find  the  Bide  SC,  uall  it  the  middle  pari.    Then, 
B  sm.BG  =  \.m.AB  cotUCB. 

tt.a.AB     =     S6°  31'    0"  9.S69473 

cot^e^  =     62°     2'  45"  9.724835 

lia.BO      =     23?     8'  11"  9.594308 


i>6'    : 

P'C  -- 


90° 

66°  61'  49" 
113°     8'  11" 


4 


nd  all  tlie  angles  of  the/^"" 


We  now  have  all  the  sides,  i 
triangles  in  question. 


PROBLEM   II. 

Tn  a  gvadrantal  spherical  triangle,  having  given  ike  qw:^ 
nmtal  aide  90°,  an  adjacent  side  115°  9',  and  ike  inclut^ 
angle  115°  55',  la  find  the  other  parte. 

This  eminciatioD  clearly  points  ont  the 
partieular  triangle  A'P'O.  AT'  =  90°; 
and  conceive  A'C=n5°  9".  Then  the 
angle  P'j1'6'=115°  b5'=P'I). 

From  the  angle  P'A'O  take  90°,  or 
J^A'B,  and  the  remainder  is  the  angle 
OA'D^BAC=25°55'. 

We  here  again  operate  on  the  triangle  ABO. 
from  180°,  gives  64"  51'  ^  AC. 

To  find  BC,  we  call  it  the  middle  part.     Then, 
E  &m.BG  =  ain.^C8in..ff-(l(7. 


4 

1 


mn.  AO  = 
At,.BAO  = 
an.BO     = 


64°  61' 
25°  55' 
23°  18'  19" 


9.966?44 
9.640544 


Pi<7  =  113"  18'  19" 
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To  find  AB^  we  call  it  the  middle  part.    Then, 
R  sin.^J?  =  tan.^(7cot.5-4<7. 

tan.J?(7     =     23^  18'  19"  9.634251 

cot.J?A<7  =     25°  55'  9.313423 


8in.^J?     =     62°  26'  *  8"  8.947674 

180° 


J.'J?  =  117°  33'  52"  =  the  angle  A^P^G. 

To  find  the  angle  (7,  we  call  it  the  middle  part.    Then, 

R  (iQ%.C  =  cot.-4C7tan.J?d 

cot.^<7    -    64°  51'  9.671634 

tan.^(7    =     23°  18'  19"  9.634251 

COS.  (7        =     78°  9.305885 

180°  19'  53" 


rCA^   =  101°  40'    7" 

Thus,  we  have  found  the  side  P'(7  =  113°  18'  19" 

The  angle  ABC  =  117°  33'  52"  }  Ana. 
"        rCA  =  101°  40'    7" 

PRACTICAL    PROBLEMS. 

1.  In  a  quadrantal  triangle,  given  the  quadrantal  side,  90°,  a 
Mde  adjacent,  67°  3',  and  the  included  angle,  49°  18',  to  find 
the  other  parts. 

(The  remaining  side  is  53°  5'  44" ;  the  angle  opposite 
the  quadrantal  side,  108°  32'  29" ;  and  the  remain- 
ing angle,  60°  48'  54". 

2.  In  a  quadrantal  triangle,  given  the  quadrantal  side,  90°, 
one  angle  adjacent,  118°  40'  36",  and  the  side  opposite  this 
last-mentioned  angle,  113°  2*  28",  to  find  the  other  parts. 

I  The  remaining  side  is  54°  38'  57" ;  the  angle  oppo- 
rite,  51°  2'  35" ;  and  the  angle  opposite  the  quad- 
rantal side,  72°  26'  21". 

9 


Fiso 
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,  90°,  T 


3.  In  a  qiia<3ratital  triangle,  f^iven  the  qiiadrantal  side, 
land  the  two  adjacent  angles,  one  69"  13'  4ti",  the  other  72°  IS" 
1^,  to  find  tlie  other  purts. 

I  One  of  the  remaining  sides  is  70°  8'  39",  the  other  is 
Atm.  <      73°  17'  29",  and  the  angle  opposite  the  quadrantal 
(      aide  is  96"  13'  23". 

4.  In  a  quadrautal  triangle,  given  the  quadrantal  eide,  90°, 
I  one  adjacent  side,  86°  14*  40",  and  the  angle  opposito  to  that 
|ride,  37°  12'  20",  to  6nd  the  other  parts. 

(  The  remaining  side  is  4°  43'  2" ;  the  angle  oppoeite, 
Atis.  <      2°  51'  23" ;  and  the  angle  opposite  the  qoadrantal 
(      side,  142°  42'  2". 

5.  In  a  quadrantal  triangle,  given  the  quadrantal  side,  90°, 
and  the  other  two  aides,  one  118°  32'  16",  the  other  67°  48' 
40",  to  find  the  other  parts— the  three  angles. 

(  The  angles  are  64°  32'  21",  121°  3'  40",  and  77°  11' 
Ans.  i      6"  ;  the  greater  angle  opposite  the  greater  side,  of 


,  In  a  quadrantal  triangle,  given  the  quadrantal  side,  90°, 
■he  angle  opposite,  104°  41'  17",  and  one  adjacent  side,  73°  21' 
By,  to  find  the  other  parts. 

.        (  Eemaining  side,  49°  42'  16" ;  remaining  angles,  47** 


,  and  67°  56'  13". 


OBLIQUE-ANGLED    SPHERICAL    TRIGONOMETRT. 


The  preceding  investigations  have  had  reference  to  rig] 
mgled  spherical  trigonometry  only,  hut  the  application  of 
)  principles  covers  obliqne-angled  trigonometry  also;  for, 
itery  oblique-angled  spherical  triangle  may  be  considered  as 
made  up  of  the  sum  or  difierence  of  two  right-angled  sphei 
cal  triangles.     "With  this  explanatory  remark,  we  give 


M 


TRiaONOMETRT.  181 


PROPOSITION   I. 

In  all  spherical  tria/ngleij  the  sines  of  the  sides  are  to  each 
other  as  the  sines  of  the  wngles  opposite  to  them. 

This  was  proved  in  relation  to  right-angled  triangles  in 
Prop.  III.,  Sec.  3,  and  we  now  apply  the  principle  to  oblique- 
angled  triangles. 

Let  ABC  be  the  triangle,  and  let 
CD  be  perpendicular  to  AB^  or  to  >^      i      \  b 

^B  produced. 

Then,  by  Prop.  Ill,  R  A.  Spher,  Trig.,    ^ 
•^^e  have, 

R  :  Bm,AC  =>  sin. J.  :  sin.CZ?. 

Also, 

sin.  CB :  B  =  sin.  CD  :  sin.^. 

By  multiplying  these  two  proportions  together,  term  by 
"fc^rnij  and  omitting  the  common  factor  B  in  the  first  couplet, 
ajid  the  common  factor,  sin.  CD^  in  the  second,  we  have 

Bm,CB  :  sin. AC  =  sin.-4  :  sin.jB. 


PROPOSITION    II. 

I^  any  spherical  tri^angle,  if  an  a/rc  of  a  great  circle  he  let 

^^K^from  amy  angle  perpendicular  to  the  opposite  side  as  a 

^w«,  or  to  the  ha^e  produced^  the  cosines  of  the  other  two 

^ides  wiU  he  to  ea^h  other  as  the  cosines  of  the  segments  of  the 

By  the  application  of  equation  8,  (E.  A.  Spher.  Trig.),  to 
the  last  figure,  we  have, 

B  COS.  J.  (7  =  cos.^2>  co^.DC 
Similarly,  B  cos.BC  =  cos.i>C'cos.  BD 
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Dividing  one  of  these  equationB  by  tlie  otber,  omitting  com- 
mon factors  in  numerators  and  denouiioators,  we  have 

COB.^C        COS.  A  J) 
cos.MO  ~~  Kd&.BD 
Or,  CO&.AC :  cm.BC  =  co8.J.i)  :  coe.BJ?. 


PEOPOSITIOS    III. 

If  from  any  angle  of  a  spherical  triangle  a  perpendicvl^ 
he  letfaH  on  the  base,  or  on  the  base  jtroduced,  the  tangenU  *£ 
the  segments  of  the  base  will  be  recij?rocaUy  proportioned  " 
the  cotangents  of  the  segments  (f  the  an/j/le. 

By  the  application  of  Equation  2,  (R.  A.  Spher.  Trig.), 
the  last  figure,  we  have, 

S  sm.GD  =  tm\.AJ)  cot.ACI>. 
Similarly,  S  m.CD  =  tan.BD  cot.BCD. 

Therefore,  by  equality, 

tan.^_Z>  col.ACD  =  tm.BD  eot.BCD 
Or,         tan.^Z> :  tan.5i>  ^  cot.BCH  :  cot.ACD. 


PROPOSITION    IV. 


The  same  construction  remaining,  the  cosines  of  the  a 
at  the  extremities  qftJie  segments  of  the  hose  are  to  each  o 
as  the  sines  of  the  segTnents  of  the  o 


Equation   7,  (R.  A.  Spher.  Trig.),  applied  to  the  triangle 
ACD,  gives 

E  cm.A  =  cos.CI>  sm.ACD  (») 

Also.  Ji  COS.S  =  coB-CD  tm.BCD 


W      A 
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Dividing  equation  («)  by  (^,  gives 

C08.J.      e>m.ACD 
C08.^  "^  Bin.J5CZ> 

Or,  co8.^  :  COB.  J.  =  &in.BCI>  :  8in.J.CZ>. 


PBOPOSITION    V. 

7%^  AZTna  construcUow  remmning^  the  sines  of  the  eegmenie 
of  the  hose  are  to  ecuih  other  as  the  cotamgente  of  the  adjiusent 
angles. 

Equation  1,  (B.  A.  Spher.  Trig.),  applied  to  the  triangle 
ACD^  gives 

R  8in.^Z>  =  tan.(7i>  cot.  J.  («) 

Similarly,  R  ^in.BD  =  tan.  GJ)  cot. J?  {t) 

Dividing  (s)  by  (t),  gives 

sin.^2?       cot.^ 
&m.£D  ~~  cot.jff 

Or,  Bm.BD  :  8in.-42>  =  cotjff  :  cot. J.. 


PBOPOSITION    VI, 

27ie  same  construction  remaining^  the  cotangents  of  the  two 
sides  a/re  to  each  other  as  the  cosines  of  the  segments  of  the 
am^le. 

Equation  9,  (B.  A.  Spher.  Trig.),  applied  to  the  triangle 
AC  J),  givea 

R  C08.  J.  CD  =  cot.^  C  tan.  CD  (s) 

Similarly,  R  qo%.£CD  =  cot.^C7  tan.  CD  (t) 


SURVEYING    AND    NAVIGATION. 


Dividiug  {»)  by  (^,  givefl 

COB.  A  CD 
M.BCD  = 

Or,  cot.^C:  cot.56': 


cot-dC 
cot.BO 
■■  cai.ACD :  a>i,.BCD. 


\ 


PROPOSITION    VII. 


Tfie  cosine  of  any  aide  of  a  spherical  triangle  ia  ejud  to 
wMhe  product   of  the  cosines  of  tlie  other  two  sides,  plvi  tit 
•duct  of  the  sines  of  those  sides  niuUiolied  by  the  cositu  ^ 


Let  ABC  be  a   splierical  triangle, 

and    CD   a    perpendicular   from    the 

angle    C  to    the    side    AS,   or  to 

the  side    AB   produced,      Tlien,   by 

LProp.  II., 

».AC  :  cos.(7B  =  co8.^i)  :  co&^D       (l) 
Wlien  CD  falls  within  the  triangle, 
BD  =  {AB-AD); 
\  and  when  CD  falls  without  the  triangle, 

BD  =  {AD^AB). 
Hence,  cos-BD  =  iim.(AD—AS). 

Now,  co5.(AB—AD)  =  QOs.{AD-AS), 

I  because  each  of  them  is  equal  to 

J  coi.AB  COS. AD + sin. AB  sin. AD,  (Eq.  10,  Prop.  11.,  Pli 
r  Trig.). 

This  value  of  cos.BD,  put  in  proportion  (1),  gi 
aoi^AC:  aos.CB  =  coa-AB  :  co^AB  aos.AD  +  &io.AB  »m.AI>      (§1 
Dividing   the  last  couplet   of  proptirtion   (2)  by  CO&.AD, 
obBerving  that 

sin.  AD 


( 

la^_ 

w 


coa.  AD 


=  t&n.AD, 
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d  we  have 

CO&.AC:  COB.  CJB  =  1 :  cos.AJB + sin. AB  iAn. AD  (3) 

By  applying  equation  6,  (R.  A.  Spher.  Trig.),  to  the  triangle 
?Dy  taking  the  radios  as  unity,  we  have 

COS.  J.  =  cot.A  C  teji.  AD  (k) 

But,     tan.J.(7cot.J.(7  =  1,  (Eq.  5.,  Plane  Trig.)         (Q 

Multiply  equation  {k)  by  tan.^(7,  observing  equation  (Z), 
i  we  have 

tan.-4C7cos.^  =  tan.^2?. 

Substituting  this  value  of  ta,n.AD  in  proportion  (3),  we 

sAC:  cos.CB  =  1  :  coB.AJB+sm.AB  tan. J. C^ cos.-4  (4) 

Multiplying  extremes  and  means,  gives 

)Q.CB  =  cos.-4(7cos.J-ff+sin.-4^(co8.-4(7tan.J.(7)  cos.^. 

But,    tan.  J.  C  =  ?Ei^ ;  or,  cos. J.  C  tan. J.  O  =  sin.^  C. 

COS.  AC 

rherefore, 

coa.  CB  =  cos.-4C7co8.^^+sin.-4J?  sin.-467cos.-4. 

f  the  sides  opposite  the  angles,  -4,  jB,  and  (7,  be  respectively 
resented  by  «,  J,  and  c,  this  equation  becomes, 

cos.a  =  COS.J  cos.c+sin.J  sin.c?  cos.-4. 

This  formula  conforms  to  the  enunciation  in  respect  to  the 
e  a.  Interchanging  J  and  a  and  writing  B  for  Ay  in  the 
t  equation,  we  get  the  formula  for  cos.J,  which  is, 

COS. J  =  cos.a  cos.{?+sin.a  sin.c  cos.jB. 

[nterchanging  c  and  a  and  writing  C  for  -4,  we  get  the 
mula  for  cos.o,  which  is, 

cos.o  =  cos.fl^  coa,i+sin.a  sin.J  cos.Cl 

[ence,  we  have  the  three  symmetrical  formute : 

cos.a  =  COS. J  cos.c+sin.J  sin.o  cos.-4 

cos. J  =  coa,a  cos.<?+sin.(3t  sin.c  cos.  5 )-  (S) 

cos.c  =  cos.a  QoaJ>+sm.a  sin.}  cos. (7 
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From  tlieae,  by  Biinple  traiispositioa  and  diviBion,  we  dednca 
thfi  folUiwiiig  t'ormulffi  tur  the  ci^iaee  uf  tlie  angies  of  Buy 
Bpherieal  triangle,  viz. : 


1 


ts.A  = 


c'Qs.g— C0S.6  COB.C  ■ 

eiD.d  sin.c 
coe.S— eo8.(i  eoB-c 


Bin.u  &iu.d 


By  means  of  these  equations  we  can  find  the  coeine  of  wy 

of  the  three  angles  of  a  spherical  triangle  in  terms  oi'tiiS 
functions  of  the  sides ;  but  in  tlieir  present  form  they  are  not 
suited  for  the  employment  of  logarithms,  aud  we  should  be 
compelled  to  use  a  table  of  natural  sines  and  cosines,  and  W 
perform  tedious  numerical  operations,  to  obtain  the  valne  of 
the  angle. 

They  are,  however,  by  the  following  process,  transformed 
into  others  well  adapted  to  the  use  of  logarithms. 

In  Eq.  34,  Plane  Trig.,  we  have 

l+co8,J.  =  2coa. 


— eos.5co8.(T 


Therefore,      Scos-^J^  =  1  +  -^ . ,  „., 

Bin. 6  BIQ.C 

2        51  J  _  (dn.^  sin.c— coe.S  cos.c)  +  co9.a 
sin. J  sin.t; 

But  by  Equation  9,  Plane  Trigonometry, 

cos.  (5  +  c)  =  cos.S  cos.c— sin.J  sin.c, 
Or,  sin.}  ein.c"— cos.i  cos.c  =  — cos.  (i  +  c). 

Substituting  for  the  first  member  of  this  equation,  a 
in  (Eq.  m),  its  value,— cos.  (5+c),  we  have 
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m 


Ccmridering  (&+^)  as  one  arc,  and  then  making  application 
of  equation  (18),  Plane  Trigonometry,  we  have. 


2  co&J^A  =5 


3  Bin.  (?Lt|±5)  sin.  (*±|i:?) 


8in.6  ein.o 


But,*±£Z?  ;=  ^jL^l^-a  i  and  if  we  put  S  to  repreeent 

*i^,  we  shall  have, 

,  J.        Bin.iS'  sin.  (S-^a) 

cos.'—    =    ;r-^~^ ^. 

2  &m.6  sin.o 


Or, 


A         .  /Avk.S  sin.  (xS— a) 
COS.  —  =  y i — ^^ ^» 

2  sin.ft  sin.c 


The  second  member  of  this  equation  gives  the  value  of  the 
cofiine  when  the  radius  is  unity.  To  a  greater  radius,  the 
cosine  would  be  greater ;  and  in  just  the  same  proportion  as 
the  radius  increases,  all  the  trigonometrical  lines  increase ; 
therefore,  to  adapt  the  above  equation  to  our  tables  where  the 
radius  is  -B,  we  must  write  li  in  the  second  member,  as  a  fac- 
tor ;  and  if  we  put  it  under  the  radical  sign,  we  must  write  R^. 

For  the  other  angles,  we  shall  have  precisely  similar  equa* 

tions. 


That  is. 


A         .  /li's>m.S  sin.  (S—a) 


sin.J  sin.c 


cos =  y ; ^"^ / 

2  sm.a  sm.o 


C         ./jK»sin./Ssin.(/8-(?) 

COS.  --  =  y , -\ — ^ 

2  sm.a  sin.6 


(T) 


To  deduce  from  formulse  {S\  formulce  for  the  sines  of  the 
half  of  each  of  the  angles  of  a  spherical  triangle,  we  proceed  as 
follows : 

From  Eq.  35,  Plane  Trig.,  we  have 

2sin.'|J.  =  l—cos.^. 


188  SURVBYING    AND    NAVIGATION. 

Substituting  the  value  of  cos.  J.,  taken  from  fomml©  (5), 
and  we  have, 

2  sin  *lA  =  1 ^^^'^ — C08.J  cob.^; 

8in.ft  sin.c 
(sin.ft  Bin.g+eo6.ft  co6.g) — eos.tf        /  n 
8in.6  8in.o 
But,  cos.  (J'^c)  =  sin. J  Bin.c+coB.J  co8.c,  (Eq.  10,  Plane 
Trig.) 

This  equation  reduces  equation  (o)  to 

2  sin.» 4^  =  cos,  (6^g)— cos.g 

sin.^  sin.^ 

Considering  (5~c)  as  a  single  arc,  and  applying  equation 
18,  Plane  Trig.,  we  have 

2  Bin.  (±tb:£.)  sin.  /i±£=!) 

■  8in.6  sin.c? 

Bnt,±tl=l  =  £±*±£_o  =  S-c,  if  we  put  S  = 

2  2 

Also,  5^±^  =  ^±£-J  =  S^h. 
'22 

Dividing  equation  (p^)  by  2,  and  making  these  substitutions, 
we  have, 

8in.»i^  =  Bin- (^7^)  Bin. (^-&) 

sin.&  sm.o 
when  radius  is  unity. 

When  radius  is  J?,  we  have 

8in.'^  =  i/i?'8in.  (^-c)  Bin.  (^-&) 
'^  sin.J  sin.c? 

Similarly,    Bin.i^  =  |/^'«"'-(^-«).Bi":(g 

sin.a  sm.(? 

And,  8in.l  (7  =  /^^BJn.  (^-g)  BJn^-^ 

^  sin.a  sm.6 


(CO 
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The  preceding  equations  are  now  adapted  to  our  tables. 
Ve  shall  show  the  application  of  these  formulae,  and  those  in 
group  (T),  hereafter. 


PROPOSITION    VIII. 

Th^  cosine  of  (my  of  the  angles  of  a  spherical  triangle j  is 
equal  to  the  product  of  the  sines  of  the  other  two  angles  ravlti- 
plied  ly  the  cosine  of  the  indtided  side^  minus  the  product  of 
ihs  cosines  of  these  other  two  angles. 

let  ABC  be  a  spherical  triangle,  and 
A^BC  its  supplemental  or  polar  triangle, 
the  angles  of  the  first  being  denoted  by  A^ 
B^  and  C^  and  the  sides  opposite  these 
angles  by  a,  J,  c,  respectively ;  -4.',  £\  C'j 
«',  J',  cfy  denoting  the  angles  and  corres- 
ponding sides  of  the  second. 

By  Prop.  VI.,  Spherical  Geometry,  we  have  the  follow- 
ing relations  between  the  sides  and  angles  of  these  two  trian- 

0es. 

A^  =  180°-a,    jB'  =  180°-5,    C  =  180°-c/ 
a'    =  180°-^,  V    =  180°-i?,  c-'     =  180^-a 

The  first  of  formulse  (S),  Prop.  VII.,  when  applied  to  the 
polar  triangle,  gives 

cos.a'  =  cos.y  cos.c'-fsin.y  sin.c' COS.J.';  (1) 

which,  by  substituting  the  values  of  a',  b\  c',  and  A\  becomes 

008.(180°-^)  =  cos.(180°-^)cos.(180°-C')+sin.(180°- 

B)  sin.  (180°-  C)  cos.  (180°-a).  (2) 

But, 

COS. (180°— -4)  =  — cos.^,  etc.;  sin.(180°— ^)  =  sin.^,  etc.; 

and  placing  these  values  for  their  equals  in  eq.  (2),  and  chang- 
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ing  the  signJB  of  both  members  of  the  resulting  equation,  we 
get 

C08.-4.  =  sin.^  sin.Cco8.a— co8.^  cos.C^, 

which  agrees  with  the  enunciation. 

By  treating  the  other  two  of  formute  {S)j  Prop.  VII.,  in  the 
same  manner,  we  should  obtain  similar  values  for  the  cosines 
of  the  other  two  angles  of  the  triangle  ABC;  or  we  may  get 
thenwmore  easily  by  a  simple  permutation  of  the  letters  Ay  B, 
Cy  aj  etc. 

Hence,  we  have  the  three  equations 

cos.^  =  8in.jB  sin.C^  cos.a— co8.-ff  cos.C^  \ 
COS.J?  =  sin.^  sin.C' cos.J— COB.-4  cos.C'  \    {V) 
CO&.C  =  sin.J.  sin.jB  cos.c?— cos.^  cos.jS  / 

By  transposition  and  division,  these  equations  become 

COS. -4  4-  cos.^  COS.  G  zqv 

cos.a  =  r  g   .     .y (3) 

y        COB.B+COS.A  co&,G 

cos.o   = ■ 

sm.-A  sin.6 

cos.(7+cos.^  cos.^ 

COS.C       = ■ ; 

sin.-4  sin.^ 

From  these  we  can  jSnd  formulae  to  express  the  sine  or  tl^ 
cosine  of  one  half  of  the  side  of  a  spherical  triangle,  in  terc*^ 
of  the  functions  of  its  angles ;  thus  : 

Add  1  to  each  member  of  eq.  (3),  and  we  have 

^                  cos.^ + cos.i?  cos.  G'\-  sin.^  sin.  G   _ 
1 + cos.dt  = ; — j^—, — 7= — 

cos.^  +  cos.(^— C^) 
sin.^  sin.  (7 

But,  l+cos.fl^  =  2  cos.^^a;  hence, 

sm.^  sm.6 
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+  <7— ^),  (Eq.  17,  Plane  Trig.),  we  have 

2  cos.«-J«  =  2  co».K^-|-J?^C^)  eo8.K^  +  C^-^ 

UskeA+B+Ct^iS;  then  A+£-^C^  SS-^-ZC^A  +  C 
^B  =  2>S'-2^,  ^(^+^-(7)  =  /S-C;  and  |(^  +  Cr-^^  = 
S—Bx  whence 

Bin.B  Bin.O 


•  •  ■    - —  ■  ■  -  --  ■ .  -     > 


or. 


cosher 


Similarly,  cos.^J  =  V^     .     /^'  y-y 


sin..^  sin*  6^ 


and, 


COS. 


(F) 


1    _  ./eo6.(^-^)co8.(/y-i?) 

To  find  the  sin.^cf  in  terms  of  the  functions  of  the  angles. 
We  must  subtract  each  member  of  eq.  (3)  from  1,  by  which 

We  get 

^  ^  ___  1       C0S.^+C08.5  COS.^ 

Ji— C08.flf  —  X— '— — — — -     •     '  »  '    j^"     '""^ 

sm.^  sin.6^ 
But,    1— co8.a  =  2sin/^»;  h^ice  we  have, 

o  .    a,         (sin.5sin.(7— cos.5cos.Cni— cos.^ 

sin.jo  sm.C 

Operating  upon  this  in  a  manner  analogous  to  that  by  which 
^»la  was  found,  we  get, 

(  —  co8./<y  cos.(xS'— J^)  )  I 


Bin 


— cos.^S^  co8.(/S'— jB)  )  j 


(  — C0S.xS'C08.(/iS'— C^  )  i 


(TT) 
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If  the  first  equation  in  ( W)  be  divided  by  the  first  in  ( F'), 
ve  ehall  have, 

tan  'a  =  i  -c.>s.>gco6.(j'-^)        1  J 
■="  tco6.{S-B)cos.{S-C')i 

And  correKpondiiig  expresBions  may  be  obtained  for  tan.^ 
'  and  tiui4(^< 


SOLUTION  OF  OBLIQUE-ANGLED  SPHEBIOAl  THIANGLia 

All  eases  of  oblique-angled  spherical  trigonometry  may  be 
solved  by  right-angled  Trigonometry,  except  two;  because 
every  oblique-angled  apberieal  triangle  ie  composed  of  llie 
Bum,  or  the  difference,  of  two  right-angled  spherical  triangles. 

TF7<CTi  a  side  and  two  of  the  angles,  or  an  angle  and  two  <f 
the  sides  are  given,  to  find  the  other  parts,  conform  to  the  fol- 
lowing directions : 

Let  a  perpendicular  be  drawn  from  an  extremity  of  a  given 
aide,  and  opposite  a  given  angle  or  its  supplement;  this  will 
form  two  right-angled  spherical  triangles;  and  one  of  them 
will  have  its  hypotenuse  and  one  of  ita  adjacent  angles  given, 
from  which  all  its  otlier  parts  can  be  computed ;  and  some  of 
these  parts  will  becoino  as  known  parts  to  the  other  triangle, 
from  which  all  ita  parts  can  be  computed. 

To  facilitate  these  computations,  we  here  give  a  Bummary 
of  the  practical  truths  demonstrated  in  the  foregoing  proposi- 
tions. 

1,  The  sines  of  the  sides  of  spherical  triangha  are  propor~ 
fional  to  the  sines  of  tJieir  opposite  angles. 

2,  Ths  sines  of  the  segments  of  the  iases,  m.ade  hy  a  perpen- 
dicular from  the  opposiie  angle,  are  proportional  to  the  cotari- 
gents  of  their  adjacent  angles. 

3,  T/te  cosines  of  the  segments  of  the  base  are  proportiorml 
i  to  the  cosines  of  the  adjacent  sides  of  the  triangle. 

I       4,  Tlie  tangents  of  the  segments  of  the  base  are  reciprocally 
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prapcrtional  to  {ke  coUmgenta  of  tke  segments  of  the  vertical 
angle. 

5.  The  cosines  of  the  angles  ai  tJie  hase  are  proportional  to 
the  sines  of  the  corresponding  segments  of  the  vertical  angle, 

6.  The  cosines  of  the  segments  of  the  vertical  angle  are  pro- 
portioned  to  the  cotangents  of  the  adj.nning  sides  of  the  tri-. 
cngle. 

The  two  cases  in  which  right-angled  spherrcal  triangles  are 
not  used,  are, 

1st.  When  the  three  sides  are  given  to  find  the  angles ;  and, 

2d.  When  the  three  angles  are  given  to  find  the  sides. 

The  first  of  these  cases  is  the  most  important  of  all,  and  for 
that  reason  great  attention  has  been  given  to  it,  and  two  series 
of  -equations,  {T  and  U,  Prop.  VII.),  have  been  deduced  to 
facilitate  its  solution. 

As  heretofore,  let  ABC  represent  any  triangle  whose 
angles  are  denoted  by  A^  jB,  and  (7,  and  sides  by  a,  J,  and  c ; 
the  side  a  being  opposite  L  A^  the  side  h  opposite  L  -i?,  etc. 


EXAMPLES. 

1.  In  the  triangle  ABC,  a  =  70°  4'  18" ;  J  =  63°  21'  27" ; 
and  (?,  59'^  16'  23" ;  required  the  angle  A. 

The  formula  for  this  is  the  first  equation  in  group  (T,  Prop. 
VII.),  which  is 

^  A     lRHm.S^\n,{S'-'a)y^^ 
'  2      \        sin.i.  sin.t?       / 

We  write  the  second  member  of  this  equation  thus : 


COS. 


|/(^\  (^  )  (8in.^)8in.(^-«), 
\8m.6/  \sm.{?/ 

showing  four  distinct  factors  under  the  radical. 

K 

The  logarithm  corresponding  to  -; — ^  is  that  of  sin.J  sub* 
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10,  which  we  caII  gin,compUment, 

£0  =  0=      70°    4'  18" 
AB  =  c  =      69°  16'  23"  Bin.oom. 
•  AO  —  b=      63°  21'  27"  sin.eom.      .048749 

2)192°  42'    8" 
5  =      96°  21'    4"  Bin.  8.997326 

S-a  =      26°  Iff  46"  Bin.  9.646158 


iA'. 


2)19.757930 

40°  49'  10"  COS.  9.878965 


81°  38'  20" 


When  we  apply  tlie  equation  to  find  the  angle  A,  we  writ 
a  first  at  the  top  of  tlie  column :  when  we  apply  the  equatio 
to  find  tlie  angle  Jl,  we  write  J  at  the  top  of  the  columl 
Tlius, 

To  find  the  angle  Ji. 


,/Jl'tm.StmiS-b) 
^  Bin.afiin.L' 

=^/(JL)  IJL)  (sin.S)  an.tS-n 
mn.a/  ^sm.e/ 
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By  the  other  equation  in  fonnulfid  {Ty  Prop.  YIL),  we  can 
findtlie  angle  C;  but^  foT  the  sake  of  variety,  we  will  find  the 
angle  C  by  the  application  of  the  third  equation  in  formula 
{U,  Prop.  VII.). 

**  sin.o  sm.a 

=\/(-^,)  i-^-)  8in.(^-J)8in.(^-a) 

c  =      59°  16'  23" 

a  =      70°    4'  18"  sin.  com.    .026817 

I  =      63°  21'  27"  sin.  com.    .048479 


2)192°  42'    8" 

S=      96°  21'    4fl 
S-^a  =      26°  16*  46"  sin. 
S-^  =      a2*  69'  37"  Bin. 

9.646158 
9.736034 

iC=     32°  23' 17"  Bin. 

2 

2)19.457488 

9.778744 

C  =      64°  46'  34^' 
To  show  the  harmony  and  practical  utility  of  these  two  eeta 
®' equations,  we  will  find  the  angle  A  from  the  equation 


Vsm.ii/  Vsin.c/ 

.{S- 

-h)  &m.{S—e) 

a  =  70°     4'  18" 

J   =  63°  21'  27"  sin.com. 

.048749 

c   =  59°  16'  28"  sin.com. 

.066697 

2)192°  42'     8" 

S  =  96°  21'    4" 

8-h  =  82°.  59'  37"    sin. 

9.736034 

8-e  =  37°    4'  41"    sin. 

9,780247 

2  )  19.630727 

lA  =  40°  49'  10"    sin. 

9.815363 

2 

A  =  81°  38'  20" 
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2.  In  n  spherical  triangle  ABC,  given  the  angle  A,  38°  1 
18"  ;  tlie  uiiglo  B,  48°  0'  JO";  and  the  angle  C,  121°  8'  6";: 
find  tlie  sides  a,  b,  c. 

By  passing  to  tlie  triangle  polar  to  this,  we  have,  (Pro] 
VI.,  yplierieal  Geometry), 


A  =  38°  19'  18";  supplement  141°  40'  43" 
5  =  48°  C  10";  supplement  131°  69'  50" 
C  =  121°     8'     6";  snpplement     5^°  51'  54" 


\ 


"We  now  find  the  angles  to  the  spherical  triangle,  the  eiil 
of  which  are  these  supplements. 


141°  -10'  42" 

181°  59'  60" 

68°  61'  64" 

SjSSa"  33'  26" 

ein.eom. 
ein.cora, 

sin. 

2 

COB. 

.128909 
.067551 

166°  16'  13" 
24°  36'  31" 

9.376375 
9.619253 

19.191088- 

66°  47'  375' 
2 

9.696644. 

Angle  =  133°  35'  15" 

Supplement  =    46'^  24'  45" 

Therefore  a,  of  original  triangle  =  46'-'  24'  45"  In 
same  manner,  we  find  I  =  60°  14'  25",  and  e  =  89"^  1'  14" 

It  is  perhaps  better  to  avoid  this  indirect  process  of  ci 
puting  tliB  sides  of  a  spherical  triangle  when  the  angles 
given,  by  the  application  of  the  equations  in  group.  F'  or 
Prop.  Vni.,  0.  A.  Sphor.  Trig.  We  will  illustrate  their 
by  applj'ing  the  second  equation  in  group  (  W),  for  compnt 
the  side  I.    TMb  equation  is 
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\      Bin^  Bin.C       J 


A  =  88°  19'  18" 
B  =  48"  0*  10" 
C    =  121'    8'    6" 

3)207"  2r  34" 


8   =  103"  43'  47"-O08.>S=+siii.l3"43'4r'=9.3763'r6 
5  =     48"    0'  10"    co8.(-S'-JO=55''43'87"=9.750612 

(5-jB)  =     55"  43'  37"  a  )  19.125988 

square  root  =  9.562994 
Bin.^  =    38"  19*  18"  =  9.792445 
an.C  =  121"    8*    6"  =  9.932443 


2  )  19.724888 

square  root  =  9.862444  =  9.862444 

diff.  — 1.700550 
Add  10,  for  radius  of  tbie  table,    10 

Tabular  sin.^*    =  30"    7'  14"  =  9.700550 

2 


h  =  60"  14*  28",  nearly. 


PBAOTIOAL    PBOBLEKS. 

1.  In  any  triangle,  ABO,  whose  sides  are  a,  h,  e,  given 
h  =  US"  2'  14",  e  =»  120"  18*  33",  and  the  included  angle 
-4  =  27"  22'  34",  to  find  the  other  parts. 

-^  (  »  =23"  57'  13",  angle  B  =  91"  26'  44",  and 
"**  I  C  =  102°  5'  52". 

2.  Given,  A  =  81"  38'  17",  B  =  70°  9'  38",  and  C  =  64* 
46*  32",  to  find  the  sides  a,  h,  e. 

.       (  o  =  70°  4!  13",  I  =  68°  21'  24",  and 
\e  =  59"  16'  21". 


U) 
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3.  Given,  tlie  three  aides,  a  =  9a°  2T'  34",  i  =  100°  i  2( 
and  c  =  90°  1-i^  50",  to  find  the  Hiiilles  A,  J7,  and  G. 

94°  39'  4",  B  =  100°  32'  19",  mid  C  =  9 


An^.  ■ 


58'  35". 


Atu. 


4.  Given,  two  sides,  h  =  S4°  16',  tf  =  81°  12',  and  the  angle 
C  =r  80°  28',  to  find  the  other  parts. 

The  resnlt  is  ambigQous,  for  we  may  consider  tjje 
angle  Jl  as  aeute  or  obtnse.  It'  the  angle  B  'n 
acute,  then  A  =  97°  13'  46',  B  =  83°  11'  84", 
and  <i  =  96°  13'  33".  If  B  is  obtuse,  then  A  = 
21°  16'  43",  £  =  96°  48'  36",  and  a  =  21"  l* 
20". 

5.  Given,  one  side,  c  —  64°  20',  and  the  angles  adjacent,/ 

=  49°,  and  jB  =  52°,  to  find  the  other  parts.  J 

I  6   =45°  56'  46",  <•  =  43°  29'  49",  aifl 
1  C  =  98°  28'  4".  ■ 


Ana.  \ 


6.  Given,  the  tliree  sides,  a  =  90°,  I  =  90°,  c  =  90°,  to  find 
'he  angles  A,  £,  and  C 

Am.  A  =  90°,  B  =  90°,  and  C  =  90°. 

7.  Given,  the  two  sides,  o  =  77°  26'  11",  o  =  128°  13'  47*, 
and  the  angle  t7  =  131°  11'  12",  to  find  the  other  parts,     ^^k 

,        I  8    =  84°  29"  20",^  =  69°  13'  69",  an^| 
"''  I  .B  =  72°  28'  42".  ^ 

8.  Given,  the  three  sides,  a,  =  68°  34'  13",  S  =  69°  21'  18", 
and  c  =  112°  16'  32",  to  find  the  angles  A.  B,  and  C. 

A  =  45°  26'  38",  B  =  41°  11'  30"^ 
C  =  134°  53'  65".  V 

=  97°  18'  39",  c  =  86°  531 


A71S.  \ 


9.  Given,  o  =  89°  21'  37",  }  = 
46",  to  find  A,  B,  and  C. 

A  =  68°  67'  20",  B  =  97°  21'  2 
a  =  86°  47'  17". 
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10.  Given,  a  =  31°  26'  41",  e  =  43°  22'  13",  and  the  angle 
A  =  12°  16',  to  find  the  other  parts. 

/  Ambiguous ;  J  =  73°  7'  34",  or  12°  17'  40" ;  angle 
Am.  ]      i?  =  167°  3'  44",  or  4°  58'  30" ;  C  =  16°  14'  27", 
(      or  163°  45'  33". 

11.  In  a  triangle,  ABGy  we  haye  the  angle  A  =  56°  18 
40",  B  =  39*'  lO*"  S8» ;  AI>,  one  of  the  segments  of  the  base, 
is  32°  54'  16".  The  point  2)  fells  upon  the  base  A£,  and  the 
angle  O  is  obtnse.  Beqnired  the  sides  of  the  triangle  and  the 
angle  C 

I  AmbignoM ;  (7=  135°  25',  or  135°  57';  «  =s  122° 
Atu. }     29',  or  123°  19' ;  a  =  89°  40',  or  90°  20' ;  J  =  49° 
(     23'  41". 

12.  Given,  A  =  80°  10'  10",  £  =  58°  48'  36",  C  =  91°  52* 
42",  to  find  a,  h,  and  & 

Ans.  a  -  79°  38'  21",  t  =  58°  39*  16",  e  =  86°  12*  52". 


\ 


CHAPTER    III. 

OF    MENSURATION. 

Mensaralion  is  the  measurement  of  extension. 

MeaSBrement  ia  tlie  apptication  of  a  certain  fixed  portion 
of  extension  to  that  which  is  measured ;  this  portion  is  ciJle^ 
a  unit. 

The  measure  of  anytliing — or  the  number  expressing  th^ 
result  of  nieasuremeut^ia  the  ratio  between  the  unit  an* 
that  which  is  measured. 

The  quality  or  dimension  of  the  trait  corresponds  to  that 
whicli  is  measured ;  line  is  applied  to  line,  surface  to  surfiice, 
solid  to  solid. 

AH  ratios  are  abstract,  the  idea  of  quality  disappearing; 
the  division.     Thus, 

4  yeei  are  contained  in  12yerf,  3  times ;  or  the  ratio  betwt 
them  ia  3. 

4  yards  are  contained  in  12  yards,  8  times;  or  the  ratio 
between  them  is  also  3. 

Hence,  though  measurement  is  strictly  an  application  of  a 
unit  of  the  aams  kind,  yet,  if  we  can  prove  the  ratio  between 
surfaces  or  solids  to  he  the  same  as  the  ratio  between  lines,  wc 
may,  by  a  comparison  or  measnrement  of  lines,  determine  the 
measurement  of  surface  and  solidity.  "We  shall  find  this  fre- 
quently in  use. 

lUensuration  is  naturally  divided  into  the  measurement  of 
lines,  surfaces,  and  solids. 

We  shall  call  attention  to  these  successively. 
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SECTION    I. 
OF    LINES.    • 

In  the  measurement  of  those  lines  which  are  accessible, 
some  convenient  unit  of  measure  is  directly  applied. 

All  measurement  of  lines  is  called  linear  measurement,  and 
units  which  are  lines  are  linear  units. 

The  following  Tables  show  the  standard  linear  units  in  this 
country. 

TABLE  OF  LONG  HEASUBE. 

12  inches  Qn,)  make  1  foot^ fl. 

3  feet  make  1  yard, yd. 

5j  yards,  or  16^  feet^  make  1  rod, rd. 

40  rods  make  1  furlong, fur. 

8  furlongs^  or  320  rods^  make  1  statute  mile, ...  mi 

The  following  are  also  in  u^e : 
6     feet  make      1  &thom,  used  in  measuring  depths  at  sea. 

U5  statute  miles  make      1  geographic  mile,  \  "^^ '''  ""^^s^ring  dis- 

( tances  at  sea. 
3     geographic  miles    make      1  league. 

60     geographic  miles  <>rnj«Ug  )    i  de^ee  i  ^^  latitude  on  a  meridian,  or  of 
6d.l6  statute  miles  )  ( longitude  on  the  equator. 

TABLE  OF  CIBCULAB  MEASUBE. 

60    seconds  C)  make    1  minute  (') 

60    minutes  make    1  degree  ( ^ ) 

360    degrees  make    1  circumference  of  circle  (circ.) 

SUBVEYOBS'   LONG  MEA8UBE. 

7.92  inches  pn.)  make  1  link, 1. 

25      links  make  1  rod, rd. 

4      rods,  or  66  feet^  make  1  chain, . . . .  ch. 

80       chains  make  1  mile, mi. 

^en  lines  are  inaccessible,  the  principles  of  Geometry  and 
Trigonometry  are  used  to  derive  from  accessible  or  known  con- 
ditions, lines  otherwise  unknown      This  application  is  called 
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MENSURATION  OF  HEIGHTS  AND  DISTANCES 
DKFINITIONS. 


r 

^H      A  Terlical  Liae  is  one  formed  b^  a.  line  and  plammet  freelj  I 

^H  inspcnded  und  allowed  to  come  to  rest.     8ucli  a  line  is  per-  I 

^^  pendicular  to  a  taiigent  to  tlie  earth's  surface,  and  is  a  couti*  I 

uation  of  a  radiua  uf  tlie  eartli. 

A  Tertical  Plane  is  one  passing  tlirongh  a  vertical  line. 

A  Hortzontal  Line  is  one  at  rlglit  augles  to  the  vertical  line, 

A  Horizontal  Plane  is  one  per(x;ndiunlar  to  the  vertical  tine. 

Angles  are  vertical  or  horizontal,  as  the  planes  of  their  sides 
are  vertical  or  horizontal. 

An  Angle  of  Elevation  i^  one,  the  plane  of  whoee  sides  is  ver-   ' 
tical,  and  where  one  side  is  horizontal  and  the  other  ascending. 

An  Angle  of  Depression  lies  also  in  a  vertical  plane,  but  with 
one  of  its  sides  horiitontal,  and  the 
otlier  descending. 

For  exRnii>le,  in  tlie  figure  fol- 
lowing, EDB  16  an  angle  of  eJe- 
1  vation,  having  the  ascending  line 
[  DB;  EBD  is  an  angle  of  depres- 
sion, having  DE  liorizontal  and 
BD  descending. 

Stations  are  points,  selected  for  D/ 
convenience  or  at  pleasure,  from 
which  angles  and  lines  are  mea- 
enred. 

A  Base  Line  is  one  messnred  as  a  Itains  or  known  quantity, 
to  be  used  in  calculations ;  and  with  this  the  lines  and  angles 
to  be  determined  are  connected.  
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PROBLEM    I. 


'o  determine  tJte  vertical  heiyht  of  a 


object  above  a  hon 
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•096 1.  When  the  object  is  vertical^  and  its  base  accessible. 

rom  the  base  of  the  object,  measare  on  the  horizontal 

le  a  line  of  convenient  length,  and  at  its  extremity  take 

angle  of  elevation. 

'hen  if  AB  is  the  object  and 

'  the  base  line,  the  instrument 

ig  placed  at  (7Z>,  there  will  be 

wn    in    the    triangle    DEB^ 

5  DE  =  AC^  and  base  angle 

B  =  angle  of  elevation. 

J  (Prop.  Ill,  Plane  Trigonome- 
Chap.  2.) 

It :  DE^  tm.EDB  :  BE. 

Thence  BE  is  known ;  EA  = 
=  height   of  instrument  for 
suring  angles,  BE+EA  =  ABy  vertical  height  required. 

BXAMPLES. 

Required' the  height  of  an  object  when  the  line  measured 
1  base  to  station  is  110  feet,  and  angle  of  elevation  is  found 
e  54°  32',  height  of  instrument  being  5  feet. 

Solution. 

In  last  figure  AO  =  BE  =  110  feet, 

LEBB-  54^32'. 
^  :  110  :  :  tan.  64°  32' :  BR 

By  logarithms,  log.  110  =    2.041393 
Log.  tan.  54P  32'  =  10.147267 

12.188660 
Log.  B  =10 

2.188660  =  log.154.4  =  BE. 

\y  condition  ^^  =  6  feet :  hence  BE+EA  =  154.4+6 
159.4  feet,  height  of  object. 
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2.  The  distance  from  foot  of  a  tower  to  Btation  is  found  to 
be  109  feet,  aud  angie  of  elevation  SS"  22',  required  the  heigHt 

.  of  tower,  allowing  5  feet  Ibr  Iieiglit  of  inatniincnt. 

An9.  94.427  feet 

3.  Given,  baso  line       =  100  feet. 
Angle  of  elevation  =  47°  52', 

Allowing  5  feet  for  instrument,  required  height  of  object. 
Ans.   115.54  feet 

4.  Given,  base  line       =  80  feet, 

Angle  of  elevation  =  32°  42', 
Allowing  for  instrument  as  before,  required  height  of  objecL; 


I 

i 


Case  2, — When  the  object,  or  its  base,  is  wholly  inaccessible, 
two  methods  may  be  employed. 

1st  Method.— Two  stationa  having  been  taken  in  a  direct 
line  towards  the  object,  measure  the  distance  between  these 
stations  as  a  base  line ;  also,  the  angle  of  elevation  of  object 
at  eacli  station. 

Then,  in  figure,  in  the  triangle  ABC, 
there  will  be  known,  SC  the  base  line,  the 
angle  ACB,  angle  of  elevation  at  first  sta- 
tion, and  angle  J..fiC=  180°— ^jSi>,  angle 
of  elevation  at  second  station. 

Angle  CAB  =  (ABB-ACB) 

By  Plane  Trig.,  Chap.  2d,  Sec.  2,  Prop.  IT, 

sin.CAB  :  BC  =  Bin.ACB  :  AB.  (3) 

Then  in  the  right-angled  triangle  ABD,  there  are  kno" 
^5  from  (2),  and  ^5i>. 

By  Plane  Trig..  Prop.  Ill, 

B:AB  =  &in.ABD  :  AB.  (3) 

To  AB  add  height  of  instrument  as  in  Case  1,  and  we 
tain  vertical  height  of  object. 
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BXAMPLBS. 

1.  Wishing  to  know  the  vertical  height  of  an  object  upon  a 
hillside,  above  the  horizontal  plane,  I  took  a  station  in  the 
plain  below  the  hill,  at  which  the  angle  of  elevation  of  the 
object  was  30°  48'.  I  then  measured  toward  the  object  100 
feet  to  a  second  station  on  a  level  with  the  first,  where  I  found 
Ithe  angle  of  elevation  4AP  28'.  Required  vertical  height  above 
the  plane  of  stations,  allowing  5  feet  for  instrument. 

Solution. 

In  last  figure,  £C  =  100  feet,  LACB  =  30°  48',  L  ABB 
44°  28'. 

V,ABO  =  180°-44°  28'  =  135°  32* 

L  GAB  =  (44°  28'-30°  48')  =  13°  40'.  (1) 

sin.  13°  40'  :  100  =  sin.  30°  48'  :  AB.  (2) 

Co.  log.  sin.  13°  40'  =  0.626586 
Log.  100  =  2.000000 

Log.  sin.  30°  48'        =  9.709306 

Sum  less  10,  =  2.335892  =  log.  216.72. 

AB  =  216.72. 

R  :  216.72  =  sin.  44°  28' :  AB.  (3) 

Log.  216.72    -  2.335892 
Log.  sin.  44°  28'  =  9.845405 

Less  10       =  2.181297  =  log.  AB. 
2.181297  =  log.  151.81    151.81  =  AB 

5 


Ans.  =  156.81 


2.  "Wishing  to  ascertain  the  height  of  a  church  spire,  I  meas- 
iire  near  its  foot  an  angle  of  elevation  53°  45' ;  then  proceed- 
ing 120  feet  in  a  line  with  first  station  and  spire,  I  find  the 
angle  of  elevation  only  34°.  What  is  the  height  of  spire, 
allowing  as  before  for  instrument.  Ans.  165.14 


■,Q  SURVEYING    AND    NAVIGATION 

3.  Given,  angle  of  elevation  first  etatiuii  =  60°  12'. 

Anglo  "  second-''       =  42°  25'. 

Distancie  between  etationa  =  72  teet. 

Eciji'.ired  lieight  of  object,  allowing  5  feet  for  inatrnment. 
Ana.  143.98  feet. 

2d  Met/iod, — Select  two  stations,  from  which  both  base  and 
top  of  the  object  are  visible,  and  meueure  distance  between 
ihess  for  a  base  line.  At  each  etatioiL  lueatiure  horizontal  angle 
tetween  foot  of  object  and  the  other  station  ;  also,  at  one  8t»- 
laure  the  angle  of  elevation  of  the  top  of  the  object. 
Then,  if  CD  be  the  object,  and  ^  and  _S 
Sie  assumed  stations,  in  tlie  horizontal  trian- 
[le  ABO,  there  will  be  known  AS,  the 

line,  and  the  horizontal  angles  ABC     > 
and  BAC. 

Also,  ACB  ^  X%0°—{ABC+BAC). 

By  Prop.  IV,  See.  3,  Chap.  2, 

fim.ACB  :  AB  =  em.ABC:  AC,  or 
=  &iu.BAC:BC. 
Then,  in  the  right-angled  triangle  ACD  (or  BCD,  if  the 
igle  of  elevation  be  taken  at  B), 
(Prop.  Ill,  Sec.  2,  Chap.  2), 

S:AC=  tan.  CAD  :  CD,  (3) 

Dr,  if  BCD  be  used,  R  :  BC  =  t&n.CBD  :  CD. 
To   CD  add  height  of  inBtrnmert  as  before,  and  the  si 
li  be  the  vertical  heiglit  of  the  object. 

By  an  application  of  this  method,  we  may  compute  the  dif- 
ference  of   level    between   two  m 
horizontal  planes,   if  the  same 
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nine  the  perpendieular  Mn.  By  like  -observationB  taken  at 
J?,  we  can  determine  the  perpendicalar  Mm.  The  difference 
)etween  these  two  perpendiculars  is  nm^  or  the  difference  in 
he  elevation  betweeQ  the  two  points  A  and  JB.  If  the  ,dis- 
;ances  between  A  and  n,  or  £  and  wi,  are  considerable,  or 
nore  than  two  or  three  miles,  corrections  must  be  made  for 
the  convexity  of  the  earth ;  but  for  less  distances,  such  cor- 
rections are  not  necessary. 

EXAMPLES. 

1.  It  is  desired  to  determine  the  vertical  height  of  a  light* 
house  near  the  mouth  of  a  harbor.  Two  stations  are  selected 
on  the  shore,  distant  from  each  other  160  feet.  The  horizon- 
tal angle  at  the  first  station  is  found  to  be  88°  44',  and  the 
angle  of  elevation  at  the  same  point  25°  56' ;  the  horizontal 
angle  at  the  second  station  is  found  to  be  60°  37'.  Required 
leight  of  light-house. 

Solution. 

In  preceding  figure,  if  CD  be  the  light-house,  A  and  B  the 
rst  and  second  stations,  there  are  known  AB  =  160,  L  CAB 
=   88°  44',  and  L  ABC  =  60°  37'. 

J^lso,     ACB  =^  180°- (88°  44' +  60°  37')  =  30°  39'.     (1) 

sin.  30°  39'  :  160  =  sin.  60°  37' :  AC.  (2) 

Co.  log.  sin.  30°  39'  =  0.29260T 
Log.  160  =  2.204120 
Log.  sin.  60°  37'   =  9.940196 

Log*  AC  =  2.436923  =  log.  273.48. 

In  triangle  ACD,  L  CAD  =  25°  56'. 

a  :  273.48  =  tan.  25°  56' :  CD. 

Log.  273.48  =  2.436923 

Log.  tan.  25°  56'  =  9.686898 

Less  10  =  2.128821  =  log.  CD. 

2.123821  =  log.  133  nearly.      133  +  5  =  138  feet.  Am. 
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2,  The  elevation  of  the  top  of  a  tower  at  one  etation  is  19°  45* 
10",  and  the  horizontal  angle  at  the  eame  etation  between  foot 
of  tower  and  a  second  station  is  91°  40',  At  the  second  eta- 
tion, di&tant  from  first  400  feet,  the  horizontal  angle  ia  51°  50'. 
Kequired  height  of  tower. 

Ans.  194.85  feet. 


3.  The  angle  of  elevation  of  aspire  from  an  assumed  Btation 
IB  23°  50*  17",  and  the  horizontal  angle  at  the  same  point, 
between  the  foot  of  the  epire  and  a  second  station,  distant  416 
feet,  is  93°  4'  20".  At  the  second  station  the  horizontal  angle 
IB  64°  28'  36.     Required  height  of  spire. 

J.m.  278.8  feet.' 


PROBLEM    11. 


1 


The  height  of  an  ol>ject  lieiiig  kmnim,  to  detei'mitie  its  dtifi' 
tamcefTom  a  viniile  etatwn  in  the  korisontal  plajie  at  its  foot. 

If  the  observer  be  at  the  station,  let  the  angle  of  elevation 
be  measured ;  if  on  the  object,  the  angle  of  depression,  which 
equals  that  of  elevation. 

Then,  if  EB  is  the  object, 
there  will  be  known  in  the  riglit- 
mgled  triangle  DEB,  one  side 
BE,  and  the  angle  EDB,  either 
by  measurement,  or  because 
FBD  =  EDB. 

By  Plane  Trig.,  Chap.  2,  Sec. 
!,  Prop.  Ill, 

DE\BE=R: 
"Whence  ia  known  DE,  the  required  distance. 

U".  B.    If  angle  of  elevation  is  taken,  the  height  of  tlie  ia3 
Btniment  should  be  deducted  from  the  vertical  height  of  the 
object  to  obtain  BE. 
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BZAKPLES. 

1.  Iteqnired  the  distance  from  a  given  station  to  a  spire  170 
feet  in  height,  the  angle  of  elevation  at  the  station  being 
25°  32'. 

Solution. 

In  triangle  BDE,  BE  =  170-6  =  165  feet, 

L  EDB  =  25°  32'. 

DEi  165  =  jS  :  tan.  25°  32'. 

log.  R+\og.  165  =  12.217484 
Subtract  log.  tan.  25°  32'  =    9.679146 

Log.  DE  =    2.538338  =  log.  345.41. 

Ana.  =  345.41  feet. 

2.  Wishing  to  know  my  distance  from  a  building  on  the 
opposite  side  of  a  river,  knowing  the  height  of  the  building  to 
be  52  feet,  I  measured  its  angle  of  elevation  10°  18'.  What 
\vas  my  distance  ? 

Ana.  258.62  feet. 

3.  From  the  top  of  a  mast  of  a  vessel,  75  feet  above  the 
Water,  the  angle  of  depression  of  another  vessePs  hull  was 
found  to  be  18^  30'.  What  was  the  distance  between  the 
Vessels? 

4.  Being  upon  the  top  of  a  tower  92  feet  high,  I  measured 
the  angle  of  depression  of  the  bottom  of  a  building,  5°  48' ; 
required  the  distance  between  tower  and  building. 

PROBLEM   III. 

To  determine  the  distance  heVween  two  distcmt  objects. 

Case  1. — ^When  the  objects,  though  separated  by  an  impass- 
able barrier,  are  themselves  accessible  and  visible  from  an 
asBumed  station. 
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Measure  tlie  distance  from  each 
Iject  to  the  assiuued  station,  and 
hen  tHke  Uie  horizontal  angle  at 
be  station. 

Zt'  A  and  £  represent  the  objectB, 
O  the  assnmcd  station,  th»e 
irill  be  known  AC,  ^(7 and  L  C. 

\y  Plane  Trig.,  Chap.  2,  Sec.  2,  Prop.  VII. 
AC-i-BC:AC~BC=  Uiu^iA+S) :  Uui.l{A~  £)  (1) 

i{A  +  S)+i{A--B)^A, 
larger  angle,  opposite  greater  side. 
Hy  Plane  Trig.  Cliap.  2,  Sec.  2,  Prop.  IV. 
Sin. J.  :  £C  =  sin.C:  AS,  the  required  distance.        (2) 

EXAMPLE 

1.  It  is  desired  to  determine  the  distance  between  two  objec 
separated  by  woods  and  marsli.    From  the  two  objects  the  dis- 
tances are  measured  to  a  convenient  point,  122  and  161  .yards ; 
tiie  horizontal   angle   at  the  station  is  found  to  be  52°  43'fj 
Vfha.t   ie  the  distance  I 


^C=  162, -SC=  121.  and  lACB  =  B2°  i^', 
A+B=  180°— 52°  43' =  127°  18';  i{A+B)  =  63°  39'. 
283  :  39  =  tan.  63°  39' :  taa.l{A—£)  (1) 


Co.  log.  283 
Log.  39 
Log.  tan.  63 
Sum  less  10 


=    1548314 

=     L591065 

'  39'  =  10.305117 

=    9.444396  =  10 
log.  tan.  15°  32'  52". 


.  tan.KA—B)  = 
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«  63°  89*+ 16°  83'  52"  =  79°  11'  62",  since  A  is  oppo- 
site  BC^  the  longer  side. 

Sin.  W  11'  52"  :  161  =  sin.  52°  42' :  AB. 

Co.  log.  sin.  79°  11'  52"  =  0.007764 
Log.  161  =  2.206826 

Log.  sin.  53°  42"  =  9.900626 

2.115216  =  log.^J5  =  130.88. 
Am.  180.38  yards. 

2.  To  ascertain  the  distance  between  objects  A  and  B^  lines 
are  measured  to  station  C^  178  and  212  feet ;  the  horizontal 
angle  is  found  to  be  61°  40',    What  is  the  distance  ? 

Ans.  202.01  feet. 

3.  From  two  stations,  A  and  B^  distances  are  measured  to 
a  third  station  (7,  97  and  86  yards ;  the  angle  between  A  and 
-ff  at  C^  is  31°  50'.    Required  distance  from  A\xi  B. 

4.  "Wishing  to  know  the  distance  between  two  points  separ- 
ated by  swamp  and  wood,  I  measure  to  a  station  distances 
from  both,  and  find  them  120  and  133  yards ;  the  angle  I  find 
to  be  57°  10'.    What  is  the  distance  ? 

Case  2.  When  the  objects  are  not  easily  accessible. 

Ifeasure  a  base  line  from  each  extremity  of  which  both 
objects  are  visible ;  at  each  extremity  measure  the  horicontal 
angle  between  each  object  and  the  other  station. 

Then  if  C  and  D  be  the  objects,  A  and  B 
the  stations,  there  are  known  AB^  base  line, 
the  angles  CAB,  DAB,  ABD  and  ABO. 

Also,        CAD  =  CAB -^  DAB  (1) 

and  CBD  =  ABD-^ABC,  (2) 

and  they  are  known. 

Also,         ACB  z=  ISO""— {CAB + ABC)  (3) 

and  ADB  =  ISO^'^iABD+DAB),  (4) 

and  they  are  known. 
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■.BC, 


(5) 


:  BD.  (6) 

J  (2),  and  sides  BC 


I 


Therefore,  in  tlie  triangle  ABC^  (Chap.  2,  Sec.  2,  Prop.  IT), 
we  may  Lave 

^m.ACB  :  AB  =  sm.CAB  : 
And  in  ABJ), 

Sm.ABB  :  AB  =  Bm.I}AB  : 
In  Hie  triangle  CBB,  L  OBB  is  kn 
and  BJ)  (5  and  C). 

By  Trig.,  Chap.  2,  Sec.  2,  Prop.  VIL 
BC+BB  :  SC-BD=tan.l{BDC-i-£CD)  :  tan.J{fii>C-firi>)  {1] 
i{BDC+  BCD)  +  },{BI)C-BCI>)=BDa  (8) 

And  Siii.^iJC:  BG  =  f,m.CBD  :  i)C, 

the  distance  required. 

By  using  the  triangles  ABD  B-nA  ^5C,  to  find  j47?  and 
AC,  the  line  CD  may  be  calculated  from  the  triangle  ACD, 
as  well  as  from  BCD.  g 

EXAMPLES.  ^M 

1.  A  man  desiring  to  ascertain  the  distance  between  two 

objects  from  which  lie  ia  separated  by  a  river,  measures  a  base 
line  200  feet  long.  At  one  extremity,  (station  A),  he  finda 
the  horizontal  angles  to  be  83°  47',  and  42°  32' ;  at  the  other, 
(station  B)  he  finds  the  angles  76°  52*,  and  36°  20'.  What  ia 
the  distance  required  3  ^_ 

Solution.  ^H 

If  C  and  J)  represent  the  objects,  A  and  B  the  stations, 
AB  =  200  feet,  CAB  =  83°  47',  I>AB  =  42°  32",  ABB  = 
76°  52',  and  ABC  =  36°  20'. 


CAB  =  83°  47'-42°  32' 

=  41°  15' 

m 

CBB  =  76°  62'-36°  20' 

=  40»32' 

(»' 

AOB  =  180°-{83'>  47'+36°  2 

Q')  =  59°  53' 

(% 

AI>B=  380°— (76°  52'+42°  %1!\  =  6Q°3 
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\a  triangle  ABO, 

Sin.  59°  63' :  200  =  sin.  83°  47' :  ^(7  (5) 

Co.  1<«.  sin.  59°  63'  =  0.062981 
Log.  200  =  2.301030 

Log.  sin.  83°  47*       =  9.997439 

L<^.  £C  =  2.361450  =  log.  229.85  =  BC. 

In  triangle  ABD, 

Sin.  60°  36' :  200  =  sin.  42°  32' :  BD  (6) 

Co.  log.  sin.  60°  36'  5=  0.059875 
Log.  200  =  2.301030 

Log.  sin.  42°  32'       =  9.829959 

Log.  BD  =  2.190864  =  log.  155.19  :=  BB. 

In  triangle  CBD^ 

^(180°— 40°  32')  =  69°  44'  =  1{BDC+BCD) 

385.04  :  74.66  =  tan.  69°44' :  Xxa.{{BDC-BCD)  (7) 

Co.  log.  385.04  =    7.414494 

Log.  74.66  =    1.873088 

log.  tan.  69°  44'  =  10.432680 

Log.  tan.  {{BBC- BCD)  =    9.720262  =  log.  tan.  27°  42'  18'' 

k{,BDC-BCD)  =  27°  42'  18" 
iiBDC+BCD)  =  69°  44' 

BDC  -  97°  26'  18". 

Again  in  CBD, 

Sin.  97°  26'  18"  :  229.85  =  sin.  40°  32' :  CD. 

Co.  log.  sin.  97°  26'  18"  =  0.003670 
Log.  229.85  =  2.361450 

Log.  sin.  40°  32'  =  9.812840 

Log.  CD  =  2.177960  =  log.  150.66. 

CD  =  distance  reqnired  =  150.65  feet.     , 


F 
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[04  SURVEYING    AND    NAVIGATION. 

2.  Desiring  to  ascertain  tUe  distance  between  two  objeCtB, 
C&nd  D,  wUich  are  inaccessible,  I  select  two  statioDB,  A  and 
S,  282  feet  apart.  At  elation  A  I  find  the  angle  between  G 
and  B  87°  50',  between  D  and  B  52"  40'.  At  station  B  I  tiiia 
angle  between  I)  and  A  89'=  34',  between  C  nnd  A  46°  ^'. 
"What  is  the  distance  Bouglit  ?         ul?w.  280.5  feet,  nearly. 

3.  Given  the  following :  AB  =  48  yanis,  CAB  =  89°  45', 
MAB  =  39"  40',  ABB  =  71°  KV,  and  ABC  =  29°  ii&,  to 
£nd  the  distance  OB. 

If  it  is  not  possible  to  find  convenient  stations  from  wliitli 
both  objects  are  visible,  the  distance  between  the  objects  mij 
be  determined  by  a  series  of  triangular  calculations.     Thiw, 

Suppose  C  and  D 

to  be  two  objects,  so 
situated  that  both  are 
not  visible  from  any 
Btation.  Take  sta- 
tion A  in  sight  of  C, 
and  ^  in  sight  of  ^, 
A  and  B  being  in 
sight  of  each  other, 
Keasure  as  before,  base  line  AB  and  angles  BA  C  and  ABD. 

Near  A  take  the  station  B,  from  which  both  A  and  C  are 
visible ;  measure  AE,  and  the  angles  EA  C  and  AEC ;  A  CE 
is  found  at  once  by  subtracting  from  180'^,     Then 

s\q.ACE:  AE  =  fXu.AEO :  AC.  (I) 

Now,  in  the  triangle  ABC,  AB  and  AC  are  known,  and 
■the  angle  BAG;  and  we  have 

AB+AC-.AB—AC  ~  ttLn.i(ABa+ACB)  : 

tnn.i{AGB-ABC).    (2) 

^  {ABO+A  CB)  ±  KACB-ABO  =  ABC  and  A  CB.    (3) 

6m.ABa:  AC  =  e.\ji.SAC :  BC.  (4) 
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To  find  BD  assume  a  station  F^  near  J?,  from  which  B  and 
2>  are  visible ;  measure  BF^  BFD  and  FBD.  As  in  trian- 
gle ^iS'^, 

voL^BBF :  BF  =  %m.BFD  :  BD.  (5) 

ABB  is  known  by  measurement ;  ABO  is  known  from  (8) 
ABB-- ABO  «  CfiD.  From  (4)  and  (5),  we  have  BO  and 
BB.  We,  therefore,  have,  as  in  the  first  part  of  the  case, 
two  sides  and  angle  included  to  find  the  third  side,  which  is 
the  required  distance. 


PKOBLEM    IV. 

To  determine  the  vertical  height  of  an  object  sitiuUed  on  an 
inclined  jpUine. 

1^  JT^A^.— Measure  the  angle  at  the  foot  of  the  object 
'between  it  and  the  plane ;  then  meas* 
iiring  a  convenient  distance  to  a  g 

station,  take  the  angle  between 
the  plane  and  the  top  of  the  ob- 
ject 

Let  AB  be  the  object  on    an 

inclined  plane.     AO  \s>  known  by 

jueaeurement,  as  are  also  the  angles 

BAO  and  AOB.     Also,  ABO^ 

Vm'^{BAO-\-AOB).    Hence, 

mi. ABO \  AO  ^  %mAOB  :  AB  =  height  required. 


EXAMPLES. 


1.  To  ascertain  the  height  of  a  vertical  object  situated  on 
an  inclined  plane,  the  angle  at  the  base  is  measured  and  found 
to  be  102®  42'.  Proceeding  100  feet,  the  angle  between  the 
plane  and  the  top  of  the  object  is  found  to  be  41®  10'.  What 
is  the  height  of  the  object  ? 
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Solution. 

In  the  trianf^le  ABC,  ^C  =  100,  5-4(7  =  102°  J* 
ACS  =  41°  10',  and  ABC  =  180°— (102°  42'  +  4l°  10')  = 
,86°  8".     ■ 

Bin.  36°  8'  ;  100  =  ain.  41°  10'  :  AB. 


Co.  log.  sin.  36°  8'  =  0.229J 
Log.  100  =  2.000000 

Log.  Bin.  41"  10'      =  9.818392 
Log.  AB  =  2.047786  = 

AB  =  height  =  111.63  feet. 


i 
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2.  To  determine  tlie  height  of  a  tower  on  an  inclined  sat-   I 
face,  there  are  measured  the  angle  at  the  base,  107°  35',  and    I 
the  angle  at  an  assumed  station,  41°  54' ;  also,  the  diataD** 
from  base  to  station,  80  feet.     What  is  the  height } 

Am.  105.21  feet. 

3.  To  determine  the  lieight  of  a  tree  upon  a  hillside,  *■ 
measure  at  the  foot  of  the  tree  the  angle  with  the  plane  of  tl** 
hill,  105°  50',  and  at  a  station  distant  40  feet,  51°  12'.  K-^ 
quired  the  height  of  the  tree.  Ana.  79.89  feet. 

id  Jfethod. — Measure  as  before  from  the  foot  of  the  objeC^ 
to  a  station,  and  then  take  the  angle  between  the  plane  an-^ 
top  of  object.     Tlien  measure  in  a 

line  directly  from  the  object  to  a  ~ 

set-ond  station,  and  then  take  an  an- 
gle as  before. 

Li  the  triangle  BCD,  C  and  D 
being  the  two  stations,  and  AB  tho 
object,  there  are  known  DC,BDO, 
and  BCD  =  180°  ~  BCA  ;  also, 
CBD  =  UO°-{BCD+BDC). 


Then, 


[n.CBD  :  DC  ^  muBDC :  BO- 


(1) 
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In  triangle  ABC^  BO  is  known  (1);  also,  AC  and  ACB 
by  measorement. 

BC+AC:  BG-^AO^  \xsi.\{CAB^ABC) : 

tiin.^{CAB-^ABC)    (2) 

Whence,  -^.^C'and  BAO&re  to  be  found, 

sin. ABO :A0=  sin. ACB  :  AB.  (3) 

Note. — ^To  obtain  the  angles  at  C  and  2>,  the  angles  of  elevation  should 
be  taken,  and  from  them  the  angle  of  inclination  of  the  plane  subtracted. 


EXAMPLES 


1.  To  determine  the  height  of  a  tower  situated  on  a  hill- 
side inclined  27°  48'  11",  I  measure  50  feet  from  the  base  of 
.  the  tower,  and  take  the  angle  of  elevation,  67°  58'  11" ;  then 
measuring  in  the  same  direction  100  feet,  I  find  the  angle  of 
elevation  48°  0'  11".     What  is  the  height  of  the  tower  ? 


Solution. 

AC  =  60,  CD  =  100,  ACB  =  67°  58'  ll"-27°  48'  11"  = 
*0°  10',  CBB  =  48°  0'  ll"-27°  48'  11"  =  20°  12';  also, 
SCD  =  180°--40°  10'  =  139°  50',  and  CBD  =  40°  10'— 
20^  12'  =  19°  58'. 

I^  the  triangle  BCD, 

sin.  19°  58'  :  100  =  sin.  20°  12'  :  BC.  (1) 

Co.  log.  sin.  19°  58'  =  0.466643 
Log.  100  =  2.000000 
Log.  sin.  20°  12'   =  9.538194 

Log.  BC  =  2.004837  =  log.  101.12. 
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In  triangle  ABC^ 

liCAjB-hAJBC)  =  i(180^-40^  10')  =  6»«  66^. 

151.12  :  51.12  rt  tan.  69^  65'  :  taLn.i{CAB^A£0).   (2) 

Co.  log.  151.12  =  7.820678 
Log.  51.12  =  1.708691 
Log.  tan.  69°  56'  =  10.436972 

Log.  teLn.^{CAB'-ABC)  =  9.966241  =  tan.  42°  46'  31". 

69°  55'-42°  46'  31"  =  27°  8'  29"  =  ABC,  lesser  angle, 
opposite  AC. 

sin.  27°  8'  29"  :  50  =  sin.  40°  10'  :  AB  (3) 

Co.  log.  sin.  27°  8'  29"  =  0.340856 
Log.  60  =  1.698970 

Log.  sin.  40°  10'  =  9.809669 

Log.  AB  =  1.849895  2=  log.  70.696. 

Ans.  =  70.696  feet. 


2.  From  an  object  on  a  plane  inclined  15°  30'  67",  having 
measured  66  feet,  the  angle  of  elevation  was  66^  10'  57" ;  100 
feet  farther  on,  the  angle  of  elevation  was  46°  52'  57".  What 
was  the  height  of  the  object  ? 

A71S.  126.41  feet. 

3.  Given,  distance  from  base  of  object  to  first  station  70 
feet,  and  angle  at  first  station  46°  40' ;  distance  from  first  to 
second  station  45  feet,  and  angle  38°  18'.  Required  height 
of  object. 

PROBLEM    V. 

To  determine  the  horizontal  distance  from  a/ny  point  to  an 
inaccessible  object 

Measure  from  the  given  point  abase  line  to  some  convenient 
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station,  and  at  each  point  measure 
the  horizontal  angle  between  the  ob- 
ject and  the  other  station. 

Let  A  be  the  object,  and  B  the 
station,  from  which  the  distance  is  to 
be  found.   Then  BG  being  measured, 
and  the  angles  B  and  (7,  we  have  CAB     q 
=  180°— (^+0;    and  by  Plane  Trig.,   Chap.   2,  Sec.  2, 
Prop.  IV. 

sin.-4. :  BC  =  sin.<7 :  AB^  the  required  distance. 

EXAMPLES. 

1.  Desiring  to  ascertain  the  distance  between  two  houses  on 
opposite  sides  of  a  river,  from  one  I  measure  to  a  station  (7, 
100  yards  ;  and  measure  also  the  angle  at  first  station,  72°  41'; 
at  the  second,  C^  83°  35'. 

Solution. 

^C  =  100,    L5  =  72° 41',   C  =  83°  35'  .-.  A  =  180°- 
S6°  16'  =  23°  44'. 

Sin.  23°  44' :  100  =  sin.  83°  35'  :  AB. 

Co.  log.  sin.  23°  44'  =  0.395255 
Log.  100  =  2.000000 
Log.  sin.  83°  35'   =  9.997271 

Log.  AB  =  2.392526  =  log.  246.9 

Ans.   246.9  yards. 

2.  To  find  the  distance  between  two  objects  separated  by  a 
stream,  a  base  line  is  measured  210  feet  to  a  station.  The 
horizontal  angles  are  then  measured  ;  at  the  object  81°  40', 
at  the  station  70°  10'.    What  is  the  distance  ? 

Am.  418.48  feet 
8 


faTo 
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3.  Given   a  base  line  BV  =  160  feet,   and  angles,  B  ^ 
J9°  3',  C  =  S7°  56",  to  determine  dietancea  from  5  and  C  to 
Ijui  object  A, 


A 


PROBLEU:    VI. 

Ciwra  the  ditiances  between  three  jmnts,  and  al^o  the  angl^ 
rieiween  t/tesep&intv/rom  a  distant  object,  to  determine  the  di^ 
Vltmwfrom  the  distamA  object  to  the  t/iree^oinis  respecdvdy. 

Tliia  problem  may  be  best  nnderstood  by  a  careful  examini 
laon  of  a  practical  example. 

Coming  from  sea,  at  the  point  X*  I  observed  two  Iieadlands, 
j4  and  B,  and  inland  at  C  a  steeple  wliieb  appeared  between 
the  headlands.  I  found,  from  a  map,  that  the  headlands  wei"^ 
5.35  miles  from  each  other ;  tiiat  the  distance  from  A.  to  tl"^ 
6teeple  w^  2.8  milee,  and  I'rom  £  to  the  steeple  3.47  miles ;  ar>  *i 
I  found,  with  a  sextant,  tliat  the  angle  A£>Cv3iS  12°  15',  art*i 

kthe  angle  £DC,  15°  30'.     Required  my  distance  from  each  *3l 
Ihe  headlands,  and  from  the  steeple. 


Construction. 


The  angle  between  the  two  headlands  is 
the  sum  of  15°  30'  and  12°  15',  or  27°  45' 
Take  double  this  sum,  55°  30'.     Conceive 
AjB  to  be  the  chord  of  a  circle,  and  the 
arc  on  one  side  of  it  to  be  55°  SO' ;  and,  of 
eonree,  the  other  will  be  304°  30'.     The 
point  D  will  be  somewhere  in  the  circum- 
ference of  this  circle.     Consider  that  point  aa  determined,  an<^ 
tdraw  CD. 
'    In  the  triangle  ABC,  we  liave  all  the  Bides,  and  of  conrs^ 
we  can  find  all  the  angles ;  and  if  the  angle  ACB  is  less  that"- 
^80°— 27°  45'  =  152°  15',  then  the  circle  cuts  the  Ime  CJ>  b^^ 
f,  point  £,  and  G  is  without  the  circle.  ^^H 
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Draw  AE,  BE,  AD,  and  BD.  AEBD  is  a  quadrilateral 
in  a  circle,  and  L  AEB^  L  ABB  =  180°. 

The  L  ABE  =  the  L  ABE,  because  both  are  measured  by 
one  half  the  arc  AE.  Also,  L  EBB  =  L  EAB,  for  a  simi- 
lar reason. 

Kow,  in  the  triangle  AEB,  its  side  AB,  and  all  its  angles, 
are  known  ;  and  from  thence  AE  can  be  computed.  Then, 
having  the  two  sides,  A  C  and  AE,  of  the  triangle  AEC,  and 
the  included  angle  CAE,  we  can  find  the  angle  AEC,  and  of 
course  its  supplement,  AEB.  Then,  in  the  triangle  AEB, 
we  have  the  side  AE,  and  the  two  angles  AEB  and  ABE, 
from  which  we  can  find  AB. 


Solution. 

^HiB  compntation,  at  length,  is  as  follows : 

To  find  AE. 

^ngle  EAB  =    15^  SC  Sin.^Zff,162^15',  9.668027 

^ngle  EBA  =    12°  15^      :    AB,  5.35,  .728354 


27°  46'     :: 

sin.  ABE,  12°  19, 

9.326700 

180" 

10.055054 

r  =  152°  15'      : 

A  F.,  2.438, 

.387027 

To  find  the  angle  RAC. 

BC,    3.47 

AB,  5.35 

AC,  2.80 

log.      .728354 
log.      .447158 

2)11.62 

1.175512 

S,  5.81 
^-BC,    2.34 

log.      .764176 
log.      .369216 
20 

21.133392 

2)19.957880 

[Fonrard 
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2)19.957880 

ir  41'  68"      COS.    9.9Y8940 
2 


Angle 

BAG 

=    85° 

23'  56" 

Angle 

EAB 

=    IS" 

SO" 

Angle 

MAC 

=    19" 

53*56" 

180° 

2)160" 

6' 

4" 

80° 

8' 

2" 

_  AEG  +  ACE 

2 

To  find  the  angles  AEG  and  A  GE. 

AG+AE  5.288  .719165 

:  AG-AE  .362  1.558109 

::t&n.:^^^±A^  80"    3'    2"  10.7559g. 

10.31463'? 

,      AEG— AGE  ^ 

:  tan 21°  30'  12"  9.5954^7^ 

angle  ASC,  101°  33'  14",  sum, 

ang^e  ACE  or  A  CD,     68°  32'  60",  diff. 
angle  CDA,  12°  15' 

70°  47'  50",  supplement  109°  12'  10",    angle  CA^ 

35°  23'  66",    angle  CA^ 

73°  48'  14",    angle  BAT^ 

To  find  AD. 

Sm.ADG,  12°  15',  9.326700 

:  ^C;2.8,  .447158 

: :  Bin. AGB,  58°  32'  50",      9.930985 

10.378143 


:  AD,  11.26  miles.  1.051443 

GD  and  DD  may  also  readily  be  found. 

( AD  =  11.26, 

Ans.   \  ED  =  11.03, 

(  GD  =  12.46. 
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The  preceding  problems  include  those  moet  frequently  met; 
otliers  may  arise,  requiring  different  construction ;  but  an 
acquaintance  with  the  principles  involved  in  the  problems 
bere  given,  and  a  knowledge  of  geometrical  constructions  and 
relations  will  soon  give  a  key  to  any  question  arising.  The 
miscellaneous  examples  which  follow  require  mainly  only  the 
rules  and  constructions  given  in  this  section ;  whatever  is  re- 
quired further  the  student  will  see  and  work  out  for  himself 
^ith  little  difficulty. 

PRACTICAL    PROBLEMS. 

1.  Required  the  height  of  a  wall  whose  angle  of  elevation, 
^•t  the  distance  of  463  feet,  is  observed  to  be  16°  31'. 

A718,  135.8  feet. 

2.  The  angle  of  elevation  of  a  hill  is,  near  its  bottom,  31® 
1^8',  and  214  yards  further  off,  26°  IS'.     Required  the  perpen-  * 
Ocular  height  of  the  hill,  and  the  distance  of  the  perpendic- 
^«ir  from  the  first  station. 

I  The  height  of  the  hill  is  565.2  yards,  and  the  dis- 
tance of  the  perpendicular  from  the  first  station  is 
929.6  yards. 

3.  The  wall  of  a  tower  which  is  149.5  feet  in  height,  makes, 
^^th  a  line  drawn  from  the  top  of  it  to  a  distant  object  on  the 
'horizontal  plane,  an  angle  of  57°  21'.  What  is  the  distance 
^"f  the  object  from  the  bottom  of  the  tower  ? 

Ans.  233.3  feet. 

4.  From  the  top  of  a  tower  which  is  138  feet  in  height,  I 

^ook  the  angle  of  depression  of  two  objects  standing  in  a  direct 

line  from  the  bottom  of  the  tower,  and  upon  the  same  horizon- 

^h1  plane  with  it.     The  depression  of  the  nearer  object  was 

found  to  be  48°  10',  and  that  of  the  further,  18°  52'.     What 

"Was  the  distance  of  each  from  the  bottom  of  the  tower  ? 

A       j  Distance  of  the  nearer,  123.5  feet ; 
'  I      and  of  the  further,  403.8  feet. 


p 


r 
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Being  on  the  side  of  a  river,  &iid  wieliing  to  know  tie 
distance  of  k  houae  on  the  opposite  side,  I  measured  312  yards 
in  a  riglit  line  by  the  side  of  the  river,  and  then  tound  that  the 
two  angles,  ono  at  each  end  of  tliis  line,  subtended  by  the 
other  end  and  the  house,  were  31°  15'  and  86°  27'.  What 
Was  the  distance  between  each  end  of  the  line  and  the  house) 
Ana.  351.7,  and  182.8  yards. 

6,  Having  meaenred  a  base  of  2G0  yards  in  a  straight  line 
on  one  bank  of  a  river,  I  found  tliat  the  two  angles,  one  at 
each  end  of  the  line,  subtended  by  the  other  end  and  a  tree  on. 
the  opposite  bank,  were  40°  and  80".     What  was  the  widtfci- 
of  the  river  1 


»of  the  river  i  ^^m 

Am.  190.1  yards.  ^H 
7.  From  an  eminence  of  2C8  feet  in  perpendicular  height^^ 
the  angle  of  depression  of  the  top  of  a  Eteei>Ie,  whicli  stood  oi"^^^ 
the  same  horizontal  plane,  was  found  to  be  40°  3',  and  of  t 
bottom,  56°  18'.     What  was  the  height  of  tlie  steeple  i 
■  Ans.  117.76  feet 

8.  Wanting  to  know  the  distance  between  two  objects  whiela 
were  separated  by  a  morass,  I  meaanred  tlie  distance  t^m  eachi 
to  a  point  from  whence  both  could  be  seen ;  the  distances  were* 
1840  and  1428  yards,  and  the  angle  which,  at  tliat  point,  tfiei 
objects  subtended,  was  3ti°  18*  24".     Required  their  distance 

Ana.  1090.85  yards. 

9.  It  is  required  to  find  the  distance  from  a  tower,  ( 
height,  to  an  object  whose  angle  of  depression  from  the  t 
of  the  tower  is  22°  41'. 

Ans.  191.4+feet. 

10.  The  angle  of  elevation  of  a  hill  from  a  station  near  it» 
foot  is  29°  28' ;  from  a  station  distant  lOO  yards,  the  angle  of 
elevation  is  20°  10*  30".  Eequired  perpend ii;ular  height  of 
hill,  allowing  5  feet  for  height  of  instnimcnt, 

Ans.  106.74  yards  nearly. 
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^^  11.  From  two  stations,  300  feet  apart,  tho  horizontal  angla 
made  with  a  distant  churuli  are  taken  88°  IS*  and  89°  i 
Required  distances  from  ulmrch  to  stationB. 

^m  Aug.  8521.4  and  8525  feet  nearly. 

^|KX2.  Wiehing  to  know  the  distance  between  two  inacceasiblm 
^Bbjects,  C  and  D,  I  take  two  Btations,  A  aud  B,  245  feet  a 
and  measure  the  angles  as  follows :  BAO=S(}°  13\J}AI>  = 
il°  11',  ABJ)  =  80°  37',  and  ABC  =  35°  9'.      Eciiuired| 
diBtance  from  C  to  3. 

Alls.  204.39  feet. 

13.  Required  the  height  of  a  wall  whose  angle  of  elevation^ 
100  feet  from  its  base,  is  18°  2(!'.  Ans.  33.33  feet. 

14  Wishing  to  know  the  height  of  an  inaccessible  object,  I 
oeasiiro  a  base  line  AB,  190  feet,  and  take  tho  horizontal 
angles ;  at  A,  50"  40' ;  at  B,  63°  11'.    I  -measure  also  tlie  angle 

'elevation  aX  A  —  28°  21'.     Required  the  height  of  object. 
Ans.  105.45  feet. 

15.   It  heing  desired  to   ascertain   distance  between  two 

Joaes,  separated  by  swampy  ground,  a  convenient  station 

wiected  and  distances  measured  472  and  560  feet.     The  angli 

Between  the  Louses  at  the  station  is   found   to   he  63°   14'. 

What  is  the  distance?  Avs.  546.25  feet. 


16.  Wanting  to  know  the  breadth  of  a  river,  I  measured 
l>ase  of  500  yards  in  a  straight  line  on  one  bank ;  and  at  each 
end  of  this  line  I  found  the  angles  subtended  by  the  other  end 
and  a  tree  on  the  opposite  bank  of  the  river,  to  be  53°  and  79° 
13'.    What  was  the  perpendicular  breadth  of  the  river  J 

Ana.  529.48  yards. 

17.  Wliat  is  the  perpendicular  height  of  a  hill,  its  angle  of  I 
elevation,  taken  at  the  bottom  of  it,  being  46°,  and  200  yards  I 
ther  off,  on  a  level  with  tho  bottom,  31°  ? 

Am.  286.28  yards. 


4 
I 
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.  hunting  to  know  tlio  litiiglit  of  an  inaccessible  tower, 
|!at  tlio  least  accessible  distance  fruiu  it,  on  the  same  Lorizontal 

^lane,  I  found  its  angle  of  elevation  to  be  58° ;  tlien  going  300 
'  ftet  directly  from  it,  I  found  tbo  anfjle  there  to  be  only  33°; 

re<iuired  the  height  of  the  tower,  and  my  distance  from  it  iit 

the  first  Btation. 

»^^  (  Height,      307.54  feet 
'  t  Distance,  193.18    " 

19.  Two  ships  of  war,  intending  to  cannonade  a  fort,  arc,      I 
by  the  sliallowness  of  the  water,  kept  so  far  from  it,  that  thej 
suspect  their  gnns  cannot  reach  it  with  effect.      In  orde^i 
therelnre,  to  measure  the  distance,  they  separate  fruni  ea.*^>^ 
other  a  quarter  of  a  mile,  or  440  yards,  and  then  each  sl»  ^f 
observes  and  measures  the  angle  which  the  other  ship  and  fc'^ 
subtends ;  these  angles  are  83°  45',  and  85°  15'.     What,  thes^  ^' 
is  tho  distance  between  each  ship  and  the  fort  'i 


,^   \  2292.26  yards. 
^"*- 1  2298.05     « 


i 


^1  20.  Prom  two  ships,  A.  and  £,  which  are  anchored  : 
bay,  two  objects,  C  and  D,  on  the  shore,  can  be  s 
objects  are  known  to  be  500  yards  apart.  At  the  ship  A,  tl^^^ 
angle  subtended  by  the  objects  was  measured,  and  found  to  b^^* 
41"^  25';  and  that  by  the  object  J}  and  tlie  other  ship  wa^^' 
found  to  be  52°  12'.  At  the  other  ship,  the  angle  subtende^^''^ 
by  the  objects  on  shore  wsis  found  to  be  48°  10' j  and  that  b^^ 
the  object  C,  and  the  ship  A,  to  be  47°  40'.  Kequired  th* 
distance  between  the  ships,  and  the  distance  from  each  ship  tc^-^ 
tlie  objects  on  shore. 

Distance  between  ships,       395.7  yards. 

tFroni  ship  A  to  object  D,  743.5 
^"^''  From  ship  ^  to  object  C,  467.7 
From  ship  £  to  object  J),  590.5 
To 


)tt=^ 

1 


I   To  solve  tills  problem,  suppose  the  distance  between  tha 
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Bhips  to  be  100  yards,  and  determine  the  several  distances,  in- 
cluding the  distance  between  the  objects,  C  and  -Z?,  under  this 
supposition ;  then  multiply  the  vahies  thus  found  for  the 
required  distances  by  the  quotient  obtained  by  dividing  the 
given  value  of  CD  by  the  computed  value. 

FuU  solatioDB  of  the  Examplea  and  Problems  of  this  entire  work  niAj  be  fbond 
ia  the  KxT  TO  Sobinson's  Geometbies  and  Subybting. 


SECTION   II. 

MENSURATION  OF  SURFACEa 

The  Area  of  a  figure  is  the  surface  included  between  the 
lines  which  bound  it. 

Strictly,  for  the  measurement  of  areas  a  superficial  unit 
should  be  applied ;  but  as  all  ratios  are  abstract,  for  practical 
^Xinvenience  the  ratio  of  lines  is  used — the  quality  of  superfi- 
<^ies  being  attached  to  the  result. 

A  superficial  unit  is  generally  the  square  formed  upon  a 
linear  unit  of  the  same  name.  Thus,  the  square  inch  and 
Square  yard  correspond  to  the  lineai*  inch  and  linear  yard, 
'Which  are  the  sides  of  the  superficial  units. 

Koods  and  acres,  units  used  in  measuring  land,  have  no  cor- 
responding linear  units. 

The  following  are  the  tables  of  superficial  units. 

SQUARE  MEASUBE. 

144    square  inches  (sq.  in.)  make  1  square  foot, sq.  ft. 

9    square  feet  make  1  square  yard,  ....  sq.  yd. 

30}  square  yards  make  1  square  rod, sq.  rd. 

40     square  rods  make  1  rood, R. 

4    roods  make'  1  acre, A. 

640    acres  nutke  1  square  mile,  ....  sq.  mi. 

12 
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625  square  links  (sq.  L)  make  1  pole, P. 

16  poles  make  1  square  cham,  •  • .  sq.  du 

10  square  chains  make  1  acre, A 

640  acres  make  1  square  mile, ....  sq.  ml 

36  square  miles  (6  miles  square)  make  1  township, Tp. 

The  following  rules  for  the  measurement  of  surfaces  being 
mainly  founded  upon  Geometry,  the  student  is  referred  for 
their  demonstration  to  Eobinson's  New  Geometry,  the  num- 
ber of  the  Book  and  Proposition  being  given  with  each  rule. 


PROBLEM   I. 

To  find  the  a/rea  of  a  paraUdogrwm. 

Bulb  1. — MvJMply  the  haae  by  the  aUibids.  (Gtoom.  Def.  54 
— R  I.,  Th.  27.) 

EXAMPLE. 

« 

Required  the  area  of  a  parallelogram  whose  base  is  23  and 
altitude  11  feet. 

23  X 11  =  253.     .\  Area  required  =  253  square  feet. 

Note. — To  illustrate  the  transfer  from  linear  to  superficial  umte^  let  .1  = 
unit  of  measure,  o  n^uart^  haying  each  side  unity ;  and  C^  equal  the  rectan- 
gle equal  in  area  to  the  parallelogram  to  be  measured.  Then  from  Def.  54, 
Gkom.,  we  may  conclude,  letting  a  and  h  represent  altitude  and  base  of  C, 


J.:(7=lxl:ax5,    or 

(1) 

1 :  (7  =  1 X 1 :  a  X  ft.    .*. 

(2) 

C     axl 
1  ""1x1 

(3) 

If  for  a  and  6,  we  place  11  and  23  as  m  above  example,  we  have 

^J_l21^  =  263.  (4) 

1       1x1 
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That  18,  the  tmit  rectangle  is  contained  as  many  times  in  the  given  rec- 
tangle or  paralldogram,  as  1  x  1,  is  eontained  times  in  11  x  23 ;  that  is^  253 
tiines.  Hence  253  =  23  x  11,  expresses  the  ratio  between  the  unit  square 
foot  and  iht  sw&oe  measured ;  or  the  giyen  sor&oe  con  tains  one  square  foot 
253  times,  or  253  square  feet  Here  then  we  have  two  ratios — abstract 
numbers  and  equal,  obtiuned,  one  by  applying  superficial  unit  to  sur&ce,  the 
other  by  applying  linear  units  to  lines.  We  use  the  more  convenient  of 
these  two  ways  of  obtaining  the  catiofl^  and  since  the  two  are  equal,  we 
xiame  and  consider  the  result  of  one  process  as  though  it  were  the  result  of 
tlie  other. 

Rule  2. — ^When  two  sides  and  the  angle  included  are 
tnown ;  MuLUply  the  product  of  the  aides  hy  the  sine  of  the 
induded  a/ngle. 


Demonstration. 


Let  ABCD  be  the 
parallelograin,  AB  its 
base,  and  DE  its  alti- 
tude. 

(Rule  1.) 
^^-ABxDE.  (1) 

(Plane  Trig.,  Chap.      ^       ^ 
2,  Sec.  2,  Prop,  HI, 

R:AD  =  sin.  A  :  DE,  (2) 

j)^^ADxpA  (3j 

Substituting  for  BE  from  (3)  into  (1), 

A       —  ^^  ^  .^i?  X  sin.  J. 

When  jB= 1,       Area  =  AB  x  AB  x  sin.^. 

If  logarithms  are  used  in  the  calculation,  B  must  be  con- 
sidered, its  logarithm  being  10. 


SURVEYING   AND   x^  ^ 


EXAICPLBS. 


.  The  sides  of  a  parallelogram  being  42  and  18  feet,  and 
angle  included  41°  11',  required  the  area. 


Area  = 


Calculation. 
42xl8x8in.4ni' 


B 

Log.  42  1.623249 

Log.  18  1.255273 

Log.  sin.  41°  11'  9.818536 

Sum  less  10  (=  log.^  =  2.697058  =  log.  497.8=:area. 

2.  Kequired  the  area  of  a  parallelogram  whose  base  is  11 
ft.  3  in.,  and  altitude  10  ft.  6  in.  Ans.  118^  sq.  ft. 

3.  Required  the  area  of  a  parallelogram  whose  sides  are  31 
and  11  feet,  and  included  angle  31°  18'. 


PROBLEM    II. 
Tojmd  the  area  of  a  triangle. 

JRuLB  1. — Take  one  half  of  the  product  of  the  hose  and 
altitude.     (Geom.,  B.  I,  Th.  33.) 

Rule  2. — When  two  sides  and  angle  included  ar^  known ; 
Take  one  half  of  the  jpn^oduct  of  the  two  sides  hy  the  sine  of 
the  included  angle^  divided  hy  radvus.   (See  Rule  2,  Prob.  1.) 

EXAMPLES. 

1.  What  is  the  area  of  a  triangle  whose  base  is  36  and  alti' 
tude  11  ?  Ans.  =?^3-  =  198. 
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2.  What  is  the  area  of  a  triangle  two  of  whose  sideh  are 

4r5  and  31  inches,  and  the  angle  included  47°  39'  ? 

A          45-31  sin.  47°  39'        ^..^.q        .     . 
Area= — =  515.48  sq.  inches, 

Ans.  3  ft.  83.48  inches. 


2'Ii 


3.  What  is  the  area  of  a  triangle,  having  sides  12  and  9 
ffect,  and  angle  included  56°  20'  ? 

Ans.  44.94  feet. 

4.  What  is  the  area  of  a  triangle  whose  sides  are  42  and 
GO  feet,  and  the  included  angle  61°  12'  ? 

EuLE  3. — ^When  the  three  sides  of  a  triangle  are  known : 
jF^om  one  half  the  sum  of  the  sideSy  subtract  each  side  separ- 
cttely  /  mvltvph/  the  contim/ued product  of  these  remainders  hy 

the  half  sum  /  th^  square  root  of  the  product  will  he  the  area 

required. 


Demonstration. 

let  A  represent  the  area  of  a  triangle 
A£C^  whose  sides  a,  J,  and  c  are  known ; 
^  being  considered  as  the  base.  Draw 
-^D  perpendicular  to  CB ;  it  will  be  the 
altitude. 

By  (Geom.,  B.  L,  Th.  41.) 

J2  =  a«+(?2-2ax^i> 

2a 
By  (Geom.,  B.  L,  Th.  39),    AD^  =  (?«  -  BB^, 
Substituting  fipom  (2)  into  (3),  the  value  of  BB^ 

j^.  =  ,,_(«!±£l^*!)l 

4a* 

ABzs  V4g*c*— (a*+o*— ft")' 

2a 


(1) 
(2) 

(3) 

(4) 
(5) 
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By  Rule  1,  ^  =  ^^^  («). 

Substituting  in  (6)  the  value  of  AD  from  (5), 


^- J =V ^ (7) 

Factoring, 

-^  —  r       2       ^       2  ~  ^       2      ^       2     '       ^^ 

Since  the  difference  of  the  squares  of  the  two  quantities 
equals  the  product  of  their  sum  and  difEerence.  Let«=  d-ro+c  ^ 

then  9^a  =  — !— — ,  s—b  =  — !-- — ,  and  s^c  =  — -!_: — . 

2  2       '  2 

Substituting  these  values  in  (8), 


A  =  f^(i-a)(«— 5)(«— (?).  (9). 

Whence  the  rule. 

EXAMPLES. 

1.  Kequired  the  area  of  a  triangle  whose  sides  are  842,  384 
and  436  feet. 


Solution. 


a  =  436  8^a  =  145 
h  =  384  «-5  =  197 
c   =  342    8—c   =  239 


log.  =  2.161368 
"  =  2.294466 
"  =  2.378398 


2  )  1162       =  681 ;  "  =  2.764176 
8   =  681  2  )  9.598408 

L(^.  A  =  4.799204 
4.799204  =  log.  62980.14+ 

Area  62980.14  sq.  ft 
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2.  How  many  square  yards  in  a  triangle  whose  sides  are 
78,  82, and  100  feet? 

Ans.  34.6 +sq.  yards. 

3.  Eeqoired  the  area  of  a  triangle  whose  sides  are  81,  40, 
and  55  rods. 

Ans.  3.8  acres. 

PROBLEM   III. 
To  jimd  ike  a/rea  cf  a  trofpeoovi. 

KuLE. — MvUiply  one  half  the  sum  of  the  pa/roUd  sides  hy 
the  altitude.    (Geom.  B.  I.,  Th.  84.) 

EXAMPLES. 

1.  What  is  the  area  of  a  trapezoid  whose  parallel  sides  are 
23  and  11  feet,  and  whose  altitude  is  9  feet  ? 

^I±iix9  =:  153. 
2 

Ans.  153  sq.  ft. 

2.  Required  the  area  of  a  trapezoid  whose  parallel  sides  are 
178  and  146  feet,  and  whose  altitude  is  69  feet. 

Ans.  41.05  sq.  rods. 

8.  How  many  acres  are  there  in  a  trapezoid  whose  bases 
measure  38  and  26  rods,  and  altitude  10  rods } 

PROBLEM    IT. 
To  find  the  area  of  a  trapezium. 

Rule  1. — ^If  the  sides  and  two  opposite  angles  are  known  : — 

ilvUi^p^  M^  9me  of  each  am/gU  {of  the  tuoo  cfpposite)  hy  one 
hdf  the  prodfict  of  the  sides  which  indude^d.  Thesumofthe^ 
^products  so  attained  will  ^  the  (jtrea  required. 
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Demanstrtdian. 

D 
Let  ABCD  be  the  trapezium  whose 

sides  are  known,  and  also  two  angles, 

as  A  and  C. 

By  Prob.  11,  Eule  2, 


Area  of  ABD  =  sin.^  x 

2 

Area  of  BCD  ^  sin. C  x  ^^^^^  {^y 

Hence, 

ABCD  =  ABD  ^- BCD  =  sin.^  x^2i^+ 

2 

sin.^x^^       (3> 


Rule  2. — ^TJ^  ordy  the  sides  are  hnown^  a  diagonal  rrmst  ^ 
mea,8ured  J  two  triangles  will  thus  he  formed^  whose  a/reas7n^^ 
he  found  hy  Rule  3,  Prohlem  11.  The  sum  of  these  areas  w^^^ 
he  the  area  of  the  trapezium. 

Rule  3. —  Without  determining  the  sides^  a  diagonal  mc^2 
he  measured^  and  also  perpendiculars  from  the  opposite  angl^' 
upon  that  diagonal.  In  the  two  tria/ngles  formed  hy  the  dia^ 
onal^  there  will  then  he  known  the  hase  and  aUitudey  a/n^ 
Bute  1,  Prohlem  11^  may  he  used. 


EXAMPLES. 


1.  Required  the  area  of  a  trapezium  whose  sides,  AB  and 
AD,  are  32  and  17  feet,  and  the  angle  A  71°  lO' ;  sides  CB 
and  CD,  30  and  13  feet,  and  the  angle  C  lOS*"  53'. 
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Solution. 


I^rawing  diagonal  BD  by  Eiile  Ist,  we  haye. 

Area  ABB  =  32  x  17  x  sin.  71°  Ky  ^^^ 

Log.  32  =    1.605150 

"     17  =    1.280449 

L(^.  sin.  71°  10*  =    9.976103 

12.711703 
log.  2  H  10.301030 

Log.  area  =    2.410672  =  log.  257.44. 

Area  CBD  =  30  x  13  x  sin.  108°  53'  ^^^ 

Log.  30  =    1.477121 

"     13  =    1.113943 

Log.  siu.  108°  53'  =    9.975974 

12.567038 
Log.  25  =  10.301030 

Log.  area  =    2.266008  =  log.  184.5. 

Area  ABD  =  257.44  • 
Area  CBD  =  184.50 


441.94  =  area  of  trapezium. 

S<  Bequired  the  area  of  a  trapezium,  whose  sides  are  9.5, 
11, 12  and  14.8  rods,  and  whose  diagonal  from  first  to  third 
"totion  is  18  rods. 

An%.  132.25  sq.  rods. 

8>  Beqnired  the  area  of  a  trapezium,  whose  dit^nal  meas- 

^  17.5  rods,  and  the  perpendiculars  from  the  angles  upon 

that  diagonal  8.4  and  4  rods. 

Am.  108|  sq.  rods. 


\. 
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Anotlicr  metliod   etill  may  be 

iplojed,  aa  follows:  let  ABCD 
the  trapezium.     At  any  angle 

A,  draw  AM  perpendicular  to 
AB.  From  iioglee  C  and  D  draw 
lines  CE  and  DF  perpendicular 
to  AM,  and  thus  parallel  to  AB, 
Then  ABCEkoA  ECDFvWX  be 
trapezoids,  and  ADF  a  right- 
angled  triangle,  Ilaving  known 
AB,  EC  and  FD,  and  aleo  AF, 
AE  and  EF,  the  areas  of  theae  figures  may  be  found  M 
Prob.  U.,  Rnle  1,  and  Prob.  IH. 

Area  ABCD  =  ABCE-^ECDF-ADF. 

"Whence  is  determined  the  area  required. 

This  process  is  the  one  employed  in  rectangular  survojingi 
and  may  be  applied  to  all  polygons. 


PROBLEM 


To  find  the  area  <ifa>i  irregular  polygon. 


^r       RuLS. — Dtmde  thep<dj/gon  into  triangles  hy  diagonals,  ci^ 

ii        draiB  perp&ndicvlara  froin.  the  vertical  angles  of  these  triangle 

upon  the  diagonals,     ffaving  meaaured  the  diagonala  oJi" 

perpendiculars,  determine  the  areas  of  tlie  triangles.    The 

I 


BS AUPLE 


To  determine  the  area  of  the  polygon 
EABCD,  I  measnre  the  diagonals  EB 
and  EC,  60  and  68  feet.  The  perpendic- 
ulars I  find  to  be  as  follows :  from  A,  10 
feet ;  from  £,  30  feet ;  fi-om  D,  25  feet. 
What  is  Hba  required  ftrea  \ 
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SoluUan. 

* 

ob.n.,  Eulel,5^^=    300  =  jE45. 

^^2^  =  1020  =  EBO. 

2 

?i2i?^  =    850  =  EDO. 


Sum      =  2170  =  area  EABCJD. 


bat  IS  the  area  of  an  irregular  polygon  whose  dia^- 
1  32  and  66  feet,  and  perpendiculars  as  follows :  upon 
diagonal,  7 ;  upon  the  second,  11  and  13  feet. 

Ans.  87|  sq.  yards. 


PROBLEM    VI. 
Tojmd  the  area  of  a  regular  polygon, 

— Multiply  one  half  the  perimeter  hy  the  perp^ndio- 
vwnfroTn  the  center  upon  one  of  the  sides. 

Demonstration. 

BCDEFhe  a  regular  poly- 
ose  center  is  M.  From  M 
^4,  Jf-ff,  &c.,  and  let  fall 
rpendicular  to  AB.  MN  - 
the  altitude  of  the  triangle 
md  by  Prob.  II.,  Kule  1, 

^ABM^\AB^MN. 

'  A.       N       B 

ing  the  center  of  the  polygon  (Geom.,  B.  IV,  Th.  30, 
it  is  equidistant  from  the  sides :  that  is,  MN  is  equal  to 
>endicuW  from  1£  upon  the  sides,  and  may  represent 
oion  altitude  of  the  triangles^jSJIf^  BMCy  &c.  Hence, 
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I  the  nreas  of  the  trianglca  having  for  baees  £Cf  CD,  Ac, ' 

I  equal  e)K-]i  une  half  itB  base  into  J^iT;  aad  the  areaof  thepolj- 

>n,  wliieh  equals  the  sum  of  tlie  triangles,  will  equal 

I  "Whence  tlio  rule, 

EXAMPLES. 

1.  WTiat  ia  the  area  of  a  regular  hexagon  whose  side  a 
8  feet,  and  the  perpendicular  6.93  feet. 


Perimotcr  =  8  x  G  =  48, ' 


-x6.9 


j.UO  square  leet. 

If  the  periienditiular  is  not  known,  it  may  be  deterrainel 
imra  the  following  proportion,  (Chap.  2,  Sec.  2d.  Prop.  Ill), 
MN :  jliV"  =  Ji  :  tan.AMJf.     (See  preceding  figure.) 
For  (by  Geom.,  B.  IT.,  Th.  30,  Cor.  3), 

The  angle  AMB  =  ^ ,.   ./^^l      , 

JSo.  or  sides  ot  polygon, 

And  AMN  is  then  known,  being  one  half  of  AMB,  eirce 

the  triangle  AMB  is  isosecles ;  and  for  the  same  reason  AS 

is  known,  being  one  half  of  AB.      Hence,  Alf^  and  AMS 

being  known,  from  the  above  proportion  Jfi^^'may  be  found. 

2.  What  ia  the  area  of  a  regular  polygon  of  eight  sides,  eaclt 
side  being  6  feet  ? 


Solution. 

MI^:  3  ^  i?  :  tan 
Log,  JJ  +  log.  3  =  10.«H21 

Leas  log.  tan.  22°  30'  =    9.617224 


!2°  80'. 


log.  Mir 


0.859897  =  log.  7.243.  I 


Area  =  {(6  X  8)  X  7.248  =  173.8  Bq.  ft.,  ^» 


qnired  the 
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Ans.  890.18  sq.  ft. 
[uired  the  area  of  a  regular  pentagon  whose  side  is 

Ans.  15.48  sq.  ft. 

2. — MuLiAply  the  area  of  a  regular  pclygan  of  the 
vher  of  eides^  and  each  of  whose  sides  is  unity  ^  hy  the 
^  one  side  of  the  required  pol/ygon. 

P  represent  the  polygon  whose  area  is  required,  and 
its  sides ;  also,^  the  polygon  whose  side  is  unity,  we 
3  (Geom.,  B.  H.,  Th.  22), 

^  :  P  =  1*  :  a*,  or 

P       =  P2^.    Whence  the  rule. 

use  of  the  above  rule,  the  following  table,  giving  the 
le  polygons  when  the  sides  are  unity,  with  their  log- 
idll  be  found  serviceable. 


TABLE. 


AMES. 

SIDES. 

ABEAS. 

LOaABITHHS. 

e 

8 

4 

5 

6 

7 

8 

9 

10 

11 

12 

0.4330127 
1.0000000 
1.7204774 
2.5980762 
8.6389124 
4.8284271 
6.1818242 
7.6942088 
9.3656399 
11.1961524 

1.6365007 
0.0000000 
0.2356490 
0.4146519 
0.5603744 
0.6838057 
0.7911166 
0.8861640 
0.9715376 
1.0490687 

on 

»n 

:on 

11 

>n 

n '. . . . 

gon 

gon 
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EXAMPLES. 

1.  What  is  the  area  of  a  regular  pentagon  whose  side  is 
4feett 

From  the  table,  pentagon  whose  side  is  1  =    1.7204774 

Multiply  by  4«  =  16 

Area  required  =  27.5876384 

21  Bequired  the  area  of  a  regular  octagon  whose  side  is 
5  feet.  Ans,  120.71  sq.  ft.  nearly. 

S.  Bequired  the  area  of  a  regular  heptagon  whose  side  is 
7  feet. 

PROBLEM    VII. 

To  deUrvrwn/e  the  ciTcvrnfereace  cf  a  ctrde  from  the  radm 
or  diameier. 

Rule. — MuUiphf  the  dicmieter  ly  3.14159.    (Geom.,  B.  V., 

Th.  6.) 

As  TT  is  always  used  to  express  the  above  3.14159,  the  rule 
may  be  given  analytically, 

C  =  2ttR. 

EXAMPLES. 

1.  What  is  the  circumference  of  a  circle  whose  radius  ^ 
5  feet? 

2.  What  is  the  circumference  of  a  circle  whose  diameter  ^ 
18  feet? 

PROBLEM    VIII. 

To  determine  the  diameter  of  a  circle  from  the  circumferen^' 

HvL^.—Di/vide  the  circumference  hy  8.14159  ;  or  mM^ 
hy  .31831. 
From  Prob.  YH,  0=2nll  .\2  H  =  ^. 
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IXAMPLB8. 

squired  the  diameter  of  a  circle  whose  circumference 
feet.  Ans.  12.67  feet,  Bearij. 

hat  is  the  radius  of  a  circle  whose  circumference  is 
ichest 

hat  is  the  diameter  of  a  circle  whose  circumference  is 
feet. 

PROBLEM    IX. 
To  ddermme  ths  area  of  a  cirde. 

1. — MvUiply  the  circumference  by  one  half  the  radius. 
B.  V,  Th.  1.) 

2. — MvUi^y  the  square  of  the  radius  hy  3.14159. 

y  Prob.  Vn.,      C  =  2nR, 

ule  1,  Area  =  Cx  -r- . 

'  2 

Area  =  Stt^  y.  —  ^  ui?* 

2 

\  the  analytical  expression  of  the  rules. 


EXAMPLSS 

hat  is  the  area  of  a  circle  whose  radius  is  9  feet  f 
Ans.  9  X  9  X  3.14159  =  254.47  sq.  ft.,  nearly. 

hat  is  the  area  of  a  circle  whose  diameter  is  12  rods  t 
hat  is  the  area  of  ja  circle  whose  radius  is  11  teett 


IM 
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PROBLEM    X. 


To  determme  the  length  of  a  drcula/r  a/re  of  a/ny  wmnber 
qf  degreea. 

Bulb. — MvUipLy  the  circumference  of  the  circle  hy  th£ 
ratio  between  the  nurnber  of  degrees  in  the  arCy  and  360**. 

For  (Geom.,  B.  I.,  Def.  53,  and  Th.  2,  Cor.  2), 

860®  :  circumference  =  number  of  degrees  in  arc  :  are 

*  .  n  No.  of  deffrees  in  arc 

Arc  =  circumference  x ;^q 

obi) 

A.  If  the  chord  of  the  arc  be 
given,  and  its  height,  the  diame- 
ter may  be  readily  found. 

For  (Geom.  B.  III.,  Th.  17,  Cor.) 
AB  being  the  chord,  and  jD-fi'the 
height  of  the  arc,  we  have 
J)EDF=  AD^ 

DE 
and  FE=  DF-^DE. 

B.  If  the  diameter  of  the  circle  is  known,  and  either  t^^® 
chord  or  height  of  the  arc,  the  number  of  degrees  in  the 
may  be  determined. 

By  (Trig.,  Chap.  2,  Sec.  2,  Prop.  Ill), 

R:AC=  cos,ACD  :  CD  (1) 

Ji:AC=  sm.ACD  :  AB  (2) 

When  AG  =  radius  of  the  circle,  CD  =  radius  less  tl 
height  of  the  arc,  and  AD  =  one  half  the  chord;  A  CD  beii^=^^' 
one  half  the  angle  subtended  by  the  chord.  From  (1)  havir^=^^ 
radius  of  circle  and  height  of  arc,  ACD  may  be  found;  a^^^^ 
from  (2)  having  radius  AC  and  chord  ABy  the  same  an^^^^ 
becomes  known.    Hence,  we  find  the  half  arc  and  arc  itselfr"-^ 


re 
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EXAMPLES. 

1.  Bequired  the  length  of  an  arc  of  22^,  in  a  circle  whose 
^08  is  5  feet. 

Solution. 

Prob.  Vn,        8,14159  x  10  =  31.4159  =  circumference. 

Arc  =  31.4159  x  |^  =  1.92,  nearly. 

360  '         ^ 

2.  What  is  the  length  of  an  arc  whose  chord  is  12  feet  in  a 
rcle,  whose  radius  is  14  feet  ? 

Solution. 

AC=^  14;  AD  =  ^AB  =  ^-  =  6. 

From  B,  (2)  jff  :  14  =  sin.  ACD  :  6. 

Log.  jff+log.  6  =  10.778151 
Log.  14  =    1.146128 

Log.  sin.  A  CD  =    9.632023  =  sin.  25^  22'  87^ 

i  arc  =  25°  22'  37"    .'.  arc  =  50°  45'  14" 

Prob.  vn.,  Circumference  =  3.14159x28  =  87.96452 

50°  45'  14"  =  50.75389°. 

Ans.    \  Arc  =  87.96452  x  ^^-"^^^^^^  =  12.4015. 
I  360° 

3.  What  is  the  length  of  an  arc  of  78°  in  a  circle  whose 
radius  is  16  feet  ? 

1  What  is  the  length  of  an  arc  whose  chord  is  20  feet,  in 
( circle  whose  radius  is  85  feet. 

PROBLEM    XI. 

Tojmd  the  a/rea  of  a  sector  of  a  circle. 

Btjls. — MvUiply  the  arc  of  the  sector  hy  one  hiif  iJ^ 
%diu8.    (Geom.,B.V,Th.  1.) 

9 
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EXAMPLES. 

1.  What  is  the  area  of  a  sector  of  20^,  in  a  circle  Ythm 
radius  is  13  feet  t 

Solution. 

Prob.  VII,  Circumference  =    3.14159  x  26   =  81.68134 
Frob.  X,      Arc  =  81.68134  x^V^  =    4.53785 

Sector  =    4.53785 X -'2*   =29.496  sq.ft. 

Ans.  29.496  sq.  11 

2.  Required  the  area  of  a  sector  of  32°,  whose  radius  is  20 
feet? 

3.  Required  the  area  of  a  sector  of  18°,  whose  radius  is  1.8 
feet  ?  Ans.  0.35343  sq.  fk. 

PROBLEM    XII. 

Tojmd  the  area  of  a  segment  of  a  ci/rde. 

Rule. — Determine  the  area  of  a  sector  included  between  the 
arc  of  the  sector  and  radii  y  also  the  area  of  a  triangle 
formed  hy  the  radii  with  the  chord  of  the  segment  If  the 
segment  he  greater  than  a  semicircle  take  the  sum  y  if  less^  the 
difference^  of  these  areas  :  the  result  will  he  the  area  required. 

EXAMPLES. 

1.  Required  the  area  of  the  segment 
AEBy  whose  arc  is  120°,  where  the  radius 
of  the  circle  is  6  feet. 

Solution. 

By  Prob.  VII.  Circumference  =  3.14159  x  12  =  ^37.69908 
By  Prob.  X.  Arc  AEB  =  37.69908  x  l|g  =  12.66636 
By  Prob.  XI.    Sector  AEBC  =  12.56636  x  |      =  37.69908 

ByProb.II.,R.2,Trian.^(7^  =  6x6xBin.l20°  ^  15.58854 

2R  

Subtracting,  since  arc  is  less  than  180°,  segment  =  22.11054 

Area  of  segment       22.11054 
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2.  Beqnired  the  area  of  a  circular  segment,  whose  chord  is 
8  feet  in  a  circle  whose  radius  is  10  feet  ? 

Ans.  4.48  feet,  nearly. 

3.  What  is  the  area  of  a  circular  segment  whose  chord  is 
20  and  height  2  feet ! 


PROBLEM    XIII, 

To  jmA  the  a/rea  of  a  zone  %ndvded  between  two  pa/raUd 
chords. 

BuLE. — Take  the  difference  between  the  areas  of  the  segments 
subtended  by  the  v^pper  and  lower  bases  of  the  sone^  which  wiU 
h  the  a/rea  reqwred. 


If  only  bases  of  zone  and  its 
height  are  known,  the  radius  of  the 
circle  may  be  found  as  follows : 

Let  AB  and  CZ>,  the  bases, 
and  EO^  the  height,  be  known. 
Draw  AC  ^  chord,  and  from  the 
center  0  a  perpendicular  01. 
AI  =  IC.   (Qeom.  B.  IH,  Th.  1.) 


Draw  also  CB" parallel  to  EOy  and  hence  its  equal;  and  IP 
parallel  \xy  AQ  and  CE^  and  hence  equal  to 

\{AG^-CE), 

since  /is  the  middle  point  of  AG. 

In  the  similar  triangles  ACE  and  /C>ii^(Geom.B.II,Th.l7, 
Cor.  1), 

CHiAH  =:  IF'.FO.  (1) 
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Or,  Ea:AO-CE=—y^:FO  (S) 


Whence 


FO  -. 


AO'-CE' 
■iMO 

Now,  FO  =  iEO,  and  00  =  FO-FO.    Hence, 
firi_AO'-CF'     EO   _  AO'-iCE'-vEG') 
%E0  a  2  £<? 

EadioB  of  circle  =  0S»  =  OO'  +  BO'  (or  AO'). 
Btitnting  for  00  its  value  from  (4), 


ExpreBsed  iii  words,  equation  (5)  will  give  the  following 


To  find  radius  when  two  parallel  chords  and  tlieir  perpffli- 
dieular  distauue  are  given: 

^rom  the  square  of  Italf  &ie  greater  chord,  auhtract  the  nw 
of  the  squares  of  half  the  lesser  chord,  amd  of  the  heighii 
dvBide  the  remainder  hy  twice  the  height  y  to  the  squa/n  of 
this  quotient  add  the  square  of  one  half  the  greater  chord,'"''" 
extract  the  square  'root  of  the  whole  expression.  T/ie  rew^ 
vnU  be  the  value  of  radius. 


EXAMPLES 


1.  Reqiured  the  area  of  a  zone  whose  bases  are 
and  their  perpendicular  diatance  apart  18.94  teet. 


3  and  60, 


Taking  equation  (5)  and  substituting  AG  =  40,  Cff  =  SOt 
and  FO  =  18.94,  "*" 


Eadius  =  V^(lME^L58^)   +40^ 


ByProb.  VII.,  circumference  =  3.14159x82 
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To  find  greator  s^ment. 

From  (Prob.  X.,  B.  Eq,  2), 

^  :  41  =  8in.j  arc  :  40  .*. 
I  arc  =  77°  19'  11".    Arc  =  154°  38'  22". 

By  Prob.  X.,  Length  of  arc      =  257.61  x  ^^^  =     110.65 

"      XI.,  Sector  =  110.65  x  ^.41       =  2268.46 

♦*       n.,  Eule  2,  triangle  = 

41x41x8in.l54°38'22" 


2JS 


=     359.996 


Greater  segment  =  sector — triangle  =  1908.464 

To  find  lesser  segment. 

As  before,  .B  :  41  =  sin.^  arc  :  30 

^  arc  =  47°  1'  47"  .-.  arc  =  94°  3'  34". 

Prob.  X.,  Length  of  arc     =  257.61  x  5^:2^*       =  •  67.31 
'        ^  360 

"XI.,  Sector  =    67.31x^41  =1379.85 

«    n.,  Eule  2,  triangle  =  ^^12^^^^   =    838.39 

liBsser  segment  =    541.46 

Zone=difference  of  segment8=1908.464--541.46=  1367.00. 

2.  Required  the  area  of  a  zone  whose  bases  are  96  and  60 
inches,  and  altitude  26  inches. 

Ans.  2136.75  sq.  inches. 


PROBLEM    XIV. 
To  determine  the  area  of  o/n  ellipse, 

Rule. — Mvltiply  the  product  of  the  semi-ao^s  by  3.14159. 

(For    demonstration,  see    Conic    Sections,  Ellipse,   16th 
IWem.) 
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EXAICPLES. 

Beqaired  the  area  of  an  ellipse  whose  axes  are  12  and  8. 

6x4x8.14159  =  75.40  nearly. 

2.  What  is  the  area  of  an  ellipse  whose  semi-axes  are  25  and 
20  feet. 

Ans.  1570.8  sq.  ft. 

3.  What  is  the  area  of  an  ellipse  whose  semi-axes  are  12 
and  9. 

PROBLEM   XV. 

To  determine  the  area  of  a  parabola. 

Rule. — TaJce  two  thirds  of  the  product  of  the  ha^se  andp^ 
pendicuLar  height.  (For  demonstration,  see  Conic  Sections^ 
Parabola,  Prop.  19th.) 

1.  What  is  the  area  of  a  parabola,  the  base  being  20,  and 
the  altitude  12. 

Am.  |.20  X 12  =  160. 

2.  What  is  the  area  of  a  parabola  when  the  base  is  30,  and 
the  altitude  20  feet  ? 


SECTION    III. 
MENSURATION    OF    SOLIDS. 

In  the  mensuration  of  solids,  the  unit  supposed  to  be  applied 
is  a  cube,  receiving  its  name  from  the  name  of  one  of  its  edges 
— as,  a  cubic  inch,  cubic  foot,  cubic  yard- 
As  with  surfaces,  the  ratio  of  lines  is  substituted  for  the 
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ratio  of  solids,  and  by  linear  measurements  we  determine 
Bolidity. 
The  standards  for  solidity  are  given  in  the  following 

TABLE    OF   CUBIC    OB    SOLID    MEASURES. 

1728    cubic  inches  make  1  cubic  foot 

27    cubic  feet  I  cubic  jtud, 

166J  cubic  yards  1  cubic  pole. 

64000    cubic  poles  1  cubic  fuilong. 

512    cubic  furlongs  1  cubic  mile. 

Note. — ^The  measurement  of  the  sur&oes  of  solid  bodies  is  included  in 
this  section  for  convenience. 

PROBLEM    I. 
To  determine  the  convex  surface  of  a  reguLa/r  pyramid. 

Exile. — Multiply  the  peri/meter  of  the  base  Iry  one  half  ilw 
9tant  heiffht.    (Geom.,  B.  VII.,  Th.  17). 

EXAMPLES. 

1.  What  is  the  convex  surface  of  a  r^ular  hexagonal  pyra- 
^d,  whose  slant  height  is  12,  and  each  side  of  its  base  5  feet  ? 

Ans,  180  sq.  ft. 

2.  What  is  the  convex  surface  of  a  regular  octagonal  pyra- 
inid,  whose  slant  height  is  20  feet,  and  each  side  of  the  base 
^  feet  ?  Ans.  560  sq.  ft. 

PROBLEM    II. 
To  determine  the  solidity  of  a  pyramid. 

HuLE. — Multiply  the  area  of  the  hose  hy  one  third  of  the 
Mtfude.    (Geom.,  B.  VII.,  Th.  15.) 


StTRVETlSa   AND  NAVIGATIOS 


BSAMPLES. 

1.  "Wliat  13  tlie  solidity  of  an    octagonal  pyramid,  tLe  eidta 
of  tiie  baBC  beiug  each  S  feet,  and  tlie  attitude  15  feet  1 


By  Sec.  2,  Prob.  VI.,  Rule  2, 

Area  of  base  =  4.8284971  X  64  =  309.03 

Ans.  309.02x5  =  1545.10  en.  ft. 

2.  Required  tbe  solidity  of  a  pentagonal  pyramid,  the  alti- 
tude being  21  teet,  and  each  eide  of  tbe  base  3  feet. 

Ans.  108.39  eu.  ft. 

PROBLEM    III. 

To  determine  the  corwex  surface  of  a  rigid  prisTti. 

Bole. — Midtiply  the  pertTneter  of  the  hase  hy  the  aUit^dt 
(Geoni.,  B.  VII.,  Th.  3.) 


EXAMPLE. 

1.  What  is  tho  convex  surface  of  a  pentagonal  prism,  ■wlio*^, 
altitude  is  12  feet ;  and  eacb  side  of  whose  baee  is  2  feetJ 

Ans.  120  sq.  ft; 

2.  What  is  the  entire  surface  of  a  hexagonal  prism,  ha^'R 
n  altitude  of  7  feet,  and  each  side  of  whose  base  is  3.5  fee*' 

Note, — For  entire  surface,  the  two  bases  muat  be  included. 

PROBLEM    ly. 

To  deienmne  tlie  solidity  of  ajyriem. 

KuLE. — Midtiply  the   a/rea  of   Vie   hose  hy   the   idtitn6^*Z 
(Geom.,  B.  VII.,  Th.  11.) 


■ne 


4 


J 
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BXAICPLES. 

1.  Eeqnired  the  solidity  of  the  octagonal  prism,  the  altitude 
being  12  feet,  and  each  side  of  the  base  8  feet. 

Solution. 

By  Sec.  2,  Prob.  VL,  Eule  2, 

Area  of  base  =  4.8284271  x  64  =  309.02  sq.  ft. 
309.02  X 12  =  3708.24  cu.  ft.  =  solidity. 

2.  Required  the  solidity  of  an  heptagonal  prism,  each  side 
of  the  base  being  10  feet,  and  the  altitude  30  feet. 

3.  Kequired  the  solidity  of  an  octagonal  prism,  whose  alti- 
tude is  5  feet,  and  each  side  of  the  base  4  inches. 

pbo:blem  V. 

To  deterrrdne  the  convex  surface  of  a  frustum  of  a  regular 
Tpyra/mid. 

Rule. — Multiply  the  sum  of  the  perimjcters  of  the  hoses  hy 
om  hdf  the  slant  height  of  the  frustum.  (Geom.,  B.  VII., 
Th.18.) 

EXAMPLES. 

1.  What  is  the  convex  surface  of  a  frustum  of  a  regular 
^tagonal  pyramid ;  the  sides  of  the  bases  being  5  and  3  feet 
respectively,  and  the  slant  height  6  feet. 

Solution. 

Iiower  base  perimeter  40, 

Upper  base  perimeter  24,  64  x  |  =  192  sq.  ft. 

^»  What  is  the  convex  surface  of  a  frustum  of  a  regular 
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;  pentagonal  pyramid,  the  Biant  height  heing  12,  and  the  eidea 
i  of  the  upper  and  lower  ba&ee  5  and  7. 


PROBLEM    VI. 
To  determine  the  solidity  of  afruatwm  of  a  pyrarmd. 

Rci-E. — To  ike  sum  of  the,  areas  of  the  loses,  add  their  man 
propf^rtional ,'  multiply  the  sum  hy  one-  third  of  the  altitvdei 
the  product  will  be  the  required  solidity.  (Geom.,  B.  Til., 
Th.  16.) 

BSAMPtES. 

1.  EefjTiired  the  solidity  of  a  frustum  of  a  pentagonal  pjrfl' 
mid,  the  side  of  the  bases  being  6  and  i  feet,  and  the  altitude 
8  feet 


Solution. 

Sec.  2,  Prop.  YI.,  H.  3,  Tipper  base  =  1.720477+  x  16  =  27-&^ 
Sec.  2,  Prob.  VI.,  R.  2,  Lower  base  =  1.7204774  X  36  =  61-^ 
Their  mean  proportional  =  1.7204774  x  24  =    41-^ 

Bum  =  130-'^* 

Avs.  130.76x3  ^  392.23- 

2,  Required  the  solidity  of  a  frustum  of  an  hexagonal  pj'*"  - 
mid  -wliose  altitude  is  15  feet,  the  sides  of  the  bases  bein^? 
and  2  feet.  Atis.  506.65  cu.  ft.  nearly— 

3.  Required  the  solidity  of  a  frustum  of  a  triangular  py^*"^ 
mid  whose  altitude  is  6  feet,  the  side  of  the  baaes  being- 
and  2  feet.  Atis.  16.45  cu.  ft.  nearly- 
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PBOBLEH    YII. 

To  deterrmne  the  solidity  of  a  wedge. 

Definitions. — A  wedge  is  a  solid,  bounded  by  five  faces, 
viz. :  a  rectangle,  two  trapezoids,  forming  a  plane  angle,  and 
two  triangular  ends.  The  common  section  of  the  two  trape- 
zoids is  called  the  edge. 

The  base  is  the  rectangular  face. 

The  altitude  is  a  perpendicular  let  fall  from  the  edge  upon 
the  plane  of  the  base. 

Rule. — To  the  edge  add  twice  the  length  of  the  hase^  and 
mvltipl/y  the  sum  hy  one  sixth  the  product  of  the  altitude  and 
Ireadth  of  the  base. 

Demonstration. 

Let  AB  -  CDJEF,  be  a 
^edge.  Through  A  pass  a 
plane  parallel  to  the  plane  of 
^GDy  making  AKJET,  equal 
to  BCD.  It  is  then  clear 
fliat  the  wedge  will  be  di- 
^ded  into  two  sections ;  viz. : 
^CD—AXJETy  a  triangular 
prism,  and  A-KHEF,  a 
^nadrangular  pyramid.  If 
GZ^,  the  length  of  the  base,  be  longer  than  AB^  the  edge,  the 
"^edge  will  be  equal  to  the  sum  of  these  two  sections ;  if  CF 
^  the  shorter,  the  wedge  will  equal  their  difference. 

Kow  let  JOT,  the  altitude  =  a, 

AB,  the  edge  {r='^^  =  E, 

CF  or  ED,  length  of  base  =  Z, 

EF,  or  KH,  or  CD,  breadth  of  base  =  h ;  KF  will  then 
equal  L—E. 
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It  IB  evident  Uint  llie  prism  BVD—AEIT  is  winivalent  to 
e  liRif  II  parallclo piped,  whose  buse  is  CDUK  aud  altitnda 
!f^;  hence  we  Imve 

By  Problem  II., 

SoIidity^l-.fi'j?^/'=  \ah{L~E)  (2) 

Bnt  l{hxEy.a)  =  lahE  =  iabxZE  (3) 

r«id  lai{L-S)  =  lahL-%ahE=  iahx{2L-2E)         (i) 
Adding  vahies  for  prism  and  pyramid  as  obtained  in  (3)  and 
(4j,  and  we  Lave 

Wedge  =  'aahx{2L~-2E+3£:)  =  lah{2L+E)        (6) 
Whence  the  rule.     The  same  result  will  be  obtained  when 
EiE  greater  than  i. 

EXAUPLE8. 

1.  Kequired  the  solidity  of  a  wedge,  when  tlie  edge  is  9 
feet,  its  altitude  10  feet,  the  breadth  of  the  base  6  teet,  and 
length  of  the  same  14  feet.  Ane,  370  cu.  ft, 

2.  Tlcquired  the  solidity  of  a  wedge,  whose  edge  is  11  fcet> 
its  altitude  9  feet,  the  breadth  of  base  i,  and  length  "20  feet 

Am.  306  en.  ft. 

3.  Kequired  the  solidity  of  a  wedge,  edge  being  8,  altitude 
13,  breadth  of  base  5,  and  length  4  teet. 


PROBLEM    Tin. 

To  deter miiie  the  surface  of  a  re^idar  poli/edron. 

EciE  1. — M-ultiply  tlie  a^ea  of  one  face  by  the  rmmher  qf 


For,  each  face  is  a  regular  polygon,  whose  area  may  be  fonn^ 
irom  the  lengtli  of  one  edge;  and  the  faces  are  also  equal. 

KcLE  2. — Multiply  themirface  of  apolyedron  of  the  a 
nuinhe-p  of  faces,  whose  edge  is  imity,  hy  the  aqvare  of  t 
edge  of  the  gi/om  poly&lron.    (Geom.,  B.  II.,  Th.  22.) 
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irface  of  the  polyedron  whose  edge  is  unity  must  be 
by  Bnle  1.     For  the  convenience  of  the  stndent  in 
)f  Sule  2,  we  give  a  table  of  the  surfaces  and  their 
ns. 


TABLB. 

NAMR. 

NO.  OF 
TACVH. 

STTBFACB. 

LOnARITIIlfS. 

dron 

4 

6 

8 

12 

20 

1.73205  + 

6.00000 
3.46410+ 
20.64573- 
8.66026  + 

0.2385607 
0.7781613 
0.6395907 
1.3148302 
.0.9375307 

iron 

ron 

ledron 

Iron 

EXAMPLES. 

lat  is  the  surface  of  an  octaedron,  each  of  whose  edges 

Solution. 

7  Sec.  2,  Prob.  VI.,  Rule  2, 
of  each  face  =  0.4330127  x  4^  = 

6.9282  X  8  : 
r  Eule  2,  3.46410  x  4^  =  55.4256.      Ans. 


6.9282+ 
55.4256. 
55.4256. 


lat  is  the  surface  of  a  dodecaedron,  each  of  whose 
2.5  inches  i 


PROBLEM    IX. 


termine  the  soUdity  of  a  regiHa/r  polyedron. 

1. — MuUiply  the  surface  hy  one  third  of  theperpen- 
let  faU  from  the  centre  vpon  one  of  the  faces. 


r 


eURVEYlNG    AND    NAVIGATION. 


Demonstration. 


\ 


Bj  plaiice  passed  through  tlie  wlges  of  iJie  poljedron  and 
its  center,  tlie  solid  will  be  divided  into  a  nuinbta-  of  pyramiils  i 
■whose  bases  will  bo  the  faces  of  the  solid,  and  whose  altitude 
will  be  the  perpendicular  from  the  centre  to  those  faces.  Eiui 
of  these  pyramids  will  be  equal  (Prob.  11.)  to  its  base  intoone 
'tiiird  of  \\s  altitude ;  and  the  Bam  of  the  pyraniids,  that  is,  tlie 
polyedron,  will  equal  tlie  sum  of  tlie  bases,  that  is,  the  surface 
into  one  third  the  coininou  altitude,  whicli  is  the  perpendieii- 
lar  from  center  to  face. 

By  Hule  1,  the  solidities  of  the  rej^ular  polyedrons  having  -j 
vnityioT  each  edf^e  have  been  calculated,  atid  as  (Geoni.,  B.  Til., 
Th.  19,  Cor.  3,)  jwlyedrons  are  as  the  cubes  of  their  htuno-    ] 
logons  edges,  we  have  the  following : 

KuL.E  2.  Miiliij>ly  the  sotidity  of  ap^yedron  whose  edge «« 
uniiy^  and  which  has  the  same  number  of  fcKses,  by  the  eiM 
<lf  the  edge  of  tJie  required  pohjedron. 

For  reference  we  give  the  solidities  of  the  regular  polyedron^) 
as  determined  by  Kule  1,  with  their  logarithms,  in  the  fo\' 
lowing 


TABLE. 

NAME. 

NO.    OF 

soLiDni-. 

Tetraedron 

Hexaedron 

3 
6 

8 
13 
20 

0.11785 
1.00000 
0.47140 
7.66312 
2.18169 

1.0713344  , 
0.0000000 

Dodecaedron 

0.8844056 
0.3387940 

BXAMP 

LES. 

1,  Required  surface  and  solidity  of  a  regular  octaedron,  oti^ 
of  whose  edges  is  3  feet. 


MBNSUBATION. 


S07 


Sohdian. 

Surface  =^  3.46410  x  9  =  31.1769 
Solidity  =  0.47140  x  27  =  12.7278. 

2.  Eequired  the  Burface  and  solidity  of  a  r^nlar  dodeci^ 
edron,  each  of  whose  edges  is  5  feet. 

.         (  Surface  =  516.143  sq.  ft. 
^'    \  Solidity  =  957.89  cub.  ft. 

3.  Required  the  surface  and  solidity  of  an  icosaedron,  each 
of  whose  edges  is  7  inch^. 

.         i  Surface,    424.35  sq.  in. 
^     ISoUdity,    748.32  cu.  in. 

PROBLEM    X. 

To  determine  the  solidity  of  aprismoid, 

Definitio7i. — ^A  prismoid  is  a  solid  bounded  by  six  plane 
faces,  two  of  which  are  rectangles  and  parallel,  the  other  four 
being  trapezoids.     The  rectangles  are  the  bases  of  the  figure. 

Rule. — To  the  areas  of  the 
hses,  add  four  times  the  area  of 
« section  Tnidway  between  them  / 
multiply  the  sum,  hy  one  sixth 
^  altitude  :  the  product  wiU  he 
^  solidity  required. 

Demonstration. 

Let  ABCD-EFHK  be  a 
prismoid.  Let  a  represent  the 
'Jtitude;  I  and  J,  length  and 
"leadth  of  upper  base ;  ZandX^ 
length  and  breadth  of  lower  base, 
ff  a  plane  be  passed  through 
^H^EFy  the  prismoid  will  be   A 
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divided  into  two  wedges,  having  for  common  altitude  a, 
the  altitude  of  the  pritiiiioid,  and  lor  buses  the  upper  sod 
lower  bases  of  the  prismoid. 

By  Proh,  VII.,  we  have  the  solidity  of  these  wedges  respec- 
tively : 

Solidity  of  CD-EFRK=  \al  (2Z+X)  = 

kai^U+hZ).    (1) 

SoUdity  of -£7^— ^-SCZ>  =  Jai?(2Z+0  = 

la{iBL  +  BI)    (3) 

Therefore  adding  (1)  and  (2),  we  have 

Prismoid  =  Ja  (2jS^.+  2  M+^^+SZ)  (3) 

Let  m  and  n  be  the  length  and  breadth  of  a  section  mid- 
way between  the  bases.     Then  m=\{L-\-T),  and  »i=^(5+5)) 

mn  =  \{BZ+U+M+hZ),  and 
imn  =  {BZ+U+Bl+bi:).  {i) 

Substituting  from  (i)  into  (3),  i  «m  for  its  equal,  we  Jiave, 
Prismoid  =  la{BZ+U+i  mn).  (») 

"Whence  the  nile. 

ESAMTLES. 

1.  Eeqiiired  the  area  of  a  prismoid,  whose  bases  are  14  by 
and  10  by  5,  and  whose  altitude  is  18, 

JxlS(l4x9  +  10x5+4(12xr))  =  1536.  Ans- 

2.  What  is  the  solidity  of  a  prismoid,  wliose  bases  are  7  ^J 
and  3  by  3,  and  whose  altitude  is  3  feet  J 

Atis.  62  cubic  fee*- 

3.  Required  the  solidity  of  a  prismoid,  whose  bases  ar^ 
ty  10  and  5  by  2,  and  ■whose  altitude  is  12  feet. 


11 
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PBOBLEH   XI. 
To  determine  the  convex  surface  of  a  cone. 

. — MvUvpl/y  ike  ci/rcumference  of  the  hose  ly  one  half 
t  height.    (Geom.  B.  VII.,  Th.  20,  Cor.  2.) 

=  height,  we  have  analytically, 

Convex  surface  =  trUH. 

BXAMPLBS.  ^ 

quired  the  convex  surface  of  a  cone,  the  radius  of  the 

ng  3,  and  the  slant  height  11  feet. 

ec.  2,  Prob.  VII),  circumference=3.14:159x  6=18.84 

18.84954  xy  =  103.67.  Ana. 

2 

quired  the  convex  surface  of  a  cone,  the  radius  of 
ase  is  2,  and  slant  height  6  feet. 

quired  the  convex  surface  of  a  cone,  th©  radius  of 
ase  is  5  inches,  and  slant  h^ght  12  inches. 


PROBLEM   XII. 
To  determme  the  solidity  of  a  cone. 

. — Mvlti^phf  the  area  of  the  base  hy  one  third  of  the 
,    (Geom.  B.  VII.,  Th.  21.) 

rtically,  i{  A  =  altitude,  we  have, 

Solidity  =  InH^A. 

EXAMPLES. 

quired  the  solidity  of  a  cone  whose  altitude  is  9  feet, 
radius  of  the  base  2  feet. 


SURVEYING    AND    NAVIGATION. 


Bj  (Sec.  2,  Prob.  15.,  Rule  2),  area  of  base  =  3.1415!>x 
4  =  12.566+.  13.566x3  =  37.70.  Am. 

2.  Required  the  solidity  of  a  cone,  the  radius  of  whose  bsai 
is  5  feet,  and  altitnde  12  feet. 

3.  Required  the  Bolidity  of  a  cone,  the  radius  of  the  base 
being  3  inchcB,  and  the  altitude  8  inches. 

•         PROBLEM    XIII. 
To  determine  the  convex  surface  of  a  eyUndar. 
Rule, — M-idiipli/  Hie  circy/n}ference  of  the  haae  liy  the  aiii- 
tude.     (Geom.,  B.  VII.,  Th.  20,  Cor.  1.) 

If  A  represent  the  altitude  and  H  the  radius  of  the  base, 
•we  have  analytically, 

Convex  surface  =  ^ttRA. 

EXAMPLES. 

1.  What  is  the  convex  surface  of  a  cylinder,  the  radioal 
the  base  being  4,  and  the  altitude  10. 

'i,irRA  =  3x3.14159x4x10  =  251.3272.  Am. 

2    What  is  the  convex  surface  of  a  cylinder  whose  altitude 
IB  5  feet,  and  the  radius  of  the  base  2  feet  3 

8.  Wh?t  is  the  convex  surface  of  a  cylinder  whose  altitoj 

1  3  teet,  and  tho  diameter  of  the  base  9  inches  S 

PROBLEM    XIV. 

To  deterrtiine  ^  solidity  of  a  cylinder. 
Rule. — Multiply   the  area  of   the  hose   hy   the  < 
(Geom.,  B.  VII.,  Th.  22,  Cor.  1.) 
Expressed  analytically,  Solidity  =  TtB'A. 


HKN81TBATI0H, 


EXAMPLES. 


1.  Beqnired  the  solidity  of  a  cylinder  whose  base  baa  s 
radius  of  3  feet,  and  whose  altitude  is  10  feet. 

■nS'A  =  3.14159x9x10  =  282.7431  cu.  ft.  Ana. 

S.  Keqnired  the  Bolidity  of  a  cylinder  whose  altitade  is  8 
feet,  and  the  radios  of  the  base  5  feet. 

PROBLEM   XV. 
To  detenmne  the  convex  surface  of  the  frustum  of  a  cone, 

Iitn.E. — Multij^  the  swm  of  the  circuftrftrencea  <f  the  hasee 
hf  one  half  the  slant  height  (f  the  fniatum.  (Geom,,  B,  VII., 
Th.  20.) 

If  S  and  r  represent  the  radii  of  npper  and  lower  haaes,  and 
^the  slant  height,  we  have  analytical  expressions. 
Convex  snrface  =  nM(Jt+r), 
If  the  radii  of  the  bases  and  the  altitnde  of  the  frnstnm 
,    we  known,  the  slant  height  may  he  obtained  hy  the  following 

[      Rule. — Add  Q^e  square  of  the  altitude  to  the  square  of  the 
iiference  between  ^  radii,  and  extract  the  square  root  of  the 


Defmnstratton. 

Let  My  be  the  frnstnm,  AB  the 
»laiit  height,  AJ)  sad  £C  radii  of  the 
bases,  and  C2>  the  altitnde.  Draw  ££ 
parallel  to  CD.  Then  FD  =  BC  and 
AE  =  AB-  BC.    Also  BE  =  CD. 

Ii  right-angled  triangle  AEB, 
AB''  =BF^+AE^, 
*"■  wbetitnting  and  extracting  root 
■AB=  VCD^+{AD-BC^ 

^^lence  the  rale. 


SUBVEYINQ    AND    NAVIGATION. 


EXAMPLES. 

1.  Requirwl  tlie  convex  surface  of  a  fruetum  of  a  cone,  1 
1  of  the  basee  being  9  and   5   Indies,  and   the   altitnd* 
[S  inches. 

Soluiion. 


Slant  height  =   V9  +  (9-5/  =   V25  =  5. 
By  (Sec.  2,  Prob.  Til.), 

Circumference  upper  base  =^  3,14159  x  10  ^  31.4159 
Circumference  lower  base  =  3.14159  x  18  =  56.5486 
Sum     =  87.9645 

Multiplied  by  5  =  219.911.  A-na. 

2,  Keqhired  the  convex  eurfaee  of  a  froBtnui  of  a  cone,  the 
■')«dii  of  whose  bases  are  2  and  3  feet,  and  the  slant  height 
l«  feet. 


3.  Eequired  the  convex  surface  of  a  frnstnm  of  a  cone 
radii  of  whose  basea  are  4  and  2,  and  the  altitude  3  feet. 


the 


NoTB.— In  Probs.  XL,  Xin.,  and  XT.,  t 
IB  of  base  or  bases,  must  be  inciaded. 


I  obtain  the  eadra  surface,  the 


PHOBLBM    XTI. 

To  determine  the  aol/idity  of  a  frustum  of  a  cone. 
EtTLE. — Add  the  areas  of  the  loses  and  a  Tnean  j^roportzoTuU 
oeen  ihem  j  and  ■multiply  the  sum  hy  OTie  third  the  aliUude 
'  the  frustum.     (Geom.,  B.  VII.,  Th.  22.) 

Expressed  analytically,  A  representing  altitude,  ^^t 

Solidity  =  -lAn{S^  +  r^  +  rS).  ^M 


1.  Keqnired  the  solidity  of  a  fruatiiin  of  a  cone,  the  radii 
r  vhose  bases  are  3  and  4  feet,  and  whose  altitude  is  6  foe^ 
k.Hdity  =  jx6x  3.14159  (16+9+12)  =  232.48-.    An. 
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2.  Beqnired  the  solidity  of  a  frustam  of  a  cone,  the  radii 
^f  ^hose  bases  are  5  and  7  feet,  and  altitude  9  feet. 

3.  Required  the  solidity  of  a  frustum  of  a  cone,  the  radii 
of  whose  bases  are  10  and  13  inches,  and  whose  altitude  is 

Ifoot. 

PROBLEM    XVII. 

To  deterrmne  the  surface  of  a  sphere. 

Rule. — Multvply  the  circurnference  of  a  great  circle  hy  the 
diameter  of  the  sphere.     (Geom.,  B.  VII.,  Th.  25.) 

By  (Sec.  2,  Prob.  VII.),  the  circumference  of  a  great  circle  = 
2nli^  or  Tr2?. 

Multiply  by  2R  or  2?,  and 

Surface  =  4cnjS^^  or  nD^. 

EXAMPLES. 

1.  Required  the  surface  of  a  sphere  whose  radius  is  5  feet. 

Solution. 

3.14159  X 100  =  314.159 

2.  Required  the  surface  of  a  Bphere  whose  diameter  is  2  feet, 

Ans.  12.566. 

3.  Required  the  surface  of  a  sphere  whose  radius  is  11  feet. 

PROBLEM    XVIII. 

To  determine  the  surface  of  a  sphericaL  zone. 

KuLE. — Multiply  the  circumference  of  a  great  circle  hy  the 
altitude  of  the  zone.    (Geom.,  B.  VII.,  Th.  25,  Cor.  1.) 

If  -4  =  altitude,  we  have 

Surface  of  zone  =  ^txR'A 
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—If  the  radii  of 


IEehark 
tlie  section  forming  tlie  Kone,  be 
known,  and  the  radius  of  the 
Bphere,  the  altitude  of  the  zone 
may  easily  be  found.  In  the 
figure,  representing  section  of 
a  sphere,  AO  and  CO  =  radius 
of  sphere,  and  ^^and  CII  Bjre 
known  as  radii  respectively  of 
sections  forming  the  zone.  Then 
(Geom.,  B.  I.,    Th.  39,)     VAO 

Vvo 


-CM' 
tnde  of  zone. 


AK'  =  KO   (1),  ana 
no  (9),     Also  MO-EO  =  MK,  the  alti- 


Eeuabe  2. — If  the  arcs  of  a  great  circle  stibtended  by  tlio 
diameters  of  the  sections  as  chords  be  known,  the  altitnde 
may  also  be  found.  For  (in  figure  above),  the  area  CS,  anu 
jI^' would  be  known,  being  halves  of  the  arcs  CDsxiA  A^- 
Also  arc  AN'  =  90*^—31-0  AE.  Hence  the  angles  at  th^ 
centre  COEa.nA  AON  =x  OAK,  would  be  known. 

OCH,\a.  the  ,ff.^.  triangle  COS"  =  90° 


Also  the  i 
~COE. 


Then  in  the  triangles  COIIa.nA  AOK,  by  (Chap.  2,  Sec  ^^ 

Prop,  rri), 

BiAO  =  sin.  OAK:  OK  (1> 

R:CO=  sin.  OCR  :  OH  (2> 

As  before  OR— OK  =  RK,  the  altitude  of  the  zone.     ^H 


EX  AUPLES. 

1.  Required   the  surface  of  a  spherical  zone  on   a  sph^' 
whose  radius  is  5  feet,  and  when  tlie  radii  of  the  eeetions  Si 
4  and  3  feet. 
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Solutian. 

To  find  altitude  of  zone,  AO  or  00  =  5y  JJT^z  4,  CR=  8, 
SO  =  i^52-3«  =  4,  JSrC?  =  i/5^^=T*  =  3.  .-.  MjB:=  1=zA. 
2nJSA  =  2  X  3.14159  x  5  x  1  =  31.4159  sq.  ft.     Ans. 

2.  Cequired  the  surface  of  a  zone  of  a  sphere  whose  radios 
is  9  feet,  when  the  height  of  the  zone  is  3  feet. 

3.  Eeqnired  the  surface  of  a  zone,  on  a  sphere  whose  radius 
is.  11  feet,  where  the  arcs  of  the  segments  whose  difference 
forms  the  zone,  are  122^  and  58^. 

PROBLEM    XIX. 

To  determine  the  solidity  of  a  sphere. 

« 

BuLE. — Multiply  the  surface  of  the  sphere  hy  one  third  its 
radius.     (Geom.,  B.  VII.,  Th.  29). 

By  Prob.  XVII.,  surface  =  iirR^  or  tri?* 
Multiplying  by  \R,  or  \D,  Solidity  =  |7r5%  or  Jtri?'. 

EXAMPLES. 

1.  What  is  the  solidity  of  a  sphere  whose  radius  is  2  inchest 

Ans.  33.51. 

2.  What  is  the  solidity  of  a  sphere  whose  diameter  is  40 
inches  ? 

Ans,  33510.4  cu.  in. 

3.  What  is  the  solidity  of  a  sphere  whose  circumference  is 
24  inches  t 


SURVEYING    AND    NAVIGATION. 


PROBLEM    XX. 


1 


To  determine  the  solidity  of  a  spherical  segment. 

EuLB. — Multiply  the  sum  of  ilte  areas  of  the  hoses 
half  the  altitude  of  the  segment,  and  to  the  product  adtl  the 
tolidity  of  a  sphere  having  this  altitude  as  a  diameter.  (GJeom., 
B.  VII.,  Th.  32.) 

If  li  and  r  represent  the  radii  of  bases,  and  A  the  altitndo 
«f  the  zone,  we  have 


t^(B'  +  r'  +  iA')  (1) 

If  the  segment  hare  but  ono  base,  r  =  0,  and  (1)  becomes 


i 

ines 


EXAMPLES. 


.  Required  the  solidity  of  a  epherical  segment  whose  bases 
have  as  radii  10  and  7  inches,  and  whose  altitude  ia  3.113 
inches. 

Ans.  744.6  on.  in. 


S.  Required  the  solidity  of  a  spherical  sej^ment  whose  bi 
liare  radii  of  5  and  3  leet,  and  where  the  radius  of  the  sphere 
JeSleet. 

Rehark. — The  altitude  of  the  segmeDt  will  be  found  from  two  right- 
kugled  triangles,  of  which  radius  of  the  spliere  will  be  bjpothenuse,  and  the 
ndii  of  the  bases  a  eide  in  each.  The  sum  or  difference  of  tlie  third  sides  of 
these  triangles  will  be  the  alutude  of  the  zone,  according  as  tlte  aections  are 
of  different  sides,  or  of  the  same  sido  of  the  center  of  the  sphere. 

3,  Required  the  solidity  of  a  spherical  segment  of  one  base, 
whose  radius  is  3  teet,  the  altitude  of  the  segment  being  1.6 
feet. 
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PROBLEM    XXI, 

To  determine  the  area  of  a  spherical  triangle. 

'RxTLB^ — MuUvply  the  area  of  the  trirrectanguLar  triangle^ 
or  one-eighth  of  the  mirface  of  the  sphere^  hy  the  excess  of  the 
singles  of  the  given,  triangle  over  i/wo  right  angles^  and  divide 
the  product  by  90.    (Geom.,  Part  II.,  Sec.  1,  Prop.  16). 

If  Aj  J?,  and  <7,  represent  the  angles  of  the  given  triangle, 
Ii.A.  a  right  angle,  and  3^thetri-rectangular  triangle,  we  have 

Area  =  (AM±^-iil-?:iOr. 

90 

The  division  by  90  is  necessary  in  consequence  of  taking  a 
right  angle,  or  90°,  as  the  unit^  instead  of  1  degree.  (Gteom., 
Part  IL,  Sec  1,  Th.  15,  Cor.  2.) 

EXAMPLES. 

1.  Required  the  area  of  a  spherical  triangle  whose  angled 
are  62°,  75°,  and  102°,  on  a  sphere  whose  radius  is  9  feet. 

Solution. 

Tri-rectangular  triangle  =  ^  x  4:TrE^  =  127.234  =  T. 
{MB+C-2Ii.A.) ^  ^_62°  +  75°4-102°-180° ^.^^ ^^, 

f  §  X  127.234  =  83.47. 

Ans.  83.41. 

2.  Required  the  area  of  a  spherical  triangle  on  the  same 
sphere,  whose  angles  are  81°,  92°,  and  108°. 

3.  What  is  the  area  of  a  spherical  triangle  whose  angles  are 
70**,  55°,  and  87^,  on  a  sphere  whose  radius  is  3  leet  t 

10 


tlS  8DRVEYIN0    AND    NAVIGATION. 

PROBLEM    XXn. 

To  determine  Vie  area  of  a  spherical  polygon, 

RuLE,^ — From,  the  sum  of  the  angles  of  tJie  polygon,  me^ 
'  ^ract  twice  as  7nany  right  angles  aa  the  figure  lias  sides,  I0SS 
I  two  /  multiply  the  rsTnainder  by  the  tri-rectangular  iriangie, 
:  and  divide  h/  90.     (Geom.,  Part  IT.,  Sec.  1,  Prop.  17). 

1£  S  =  Bum  of  tbe  angles,  and  n  =  the  number  of  eidee  of 

[  the  polyg"".  A«!»  =  ■^'-('-^Jil-g^J  X  T. 


I 


I 


EXAMPLES. 

1.  Required  tho  area  of  a  Bpherical  polygon  of  6  Bides,  tbe 
Bum  of  whose  angles  is  750°,  011  a  sphere  whose  radius  is  6  fee'- 
i  surface  of  sphere  =  tri -rectangular  triangle  =  5G.5G  =  5^- 
.^-(.-2)2-g^lAy  ^  750-720  ^  ,g  ,g  ^  j3  g^     ^^^_ 

^  90  /  90 

2.  Required  the  area  of  a  apherical  polygon  of  5  sideS) 
■where  tlie  sura  of  the  angles  is  765,  on  a  Bphere  having  * 
radius  of  10  inclies, 

EEGAPITnLATION. 

For  convenience,  as  reference,  we  give  the  following  risuT^^ 
of  the  expressions  for  the  surface  and  solidity  most  cominouly 
in  use. 

Diameter  is  represented  by  D ;  radii  by  Ji  and  r ;  altitii<3® 
by  A  ;  slant  height  by  A. 

The  tri -rectangular  triangle  is  represented  by  T,  and  tl*^ 
constant  3.14159  by  tt. 


Circumference  of  circle 


=  2nB  or  TtD 
=     nRi  or  Jtr2>a 
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Arc  of  circle  =  27ri?  x  ?^ 

360^ 

Convex  surface  of  cone         =    -nR'h. 
Entire  surface  of      "  =    nJSh+nJS^. 

Solidity  of  «  =  inJB^  •  A. 

Convex  surface  of  cylinder  =  2nIi'A, 
Entire         "      "        "  =  27TliA+2nE^. 

Solidity      «      "        "  =    ttR^'A. 

Convex  surface  of  frustum    =    7rA(i?+/'). 
Entire         "       "         "  ==    nh{Ji+r)+ir{Il^+r^). 

Solidity      "       «         "  =  lnA{Ii^+r'^+Iir). 

Surface  of  sphere  =  4tnS^  or  ttD^, 

Solidity  of  sphere  =  I^tjB*  or  InD^. 

Surface  of  zone  =  2nI2  •  A. 

Solidity  of  zone  (or  segment)  =    ^(  i?*  +  r  +  _  j 
Area  of  spherical  triangle    == /:l±^^i:Mi°)r. 


I 


CHAPTER    IV. 

LAND    SURVEYING. 

SECTION    I. 

Ode  of  the  most  important  applications  of  mathematics,  for 
men  ia  all  dopaitments  of  life,  Is  Land  Surveying.     For  the 
ineasareiaent  of  tlio  areas  of  land  many  processes   may  ta 
given,  some  exceedingly  simple,  to  be  applied  to  trlangultf 
and  rectangiilar  fieldd,  and  corresponding  exactly  with  the 
plain  rules  of  mensuration ;  others  more  intricate,  and  mainly 
interesting  as  mero  malliematical   processes.     We  ehall  give 
only  the  more  practical,  explaining  several  methods,  but  dwell- 
ing mainly  on  what  is  called  the  rectangular  method  of  com- 
puting  areas,  the  method  most  generally  in  use,  and  the  oa» 
best  adapted  fur  application  in  all  cases.     Before  proceeding 
to  the  rules  the  attention  of  the  student  is  called  to  the  defini- 
tion of  terras  as  used  by  surveyors,  and  to  the  explanation  ot 
the  traverse  table.  ^^H 

DEFIIflTIONS.  ^1 

The  unit  of  measure  for  land  is  the  acre,  which  contair"" 
10  square  chains,  or  160  square  rods,  the  surveyor's  chai-'' 
being  4  rods  in  length. 

The  Magnetic  IlIerldlaD  is  the  direction  of  the  magnet  i 
needle,  or  a  North  and  South  line ;  and  a  line  perpend icidar^^* 
the  magnetic  meridian  is  called  an  East  and  West  line. 
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The  Bearini^  %t  a  Line  is  the  angle  it  makes  with  the 
magnetic  meridian,  and  is  sometimes  called  the  course.  The 
bearing  is  read  from  the  nearest  end  of  the  needle.  Thus  a 
line  that  runs  so  as  to  make  an  angle  of  40°  with  the  direction 
of  the  needle,  and  is  on  the  right  hand,  is  said  to  be  North 
40°  East;  if  it  lies  on  the  left  hand,  it  will  read  North  40° 
West. 

The  Length  of  a  line  is  the  horizontal  distance  between  its 
extreme  points. 

The  Northing  or  JSontfeing  of  a  line,  or  its  difference  of 
latitude,  is  the  distance  between  the  East  and  West  lines  that 
pass  through  its  extremities. 

The  Easting  or  Westing  of  a  line,  or  its  departure,  is  the 
distance  between  the  meridians  passing  through  its  extremities 

If  A£  represent  any  distance  whose  bear- 
ing is  the  angle  CAB^  then  will  ^(7  be  the 

difference  of  latitude,  and  jff(7the  departure 
corresponding  to  that  distance. 

The  distance  is  always  the  hypothenuse  of 
aright-angled  triangle,  of  which  the  latitude 
and  departure  are  the  other  two  sides,  and 
the  bearing  is  the  angle  opposite  the  depar- 
ture. 

Hence,  if  we  multiply  the  distance  by  the 
sine  of  the  bearing,  the  product  will  be  the 
departure. 

And  if  we  multiply  the  distance  by  the  cosine  of  the  bear- 
i'ng,  the  product  will  be  the  difference  of  latitude. 

Emmple  \.—liAB  bears  N.  22°  30'  E.,  65.27  chains,  what 
IS  the  difference  of  latitude  and  the  departure  ? 

Log.  65.27         =  1.814714 
Cosine  22°  30'  =  9.965615 

Log.  60.30         =  1.780329 
^^nee  -ilClthe  difference  of  latitude,  ia  60.30  obains  Tinrfli. 
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Log.  6.5.27  =   1.8UTU 

Sine  22'^  SU"     =  9.582S4Q 
Log.  24.98  =   1.397564 

Wlience^C,  the  departure,  is  24.08  cliains  east. 

Beampis    2.— A  line  bears  N.   75'^  45'  W.,  49.50  cliiins. 
Reijuiroil  tlie  difft-'rciuie  of  latitude  and  the  departure. 
Log.  49.50         =  1.694605 

Coaino  75°  45'  =  9.391206 


Log.  12.18  =   1.085S11 

Wlienee  the  northing  ia  12.18  chains. 

Log.  49.50  =  1.694605 

Sine  75°  45'     =  9.986427 
Log.  47.98  =  1.6S1032- 

I  "Whence  the  westing  is  47.98  chains. 

If  we  use  the  table  of  natural  sinea  and  cosines,  we  shall  g*' 


the  difference  of  latitude  and  departure  by  simple  multiplica- 
tion, as  in  the  tbllowing  examples ; 

.Scajftpfe  3.— The  bearing  of  a  certain  line  ia  K.35°  18' E'. 

distance  13  chains;  what  is  the  corresponding  latitude  ao'^ 

departure  'i 

Angle  35°  18'        N.  COS.  .81614            N.  bIq.         .57786 
Dis.  (multiplier)                         12                                       13 
Diff.lat.                              9.79368             Dep.          6.93433 

EeampU  4. — A 
74.40 ;  what  is  the 

certain  line  nins  S.  4°  50'  E.;  distan*^ 
corresponding  latitude  and  departure! 

Angle  4°  50' 
Distance 

N.  COS.  .9904                N.  sin.         .0843 
74.4                                      74.4 

39856                                    3372 
39856                                    3373 
69748                                    5901 

Lat. 

74.13216                Dep.       6.27192 
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In  this  way,  by  computing  for  various  distances,  the  latitude 
iTid  departure  for  each  degree  and  quarter  degree,  or  for  each 
E>oint  and  quarter  point  of  the  quadrant,  and  tabulating  the 
results,  we  shall  form  what  is  called  the 

TRAVERSE    TABLE. 

This  is  a  table  much  used  by  surveyors  and  navigators.  By 
means  of  it,  we  can,  with  very  little  labor,  find  the  latitude 
and  departure  of  any  distance  and  bearing  within  the  limits 
of  the  table.  Thus,  in  Example  1,  if  we  look  under  22°  30', 
we  find. 

Latitude  for  65       =  60.05 ;      Departure  for  65       =  24.87 
Latitude  for      .27  =      .25 :     Departure  for      .27  =       10 


Latitude  &r  65.27  =  60.30;     Departure  for  65.27  =  24.97 

Wlience  we  have  60.30  chains  northing, 

and  24.97  chains  easting. 

EmnypU  5.— A  line  bears  S.  43°  30'  W.,  distance  80.25 
chains.     Required  the  difference  of  latitude  and  departure. 
In  the  traverse  table,  under  the  angle  43°  30',  we  find, 

Latitude  for  80       =  58.03 
Latitude  for      .25  =      .18 


Latitude  for  80.25  =  58.21 


Departure  for  80       =  55.07 
Departure  for      .25  =      .17 

Departure  for  80.25  =  55.24 


Whence  we  have  58.21  chains  southing, 

and  55.24  chains  westing. 


Emry^  6.r-A  line  bears  K  71°  30'  W.,  distance  85.18 
^ins.    Required  the  latitude  and  departure. 
In  the  table,  over  71°  30',  we  find. 


Latitude  for  35       =  11.11 
Latitude  for      .18  =      .06 


Latitude  for  35.18  =  11.17 


Departure  for  35       =  33,19 
Departure  for      .18  =      .17 

Departure  for  35.18  =  33.36 


Whence  we  have  11.17  chains  northing. 


and  33.36  chains  westing. 
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trample  6. — A  lino  benre  S.  2S°  E.,  distance  155.27  cliains. 
Eeqiiiretl  the  latitude  and  departure. 

Ill  llie  traverse  table,  nadtsr  tlie  ac^le  2S°,  we  find 

latitude  fur  100       —    83.99  ;  Departure  fur  100       =46.95 

Latittido  for   55        =    48.56  ;  Departuro  for    55       =  2S.S3 

Latitude  for        .27  -        .24  ;  Departure  for        .27  =     .13 

'  Latitude  for  155.27  =  137.09  ;  Departure  for  155.37  =  7a.&0 

Meampl^  7.— A  line  bears  N.  4S"  30'  W.,  dlstauoe  1ST.51 
cliains.     Eequircd  ttie  correBponding  latitude  and  departure. 

,        (  Latitude      =  124.31  cJiainsN. 
'  ''*■  I  Departure  =  140.51      "      "W. 

-A  line  bears  R.  81°  "W".,  distance  76.87  diaioa. 
!  Required  tbe  corresponding  latitude  and  departure. 

^        1  Latitude      =  12.02  cliains  S. 
'  t  Departure  =  75.92      "      W. 

A  traverse  table  computed  to  two  places  of  decimals 
\  -will  answer  for  the  oi-dinary  calculations  in  land  BurvejinR- 
"Wliere  greater  accuracy  is  required,  and  especially  wliere 
the  bearinf^  does  not  agree  with  any  angle  in  the  table,  the 
latitude  and  departure  should  be  obtained  by  trigonometr j.  »* 
1  Examples  1  and  2. 


^ 


SECTION    11. 
MEASUREMENT   OF   LINES   AND   ANGLfll?! 


a  Une  with  a  cjiain. 


i 


To  measure  with  a  chain  requires  the  assistance  of  two  m^^' 

a  fore  chaiD-man  and  a  hind  cbain-man.     A  picket  or  fl,**i?' 

I  staff  should  be  set  up  in  the  direction  of  the  line  to  be  me*'*' 

I  nped.     The  fore  chain-man  tabes  ten  pins,  and  straightens  c* 


LAKD    SUBVEYINa. 

lihe  chain ;  the  hind  chain-man  pats  his  end  of  the  chain  at 
the  point  on  the  line  where  the  measurement  is  to  b^n,  and 
by  calling  right  or  left^  he  keeps  the  tore  chain-man  in  line 
direct  toward  the  flag-staff.  Wlien  the  chain  is  straight  and 
horizontal,  the  hind  chain-man  calls  dovm.  Then  the  fore 
chain-man  puts  into  the  ground  a  pin  precisely  at  his  end  of 
the  chain ;  as  soon  as  the  pin  is  securely  fixed,  he  calls  vp. 
Then  they  advance  until  the  hind  chain-man  comes  to  the  pin ; 
after  seeing  that  the  fore  chain-man  is  in  line,  the  hind  chain- 
man  brings  his  end  of  tlie  chain  carefully  to  the  pin,  and  when 
the  chain  is  straight,  he  calls  down.  The  fore  chain-man  then 
puts  in  another  pin  at  his  end  of  the  chain  and  calls  up.  The 
hind  chain-man  then  takes  up  the  pin  at  his  end  of  the  chain, 
and  they  advance  in  this  way  imtil  the  pins  are  all  down,  or 
the  end  of  the'line  is  reached. 

If  the  pins  are  all  down,  a  tally  must  be  made,  and  the  ten 
pins  again  handed  to  the  fore  chain-man,  when  he  advances  as 
before.  This  operation  must  be  repeated  until  the  line  is 
measured.  Great  care  should  be  taken  that  no  mistake  be 
made  in  the  tally,  and  that  the  links  are  correctly  counted  at 
the  end  of  the  line. 

If  the  line  to  be  measured  is  obstructed  in  any  way  so  ag  to 
t'ender  its  measurement  difficult,  offsets  may  be  made,  and 
pickets  set  up  at  equal  distances  from  the  line ;  then  the  dis- 
tance required  can  be  determined  by  measuring  a  line  in  the 
direction  of  the  pickets  or  flag-staff,  and  this  line  will  be  par- 
allel and  equal  to  the  line  required  to  be  measured. 

2.  To  find  the  hearing  of  a  line  with  the  surveyor's  compass. 

Place  the  compass  flrmly  on  its  support,  directly  over  a 
point  in  the  line  ;  set  up  a  flag-staff  at  another  distant  point 
in  the  line;  bring  the  compass  carefully  to  a  level ;  turn  the 
sigjits  accurately  to  the  flag-staff;  after  the  needle  has  settled 
to  its  position,  read  the  bearing  from  the  end  of  the  needle 
dearest  thd  direction  of  the  line.    If  the  view  along  the  line 
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is  obetmcted  so  that  the  flag-etaff  cannot  be  Been  through  the 
Bights  of  the  compass,  then  place  the  compass  at  some  meas- 
ured distance  from  the  line,  and  set  up  the  flagnstaff  at  the 
same  distance  from  the  line,  and  the  bearing  of  the  flag-staff 
will  be  the  bearing  required. 


SECTION    III. 


MEASUREMENT    OF    AREAS 


1.  To  survey  a  triangular  field. 

Measure  the  three  sides  of  the 
field  with  a  chain;  or  measure 
two  sides,  and  with  the  com])ass 
measure  the  included  angle.  Then 
compute  the  area  by  the  rules  given 
in  Mensuration. 

Example. — Let  AJBChe  a  trian-  ^ 
gnlar  field ;  measure  AB  =  24  chains,  measure  AC  =^  19.30 
chains,  and  measure  the  angle  BAC^  equal  to  42°  30'.  To 
find  the  area. 

9 

Log.  19.30      =  1.285557 
Log.  24  =  1.380211 

Sin.  42°  30'    =  9.829683 


Log.  312.932  =  2.495451 

Whence  the  double  area  in  chains  is  312.932.  Divide  by  2, 
and  wo  have  156.466,  which  is  the  area  in  chains ;  move  the 
decimal  point  one  place,  and  we  have  15.6466,  which  is  the 
area  of  the  field  in  acres  and  decimals  of  an  acre. 


LAND  SURVEYING. 


227 


2.  To  survey  afidd  in  the  form,  of  aparaUdogram, 

Ifeasure  two  adjacent  sides  and 
the   angle    included    by    them,  a 
The  area  will  be  found  by  multi- 
plying the  two  sides,  and  the  sine 
of  the  included  angle. 

Example. — Let  ABCD  be  a 
field  in  the  form  of  a  parallelo- 
gram :  the  side  AB  was  found  to 

be  46  chains ;  the  side  AD  was  found  to  be  26  chains,  and  the 
angle  at  A  was  82°.     To  find  the  area,  we  have 

Log.  46  =  1.662758 

Log.  26  =  1.414973 

Sin.  82°  =  9.995753 

Log.  1184.36  =  3.073484 

Therefore,  the  area  is  1184.36  chains. 

Or,  118.436  acres.     Ans. 


3.  To  survey  a  field  wKerefromj  one  corner  each  of  the  other 
<i07*ner8  can  he  seen. 


In  the  diagram,  B^C^Dy 
-E^  are  corners  visible  from 
tile  comer  A.  Measure 
the  lines  AB,AC,AD  and 
-^-5*,  and  take  their  bear- 

• 

itigs;  then  in  each  triangle, 
there  will  be  two  sides  and 
^e  included  angle  to  find 
the  area. 

Example.  —  Find  the 
area  firom  the  following 
tiotes : 
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AB 
AC 
AD 
Ali 

...MGl 

ma,,. 

JfilfE 

E 
S  50°  E 
S  W  E 

15 
25 
30 

18 

^ 


Wlience  tlie  Mig\e  BA  C  =  50°  ;  CAD  =  40= ;  DA 
\ii°.     To  tind  the  area  of  ABC,  we  have 

Log.  15         =  1.176091 

Log.  25         =  1.397940 

Sin.  50°       =  9.884254 

Ix^.  287.27  =  2.4582S5 
Whence  the  double  area  of  ABC  is  287.27  chains, ' 
gives  14.3635  acres  for  the  area. 
To  find  the  area  yf  CAD,  wc  have 

Log.  25         =  1.397940 

Log.  30        =  1.477121 

Sin.  40°       =  9.808067 

Log.  482.09  =  2.GS312S 

"Wlience  the  double  area  of  CAD  is  482.09  chains,  or : 
area  is  24.104  acres. 

To  find  the  area  of  DAE,  we  have 

Log.  30  =  1.477121 
Log.  18  =  1.265373 
Sin.  30°  =  9.698970 
Log.  270  ^  2.431364 
Whence  the  double  area  of  DAE  is  270  cliains,  or  tlierf 
ie  13.50  acres. 

Therefore,  the  area  of  ABC  =  14.3635 
the  area  of  A  CD  =  24.1040 
the  area  of  ADF=  13.5000 

51.9675  acres, 
whiJi  is  the  area  of  tlie  field. 


u 
(( 
(( 
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4.  To  survey  afield/ram  a  point  withmy  from  which  each 
of  the  comers  ccm  he  seen. 

Let  BCDEF  be  a  field,  E 

and  A  a  point  from  which 
all  the  comers  can  be  seen. 

Measure  from  the  point 
A  to  each  of  the  corners  of 
the  field,  and  also  measure 
the  angle  contained  by  each 
two  lines ;  then  in  each  tri- 
angle there  will  be  two 
sides,  and  the  included  angle  to  find  the  area. 

Exarrvple, — Let      AB  =  22  chains, 

AC  =  16 

AD  =  20 

AE  =  U 

AF  =  18      <* 

Let  the  angles        BAG  =  91° 

CAD  =  60° 
DAE  =  70° 
EAF  =  89° 
FAB  =  50° 

To  find  the  area  of  ABC^  we  have, 

Log.  22  =  1.342423 
Log.  15  =  1.176091 
Sin.  91°       =  9.999934 

Log.  329.95  =  2.518448 
Whence  the  double  areaof  J.5(7is  329.95  chains. 

To  find  the  area  CAD^  we  have. 

Log.  15  :=  1.176091 
Log.  20  =  1.301030 

Sin.  60°        =  9.937531 

Log.  259.81  =  2.414652 
Whence  the  double  area  of  CAD  is  259.81  chains. 
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To  find  tbt!  area  of  DAE,  we  have, 

Log.  30         =  1.301030 
Log.  14  =  1.U6128 

Sin.  T0°         =  9.9 


Log.  263.11   =  2.420144 
Whenco  the  double  area  oiDAEii  263.11  chamf 
To  find  the  area  of  EAF,  we  have, 

Log.  14  =  1.146128 

Log.  18  =  1.265273 

Sin.  89°        =  9.999934 


r  To  find  the  area  of  FAB,  we  have 

I  Log.  18  =  1.266273 

L  Log.  22  =  1.342423 

I  Ther 


Log.  261.96  =  2.401335 
Whence  the  double  area  oi  EAF  la  251.96  chaiaB. 


Sin.   60°        =  9.884264 
Log.  303.35  =  2.481950 
Whence  the  double  area  oi  FAB  is  303.35  chaiia.' 


Therefore  the  double  area  of  ABC  is  329.95 
"  CAB  "  269.81 
"  DAE"  263.11 
"  EAF "  261.96 
"      FAB  "  303.35 


2 )  1408.18 
The  area  of  BCDEF  =    70.409  aotes. 

6,  Tff  survey  afAdfrom  two  atatimia  within  it. 

Measure  the  distance  between  the  Etationg.     Then  nteae 
Kthe  angle  between  t]ie  line  joining  the  two  stations,  and 
e  from  each  station  to  each  comer  ot  the  field.     There  1 
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I  then  a  set  of  triangles,  in  each  of  which  there  will  be  one 

ie  and  all  the  angles,  f^^ -jj 

determine  the  other 
les;  after  these  sides 
e  computed,  there  will 
I  a  set  of  triangles  about 
ch  station,  in  each  of 
hich  there  will  be 
lown  the  two  sides  and 
lc  included  angle  to 
itermine  the  area ;  the  C~        ~  F 

im  of  the  areas  of  the  triangles  of  either  set  will  give  the  area 
'  the  field. 

Eacample. — In  the  diagram  let  A  and  JB  be  the  stations, 
id  (7,2?,^,i^  be  the  comers  of  the  field.  Also  suppose  AB  is 
»iind  to  be  25  chains,  and  the  angles, 

BAD=    81^20'  ABD=    60° 

BAE  =    35°  15'  ABE  =  115° 

BAE  =    35°  ABE  =  120° 

BAC  =  159°  ABC  =    11° 

lien  will  the  angles  subtended  by  the  line  joining  the  stations 
«  as  follows : 

ADB  =  38°  40^ 
AEB  =  29°  45' 
AEB  =  25°  C 
ACB  =  10°    0' 

Ve  shall  also  have  the  angles, 

DAE  ^    46°    5';  DBE  -    55°  0^ 

EAE  =    70°  15' ;  EBF  =  125°  0' 

FAC  ^  124°    0';  FBC  =  109°  0* 

CAD  =  119°  40*-  CBD  =    71^  C 


^ 

^^VH 
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In  the  IriftngleB,  we  have, 

Log.  25 
Sin.  60° 

Sin.  38°  W 
Ug.AJ) 

=    1.397940 
=    9.937531 

Log.  25 
Sin.  81°  20' 

Sin.  38°  40' 
Log.  £D 

=     1.397940 
=     9.995(113 

11.335471 
=    9.795783 

11.39a«53 
=     9.796t3S 

=     1.539738 

=     1.597220 

Log.  25 
Sin.  115° 

Sin.  29°  45' 
Log.  AE 

=    1.397940 
=     9.957270 

Log.  26 
Sin.  35°  15' 

Sin.  29°  45' 
Log.  BF 

=     I.S9r9« 
=     9.7I1188S 

11.355216 
=     9.695671 

11.159SSS 
=     9.695611 

=     1.059545 

=     1.4635S4 

Log.  25 
Sin.  120^^ 

=    1.397940 
=    9.937531 

Log.  25 
Sin.  35° 

=     1.897940    J 

Sin.  25° 
Log.  AF 

11.335471 
=     9.625943 

Bin.  25° 
U^.BF 

II       II 

1  ii 

=    1.709523 

Log.  23 
Sin.  11° 

Sin.  10° 
Log.  AC 

=     1.397940 
=    9.280599 

Log.  25 
Sin.  159° 

Sin.  10° 
Log.  ^0 

=     1.3979«] 
=     9.55432J^ 

10.678539 
=    9.239670 

10.952269 
=     9.239670 

=    1.438869 

=     1.712599 

It  is  ohvions  that  tlie  area  of  tlie  field  is  the  same  as  th. 
area  of  the  triangles  about  each  station  ;  that  is,  the  triangle 
1>A£,  EAF,  FAC,  CAD,  about  the  station  A,  form  the  are 
of  the  field.     Also,  the  triangles  DBF,  EBF,  FSC,  CM 
about  the  station  Jl  form  the  area  of  the  field.                     fl 
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To  find  the  ares  of  the  tri- 
angle DAE,  we  have, 

Lc«.  AD  -  1.539738 
Log.  AE  =  1.659545 
Sin.  DAE     =  9.857543 

Log.  1139.8    =  3.056826 

Therefore  1139.79  is  the  dou- 
ble area  DAE. 

For  the  triangle  EAE,  we 
have, 

Log.  AE  =  1.659545 
Log.  AE  =  1.709523 
Sin,  70°  15'    =  9.973671 

Log.  2201.6    =  3.342739 

Therefore  the  douhle  area 
of  ^^i^'is  2201.6  chains. 

For  the  triangle  EAC,we 
Lave, 

Log,  AE  =  1.709523 
Log.  AG  =  1.438869 
Sin.  EAG      =  9.918574 

Log.  1166.72  =  3.066966 

Therefore  the  donhle  area 
of  EACii  1166.72  chains. 

For  the  triangle  GAD,  we 
have. 

Log.  AG  =  1.438869 

Log.  AD  =  1.539738 

Sin.  GAD  =  9.938980 

Log.  827.15  =  2.917587 

Therefore  the  double  area 
of  GAD  is  827.15  chains. 


For  the  triangle  DUE,  we 
have, 

Log,  BD  =  1.597220 
Log.  BE  =  1.463554 
Sin.  55°  =  9.913365 

Lc^.  942.19    =  2.974139 

Therefore  the  double  area 
of  2)i?^  is  942.19. 

For  the  triangle  EBE,  we 
have. 

Log.  BE  =  1.463554 
Log.  BE  =  1.530583 
Sin.  125'         =  9,913365 

Log.  808.17    =  2.907502 

Therefore  the  double  area  of 
,Effi^is  808.17  chains. 

For  the  triangle  EBG,  we 
have. 

Log.  BE  =  L530583 
Log.  BG       =  1.712599 


Sin.  109' 


=  9.975670 


Log.  1655.2    =  3.218852 

Therefore  the  Rouble  area  of 
i?'i?Ci8  1655.21  chains. 

For  the  triaqgle  GBD,  we 
have, 

Log.  GB  =  1.712599 
Log.  BD  =  1.597220 
Sin.  71°  =  9.975670 

Log.  1929,7    =  3.285489 

Therefore  the  double  area 
of  GBD  is  1929.7  chains. 
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Ilcacc,  the  triangles  alioiit  the  station  A  give 

DAH:  =  1139.79 

FAF  =  2201.6 

FAC  =  1166.73 

CAD  =    827.15 
2 )  5335.26 

266,763  acres,  the  area  oft 
Tlie  triangles  about  the  station  B  give 

DBF  =    94-2.19 

FBF  =    808.17 

FBC  -  1655.21 

CBI)  =  1929.70 


2  )  5335.27 

266.763  acres, 
the  area  of  the  field,  whicli  agrees  with  the  above. 

6,  To  swrvey  afiddfrom,  two  stations  without  t/ie  Jidi. 

Measure    the   distance 

between  the  two  stations. 
Talce  tlie  bearing  of  each 
DOrner  of  the  field  fivara 
kch  of  the  stations,  and 
ftleo  the  bearing  of  one 
■tation  from  the  other. 
Then  there  will  be  a  set 
triangles  in  each  of 
ffbich  there  will  be 
n  one  side,  and  all 
ihe  angles,  to  determine  the  other  sides— then  there  will  be  a 
let  of  triangles  for  each  station,  in  which  triangles  there  will 
)e  known  two  sides,  and  tlie  included  angle  of  each,  to  drf 
mine  the  area. 
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ExGrnypU. — ^Let  CDEF  be  a  field,  and  A  and  B  two  sta- 
li^^  without  it.    Measure  A£^  and  suppose  it  be  found  20 
;iiai,2s,  and  suppose  the  angles  are  found  as  below, 


£AC=  88° 

ABC  =z 

36° 

BAn=  70° 

ABD  = 

54° 

BAE=A3P 

ABE  = 

68° 

BAF  =  53° 

ABF  = 

44° 

ThCi.!  we  shall  have 

•  CAD  =  18" 

CBD  = 

18° 

DA  E=  27° 

DBE  = 

14° 

EAF=  10° 

EBF  = 

24° 

FAC  =  35° 

FBC  = 

8° 

"We  have  also  the  angles 

• 

ACB  - 

66° 

ADB  = 

56° 

AF.B  = 

69° 

AFB  = 

83° 

TThen  to  find  AC  and  BC,  we 

have 

Log.  20    =    1.301030 

Log,  20    = 

;    1.301080 

Sin.  36°  =:    9.769219 

Sin.  88°  = 

:    9.999736 

11.070249 

11.300765 

Sin.  56°  =    9.918574 

Sin.  56°  = 
Log.  BC  = 

9.918574 

Log.  AC  =    1.151675 

1.382191 

To  find  AD  and  BD,  we  have 

5 

Log.  20    =    1.301030 

Log.  20  = 

1.801030 

Sin.  54°  =    9.907958 

Sin.  70°  = 

9.972986 

11.208988 

11.274016 

Sin.  66°  =    9.918574 

Sin.  56°  = 
Log.^i?= 

9.918574 

Lojr.^i>=    1.290414 

1.855442 
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TofindX£"andB^,  we 
Lop.  20    =     1.301030 
Sin.  tlS"  =    ».!K57166 


L<^.  20    =    1.301 
Siu.  43°  =    9.83378S  .^ 


11.2681% 

11.134613       ' 

Sin.  09°  =    9.9-015-2 

Sin.  69°  =     9.970153 
Log.BE=     1:164661    ■ 

Log.jl.e=     1.296014 

ToBniAFm,dJ}F,v.eU^e                                           f 

log.  20    =    1.301030 

Log.  20     =     1.301030 

Sin.  44°  =    9.841771 

Sin.   53°  =    9.902349 

11.142801 

11.203379    _ 

Sin.  83°  =    9.998761 

Sin.  83°  =     9.9967S1  J 

Log.AF=    1.146050 

Log  BE=    1.206638' B 

We  now  have  the  logarithm 

of  the  sides  of  tho  severil^ 

angles  at  each  station. 

1 

To  find  the  area  of  the  tri- 

To find  the  area  of  OBZ^ 

angle  A  CD,  we  have 

we  have 

Log.  ^(7     =1.151675 

Log  BC    =  1.382191 

Log.  AD    =  1.290414 

Log.  BD   =  1.355443 

Sin.  CAD  =  9.489982 

Sin.  18°      =  9.489983 

Log.  85.52  =  1.932071 

I*g  168.89  =2.227613 

Theretbre  the  double  area  of 

Therefore  the  double  area  ol 

CAD  i»  85.52  chains. 

CBD  a  108.9  chains. 

To  find  the  area  DAE,  we 

To  find  the  area  of  DSE 

have, 

W6  have, 

Log.  AD    =  1.290414 

Log.  BD    =  1.3554dl 

Log.  AE    =  1.298044 

Leg.  BB    =.  1.164«fl 

Sin.  27°      =  9.657047 

Sin.  14°       =  9.3836^ 

L(^.  176      =  2.245505 

Tlierefore  the  double  area  of 
/>^.£'i8lT6  chains. 


Log.  80.13   =  1.9( 

Therefore  the  double  a 
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To  find  the  area  of  EAF^ 
^we  have, 

Log.  AJE  =  1.298044: 
Log.  AF  =  1.146060 
Sin.  10°      =  9.239670 

Log.  48.28  =  1.683764 

Therefore  the  double  area,  of 
EAFis  4:8.28  chains. 

To  find  the  area. of  FAO, 
we  have, 

Log.  AF  =  1.146050 
Log.  AC  =  1.151675 
Sin.  35°       =9.758591 

Log.  113.85  =  2.056ai6 

Therefore  the  double  area  of 
7^-4(718  113.86  chains. 


To  find  the. area  of  EBF» 
we  have, 

Log.  BF  =  1.164661 
Log.  BF  =  1.206628 
Sin.  24°      =  9.609313 


Log.95.63   =  1.980602 

Therefore  the  double  area  of 
^J?i^i8  95.63    chains. 

To  find  the  area  of  FBC, 
we  have, 

Log.  BF  =  1.206628 
Log.  BC  =  1.382191 
Sin.  8°         =  9.143655 


Log.54        =  1.732374 

Therefore  the  double  area  of 
FBO  is  54  ohaina. 


It  is  obvious  that  if  from  the  sum  of  the  areas  of  the  trian- 
gles CAB  and  DAE^  we  subtract  the  sum  of  the  areas  of  the 
triangles  EAF  and  FA  O^  we  shall  have  the  area  of  the  field. 
Also,  if  from  the  sum  of  the  areas  of  the  triangles  OBD  and 
J)BE^  we  subtract  the  sum  of  the  triangles  EBF  9xA  FBC^ 
we  shall  also  have  the  area  of  the  field. 

Therefore,  since  the  double  area  of 

CAD  =     85.52 
DAE  =z  176.00 

261.52 

EAF  =     48.28 
FAC  =  113.85 


162.13 


2  )  99.39  chainsu 
Area  of  the  field  =  4.9695  acres. 
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r    Again,  the  double  area  of 

\T„ 

CBD  =   18S.89 

fcn» 

L                                  DBE  =     80.13 

■                                                   249.09 

■                            EBF  =     95.63 

^^K                  FBC  =    51.00 

^^B 

^^^^    ■                               2)99.39 

chains. 

49.695 

acres. 

p 

the  area  of  the  field  as  before. 

t 

lE:h 

SECTION    IV. 
RECTANGULAR    SURVEYING. 

1.  To  aurvet/  afield  with  a  chain  and  compass. 

Begin  at  any  convenient  corner  of  the  field  to  be  Burvey^' 
take  the  bearing  of  the  first  aide  with  the  compass,  and  ert*^^ 
it  in  degrees  and  minutes  in  a  note  hook  as  the  first  coaf^' 
measure  the  length  of  the  side  with  tlie  chain,  and  enter  ic 
chains  and  decimals,  or  in  cliains  and  hnks,  in  the  note  bc^ 
opposite  the  first  course.  Then  keeping  the  field  on  the  ri^ 
hand,  proceed  to  tiie  second  side,  take  its  hearing  and  me^^*""^ 
ure  its  length,  which  measurements  enter  in  the  note  hoo^^^^ ' 
and  so  proceed  imtil  each  side  of  the  field  has  been  measur^^  ' 
The  entries  made  in  the  note  hook  arecalled  field-notes.  A*^' 
mark  which  may  distinguiBli  either  a  side  or  a  corner  of  t^^ 
field  should  be  carefully  entered  in  its  propei"  place  in  tS^ 
note  book,  since  it  is  from  these  iiotes  that  the  area  must  t^ 
determined,  the  diagram  drawu,  and  tlie  survey  bill  writtfe^^ 
out. 


,-)^ 
^\il 
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ii/nd  ike  wreaof  a  fidd  whose  sides  ha/oe  heenmec^ 


e  we  have  the  following  field  notes : 


1 

N.  23°  E. 

17      chains. 

2 

N.  83°  E. 

11           « 

3 

S.  14°  E. 

23  •         " 

4 

K  77°  W. 

23.73      « 

diaffram  let  ABCD  re-    N 
he  field  whose  measure-    S 
?^e  been  taken.  Through 
\  north  and  south  line 
I  B^  0  and  D  draw  the 
julars  BF,  CG  and  BE. 
ious  that   if  from  the 
CDEG  we  take  the      ^ 
MJ?,  the  triangle  ^^^  ^f 
:rapezoid  FBCG^  there 
in  the  field  ABGB.         E 
ake  from  the  traverse    ^ 
latitude  and  departure  for  each  course  and  distance, 
ge  all  as  in  the  following  tablet. 


)E. 

N. 

S. 

E. 

W. 

MERIDIAN 
DIST. 

DOUBLE 
MERID.   DIST. 

N.   A. 

8.   A. 

E. 

17 

15.65 

6.64 

6.64 

6.64 

103.9160 

B. 

11 

1.34 

10.92 

n.56 

24.20 

32.4280 

K 

23 

22.32 

5.56 

23.12 

40.68 

907.9776 

w: 

23.73 

5.33 

23.12 

0 

23.12 

123.2296 

259.5736 

907.9776 

259.5736 

Double  area  in  chains  =  2 )  648.4040 
Aiea  in  acres 


=       32.420S0 
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^H      In  tliG  tablet  ve  tee  tliat  AF=  15.05,  BM  =  1.3i,  CI 
^B  S2.32,  aiid  EA  =  5.33 ;  also  FJi  =  C.G4,  i/t '=10.92,  DI 
^Bfi.56,  and  DL'  =  23.12.    In  tlio  riglit  culuiiiu,  tho  tinit  number 
^B  6.t>4  is  £F;  tlm  >,et:c>nd  number  17.56  is  C'G,  IVmnd  by  adding 
^B  F£  and  7/6';  tlio  tkird  number  23.13  is  DE,  found  by  adding 
^f  C^  and  J)l.      The  ninth  <«Iumn  contains  multipliers,  found 
by  adding  the  numbers  of  the  eighth  column.    The  tiret  num- 
ber 6.64  is  FB ;  the  second  number  24,20  is  the  sum  of  FB 
snd  CG;  the  third  number  is  the  sum  of  CG  and  DF;  the 
fourth  number  is  DF.     The  first  number  in  the  tenth  column 
is  the  double  area  of  the  triangle  ABF;  the  second  number 

»is  the  double  area  of  the  trapezoid  FBC'G',  the  third  number 
IB  the  double  area  of  the  triangle  AED.  The  number  in  the 
eleventh  column  is  the  double  area  of  the  trapezoid  CDEG. 
If  we  subtract  the  sura  of  the  numbers  in  the  tenth  column 
from  that  of  the  eleventh,  we  shall  find  G48.4fl40,  which  is  the 
double  area  oi  ABOD  in  square  chains.  If  we  divide  by  2, 
and  move  the  decimal  point  one  place  to  the  left,  we  shall  get 
32.4202  acres  for  the  area  of  the  field. 

From  the  above  example,  we  give  the  following  sunimarj 
r  fijp  finding  the  area  of  any  field. 

EoLB.— 1.    Prepare   a  table  headed  aa   in   the   example, 

VKfrndy,  Bearings,  Distance,  Norths,  South,  East,  West,  Meri- 

1  diaUiTUie,  Double  tner-idian  distance  North  areas,  Soutlt 


2.  Begin  at  the  most  western  point  of  the  field,  and  conceivt 


I,  hy  tlte  traverse  table  or  hij  trigonometry,  the  northhigs, 
•uthinffs,  eaatingSf  and  westings  of  the  several  sides  <yf  tJie 
I,  and  set  them  in  the  taMe  opposite  their  respective  sta- 
I,  under  their  proper  letters,  jV".,  S.,  F.,  or  W. 

.  For  the  first  meridian  distance  tahe  the  depwrture  of  the 
rst  line  /  for  the  second,  take  tlie  first  meridian  distance  and 
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add  to  it  the  depa/rture  of  ike  second  Ime^  if  ilie  departure  is 
east^  or  snitract  ifwesty  (&c. 

4.  Add  each  two  adja^cent  meridia7i  distances^  and  set  their 
sum  opposite  the  last  of  the  two  in  the  column  of  double 
meridiaah  distances. 

5.  MuUiply  ea^h  double  meridian  distance  hy  the  latit/ude 
to  which  it  is  opposite^  and  set  the  product  in  the  colum,n  of 
N.  areas  if  the  latitude  is  north^  and  in  that  of  8,  a/reas  if 
the  latitude  is  south. 

6.  8abtract  the  su/m  of  tlie  N,  areas  from  that  of  the  S. 
areas,  and  take  half  the  remainder,  which  will  he  the  area  of 
the  field  in  square  chains.   Dividing  this  hy  10  gives  the  a^cres. 

Example. — ^It  is  required  to  find  the  area  of  the  field 
ABCDEF  from  the  following  notes. 


1 

AB 

N.  20°  E. 

=  It. 87  chains. 

2 

BG 

N.  30°  E. 

=    8.40       " 

3 

CD 

East 

—     6.32       ** 

4 

DE 

S.   10°  E. 

=  19.20       " 

5 

EF 

S.  40°  W. 

=  16.80       " 

6 

FA 

N.  50°  W. 

=  12.00       « 

Take  from  the  traverse  table  the 
latitude  and  departure  for  each  side 
of  the  field,  and  arrange  them  as  in    j^ 
the  following  tablet.  g 


842 
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BEUUSa 

i 

X. 

8. 

B. 

w. 

9« 

DOUBLK 
MERIT).   DI8T. 

K.  A. 

8.  A. 

N.  20''  R 

11.81 

16.19 

6.13 

6.13 

6.13 

102.9221 

a  N.  30°  E. 

8.40 

1.28 

4.20 

10.33 

16.46 

119.8288 

3 

K 

6.32 

6.32 

16.66 

26.98 

4 

S.  10"  E. 

19.20 

18.91 

3.33 

19.98 

36.63 

69161S 

6 

a  40''  W. 

16.80 

12.81 

10.19 

9.19 

29.11 

ZUM 

6 

N.  60°  W. 

12.00     1.11 

9.19 

0 

9.19 

10.8649 

293.6064 

1068.091' 

mM 

Latitudes. 

AO  =  16.79 
BG  =  7.28 
Dir  =  18.91 

KF  -  12.87 
LA  =    7.71 

Meridian  Distances* 

BO  =  6.13 
CP  =  10.33 
i>P  =  16.65 
FM  =  19.98 
FZ  =    9.19 


114.4841 

38.1W* 

agrani,  we  find 

Oepartores. 

0B=    6.13 

<?(7  =    4.20 

CD  -    6.32 

Fff-    3.33 

^X  =  10.79 

FZ  -    9.19 

Double  Meridian  Distance^ 

BO  =    6.13 

BO  +  CP  =  16.46 
CP-VCD  =  26.98 
PP+EM  =  36.63 
EM^FL  =  29.17 
i^Z  =    9.19 

From  the  tentli  colnmn,  we  find 

That  the  double  area  oi  AOB     =  102.9227  chains, 
"  "  "       OBCP  =  119.8288 

"  «  «       AZF    =    70.8549 


i( 


293.6064 
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the  eleyenth  column, 

the  double  area  of  PDEM  =  692.6733  chainB, 

MEFL  =375.4179 


a 


iC 


u 


1068.0912 
jfore,  we  have  the  double  area  of 

PDEFL     =  1068.0912  chaing, 
ioubleareaof    PCBAFL=    298.6064 

•acting,  we  get  774.4848 

\  the  double  area  oiABCDEF^  and  dividing  by  2  and 
N^  get  the  area  38.72424  acres. 

%jple. — Eequired  the  area  of  a  field  from  tlie  following 


1. 

N.33°30'E. 

—  35.30  chains, 

2. 

N.  76°      E. 

=  16.00      " 

3. 

S. 

=    9.00      « 

4 

S.  10°      W. 

=  11.29       « 

5. 

S.  75°      W. 

=  13.70      " 

6. 

S.  20°  sew. 

=  10.30      « 

7.. 

W. 

=  16.20      « 

IXG. 

DIET. 

H. 

B. 

X. 

w. 

ft    H 

• 

R.  ▲• 

B.  ▲. 

BCK 

35.30 

29.44 

19.49 

19.49 

19.49 

573.7856 

« 

E. 

16.00 

3.87 

15.52 

35.01 

54.50 

210.9150 

L 

9.00 

9.00 

35.01 

70.02 

630.1800 

W. 

11.29 

11.12 

1.97 

33.04 

68.05 

766.7160 

W. 

13.t0 

3.54 

13.24 

19.80 

52.84 

187.0536 

3(VW. 

10.30 

9.65 

3.60 

16.20 

36.00 

34T.4000 

1, 

16.20 

16.20 

0.0 

16.20 

784.7006 

1921.3496 

784.7006 

Area  in  acres 


1136.6490 

56.aau^ 


'A  SURVEYING    AND    NATIGATION. 

EX  AUFLE8. 

Required  tlie  areuaof  tlie  fields  wlioseeides  and  bearinj 
given  in  tlie  lullowing  tatlets. 

(2.) 
(1) 


S. 

N.  87"  W. 
N.4"13'E. 
S.27"15'E. 


27.00 
14.00 
46.93 
28.00 


.4ni.  47  at're& 


(3.) 


S.  80"  E. 
S.  69"  E. 
S.  15°  45'  W. 
N.66"45'W. 
N.49°24''W. 


3.45 
88.19 
16.00 

3.16 

42.20 


Ans.  34.35  acres. 


»u».™. 

™.» 

1 

1 

2 
3 
4 
5 

N,  20°30'E. 
S.  79"  46'  E. 
S.  27°  30"  W. 
N.  e3°15'W. 
N.  15"30'W. 

11.(6     1 
20.30      1 
18.»0      1 
16.S(i      1 

2.0!      1 

(*•) 

•.„™,. 

-\ 

1 
2 
3 
4 
5 
6 

S.  31"        W. 
N.70"45'W. 
B.  41°  45'-W 
N.  03"       W. 
N.S7°15'E. 
S.  49"  26'  E. 

8.70 
20.76 

43:" 

(5-) 

,.™.i 

c.™ 

1 

2- 
3 
4 

N.29"50'W. 
N.62°45'E. 
8.  36"       E. 
8.  45°  30' W. 

10.61 
9.25 
7.60 

10.40 

Ans.  73.849  acres. 


(6.) 


«■«»<,.. 

1 

N.45°E. 

40s 

s 

S.  30°  W. 

3 

S.  5°   E. 

36, 

4 

W. 

'«! 

5 

K.20°E. 

SI 
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■        (7.) 

usABiKaa 

ORAINS. 

1 

2 
3 

4 
5 

K  58°      E. 
S.  84°       E. 
S.  17°       W. 

W. 
N.42°19'W. 

19.00 
20.00 
20.00 
20.00 
15.07 

(8.) 


1 

BBABINOS. 

CBAIN& 

S.46°30'E. 

20.00 

2 

S.51°45'W. 

16.29 

3 

W. 

21.25 

4 

N.  56°     W. 

27.60 

5 

/T^.33°15'E. 

18.80 

6 

l^  S.  77°  13'  E. 

32.92 

Ans.  54.95  acres. 


Ans.  112.90  acres. 


\' 


•  ta 


3.  To  lalance  the  wcyrJc  when  the  survey  is  slightly  incor- 
rect. 

If  the  field  notes  have  been  accurately  taken,  and  the  lati- 
tudes and  departures  accurately  computed,  the  sum  of  the  north- 
ings will  equal  the  sum  of  the  southings,  and  the  sum  of  the  east- 
11}^  will  equal  the  sum  of  the  westings.  This  is  a  good  test  of 
the  accuracy  of  the  work.  If  the  northings  do  not  equal  tlie 
Bonthings,  the  difference  is  called  the  en-or  in  latitude ;  and  if 
"le  ea§tings  do  not  equal  the  westings,  the  difference  is  called 
the  error  in  departure..  When  these  errors  are  small  they  maj'^ 
D6  distributed  by  the  proportion : 

-4.«  the  sum  of  the  sides  of  tlie  field  is  to  the  error  in  latitude 
^  departure^  so  is  each  side  to  the  correction  belonging  to 
'9^t  side. 

In  most  cases  the  latitudes  or  the  departures  may  be  made 
®l^al  by  taking  half  the  error  from  the  numbers  in  that  col- 
'^n  which  gave  the  greater  sum,  and  adding  half  the  error 
^  the  numbers  in  the  column  which  gave  the  smaller  sum ; 
*^d  the  area  computed  from  the  corrected  latitudes  and 
"^artures  will  be  near  the  truth. 

'When  any  of  the  sides  are  more  difficult  to  be  measured 
accurately  than  others,  the  surveyor  must  use  his  judgment  in 
4^j^g  the  corrections. 


•  ■ 
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EeampU. — Iteijuired  tJie  area  of  a  piece  of  land,  fiiv\k 
I  the  following  are  \\\e  jteld-notes. 


BUBINO& 

CBAIH& 

1 
i 

3 

4 

N.  40°  E. 
S.  50"  E. 
S.  40=  W. 
K.16i°W. 

20.00 
30.00 
40.00 
36.05 

From  tlte  traverse  table,  we  find  the  following  tablet. 


....... 

..^^. 

DBPABTCMa 

X. 

. 

E. 

w- 

1 

3 
3 
4 

N.  40°  E. 
S.  50"  E. 
S.  40=  W. 

20.00 
30.00 
40.00 
36.05 

15.32 
34.61 

19.28 
80.64 

12.86 

22.98 

25.71 

10.08 

126.05 

49.93 

49.92 

35.84 

35.79 

The  error  in  the  latitudes  is  one  link,  and  the  error  in  tM 
departure  is  5  links.  As  these  are  small  errors,  thej  msyf* 
60  distributed  as  to  uiake  tlio  latitudes  and  the  deparlnrea 
balance  by  tlie  following  Kule. 

As  the  sum  of  alZ  tlte  sid^s  is  to  the  error  in  laiitvde  iv 
departure,  so  is  each  aide  to  the  correction  for  thai  side. 

Thus,  we  have  the  following  proportions : 


126.05 
departure. 
126.05  ; 
126.05  ; 
126.05 


5  :  :  20  :  1,   the   correction  for  the  first  side  ' 


:  30  :  1,  for  the  second  side. 
:  40  :  2,       "       thii-d  side. 
:  36,05  :  1,  for  the  fourth  side. 


In  this  example,  the  < 


liititude  being  only  one  iJnP' 
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may  lie  applied  to  the  sonthing  of  the  third  eide,  or  tbe- 
>rthing  of  tlie  fourth  aide. 

And  as  the  eastings  are  greater  than  tlio  westings,  the  cor- 
iction  for  the  first  and  second  sides  must  be  subtracted,  aad 
lose  for  the  third  and  fourth  sides  mnst  be  added. 

The  corrected  latitudes  and  departures  are  as  follows : 


.^^ 

CHinre. 

J,, 

•■ 

■- 

- 

x.». 

S.  1. 

! 

i 

».40=   E. 
3.  B0=   E, 
S.  40'   W. 

20.00 
30.00 
40.00 

lE.32 
34.61 

is.as 

30.65 

12.85 

25,73 
10.09 

E(5.B2 
i0.09 
0.0 

12.85 
48.07 
45.91 
10.09 

196.8020 
340.2149 

038.3S76 
1407.1415 

546.0769 

2346.4091 
646.0709 

Hience  the  area  ia  89.97  acree. 


It  ie  not  always  necessary  to  work  ont  a  proportion  for  each 
>rTection.  The  latitudes  and  departures  may  be  balanced  by 
ibtracting  half  the  error  from  the  numbers  in  that  column 
hich  gives  the  greater  sum,  and  adding  half  the  error  to  the 
Umbers  in  the  lesser  column. 

In  this  method,  we  usually  distribute  the  half  error  in  pro- 
>t'tion  to  the  latitudes  or  departures.  The  surveyor  should 
BO  use  his  judgment  in  applying  the  corrections  to  those 
des  difficult  to  be  measured  accurately,  so  as  to  make  greater 
>rrections  where  errors  are  most  likely  to  arise. 

Again,  the  errors  may  be  supposed  to  arise  in  part  from 
■correct  measurement  of  the  angles,  in  taking  the  bearings, 
-nd  it  should  be  borne  in  mind  that  when  the  angle  is  small, 
le  error  in  its  measurement  will  affect  the  departure  mainly  j 
nt  when  the  angle  is  large,  the  error  will  be  chiefly  felt  in 


Zn  the  following  examples  correct  the  latitndcs  and  i 
tnrec,  uid  eatnputc  tlie  areas. 


(I.) 


b 


SUBVETIua    AND    NAVIOATIOS. 


EZAUFIiBS 


1  S.  10"        W. 

3  N.71°       W. 

3  N.  37°  45'  E. 

4  S.  78*       E. 


30.50 
3&.00 
13.50 


(20 

■ 

BBABUIS& 

««fl 

1 

2 
3 

4 

N.  12°  45'  E. 
S.  71°  55'  E. 
S.  34°        E. 
S.  66°  15  W. 

1 

Aiu. ; 


(3.) 


(<■) 


BBinKsa. 

c„„» 

.=..,„ 

cnioafl 

1 
s 

3 

4 
5 

N.  20°  E. 

E. 
S.  10°  E. 
S.  50°  W. 
N.  30°  W. 

15.00 
10.10 
20.00 
13.50 
16.-10 

1 
2 
3 

4 

S.  32°  W. 
N.  62°  W. 

N. 62°  E. 
S.  30°  E. 

?i 

V 

Am.  35.42 

»cre3. 

Ana.  19.5  acr^     ■ 

4,  To  jind  the  hearing  and  length  of  a  side  thai  has  v 
riitted  in  tfw  survey,  and  to  comjyute  the  area. 

If  for  special  reasons  the  surveyor  leaves  one  side  of  a  fi*'^^ 
lUiTneasiircd,  tlie  difference  between  the  northings  and  soU* 
Ings  of  the  iiieasured  sides  will  give  the  latitude  of  tlie  t*^ 

leasurcd  side,  and  the  difference  between  the  eastings  »*^. 

'estinga  of  tlie  ineasnred  sides  will  give  tlie  departure  of  t 
■mmBasured  side ;  and  from  these  we  can  get  the  area  of  1 
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field;  also,  the  length  and  bearing  of  the  unmeasured  side,  as 
in  the  following  example. 


».     • 


1 

2 
3 
4 
5 
6 

BEARINQa 

CHAINS- 

S.  40°  30'  E. 
N.  54°     E. 
N.29°15'E. 
N.28°45'E. 
N.  57°     W. 

•  •  •  . 

SI. 80 

2.08 

2.21 

35.35 

21.10 

•  •  •  . 

Ans.  92.87  acres  nearly. 

In  the  above  example  the  sixth  side  is  unmeasured.  To 
find  the  area,  take  from  the  traverse  table  the  latitudes,  and 
<lepartures  of  the  five  measured  sides,  and  arrange  them  as 
below. 


BKABIMOS. 

• 

a 

i 

A 

N, 

B. 

X. 

w. 

M 

n 

N.   ABSA. 

B.    ABKA. 

1 

a  40°  30'  B. 

31.80 

24.18 

20.65 

20.65 

20.65 

499.3170 

2 

N.  54°      E. 

2.08 

1.22 

1.68 

22.33 

42.98 

52.4356 

3 

5ir.29°16'E. 

2.21 

1.92 

1.08 

23.41 

45.74 

87.8208 

4 

>f.28°45'E. 

35.35 

31.00 

17.00 

40.41 

63.82 

1978.4200 

5 

N.  57°      W. 

21.10 

11.49 

17.69 

22.72 

63.13 

726.3637 

6 

21.45 

22.72 

0.0 

72.72 

487.3440 

2844.0401 

986.6610 

986.6610 

2)1857.3791 

92.86895  acres. 


Ih  the  tablet  we  find  that  the  northings  exceed  the  southings 
ty  21.45  chains ;  this  we  place  in  the  column  of  southings,  as 
^^  southing  of  the  unmeasured  side.  We  also  find  that  the 
stings  exceed  the  westings  by  22.72  chains ;  this  we  place  in 


SUltVKYINO    AND    NAVIGATION. 


column  of  westitifp,  oB  the  westing  of  the  nnmeasnred 
.  With  these  numbers  llie  area  is  computed  as  in  pre- 
ling  examples.     To  find  the   beiiring  of  the  unmeasurai 


red       I 


Log.  22.72 
Log.  21.46 


[de, 

1.356408 

LS31427 

Tan.  46°  39'  =  10.034981 

rhonce  the  bearing  is  S.  46°  39'  W. 

To  lind  the  distance 

Log.  22.72     =  1.356408 
Sin.  46°  39'  =  9.861638 
Log.  31.24    =  1.494770 
Thence  the  iiiinieasured  side  is  31.34  chains. 


In  the  following  notes  the  sixth  side  is  umneasiired.    I*    ■"■ 
I^nired  the  area  of  the  field : 


„™« 

0.™ 

1 

2 
3 
i 
5 
6 

S.   86°         W. 
N.  53°  30'  W. 
N.  36°  30'  E. 
K  22°         E. 
S.   16°  30'  E. 

11.60 
11.60 
19.20 
14.00 
13.00 

Ans.  55.08  ac 

The  bearing  of  the  unmeasured  side  is  S.  13°  18'  W.,  *** 
Its  length  is  33.38  chains. 

In  the  two  following  examples  which  are  parts  of  the  sa**^ 
act,  the  8th  side  is  common,  and  was  nut  measured.     I^^ 

^ired,  the  area  of  each  part,  also  tlie  bearing  and  length  J 

the  unmeasured  side. 
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EXAMPLE. 


EXAMPLE 


1 

BIABIHa& 

OHAim. 

N. 

85°    W. 

7.65 

2 

N. 

26°i   E. 

27.65 

3 

S. 

87°     E. 

29.99 

4 

S. 

3°     W. 

26.80 

5 

S. 

85°     E. 

9.28 

6 

s. 

6°     W. 

11.61 

7 

N. 

85°     W. 

19.37 

8 

•  •  •  • 

•  •  •  • 

Ans.  128.985  acres. 

Bearing  N.  58°  15'i  W. 
Distance  25.81  chains. 


1 

2 
3 

4 
5 
6 
7 
8 

BBABIMOa 

CHAINS. 

10.09 
1.89 
7.20 

18.07 
7.17 
2.97 

21.96 

.... 

S.     5°|  W. 

N.  85°|  W. 
S.  26°     W. 
N.  85°^  W. 
N.  26°     E. 
N.  85°    "W. 
N.    5°     E. 

•  .  .  . 

A7ie.  48.975  acres. 
Bearing  S.  58°  15'|  K 
Distance  25.81  chains. 


In  forming  the  meridian  distance  column  for  the  first  part, 
begin  at  the  6th  side  and  add  the  westings,  or  begin  at  the  2d 
Bide,  and  add  the  eastings ;  tor  the  second  part  begin  at  the 
iBt  side  and  add  the  westings. 


5.  To  draw  apian  of  a  field  that  has  been  measured. 

Draw  on  a  paper  a  line  as  a  meridian  passing  through  the 
first  corner  of  the  field,  which  corner  we  assume  as  the  start- 
ing point ;  from  this,  with  any  scale  of  equal  parts,  set  oflf 
^long  the  meridian  the  northing  or  southing  of  the  first  side  of 
^lie  field,  as  given  in  the  tablet  from  which  the  area  was  com- 
peted ;  there  make  an  ojffset  equal  to  the  first  number  in  the 
eighth  column  of  the  tablet,  and  it  will  determine  the  position 
of  the  second  comer  of  the  field.     Then  from  where  the  lati- 
tude of  the  first  side  terminated,  measure  on  the  meridian  the 
^iorthing  or  southing  of  the  second  side,  and  make  an  ofiset 
^nal  to  the  second  number  in  the  eighth  column,  and  it  will 
^termine  the  position  of  the  third  comer  of  the  field.     In  the 
•anae  manner  the  other  comers  can  be  determined.    Lines 
joining  these  points  will  represent  the  sides  of  the  field. 
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I  £rample — It  is  rerniired  to  draw  a  plan  from  the  foIloiviDg 
Bld-iiutes. 


...™». 

o..n« 

1 

•i 

3 
4 

5 

N.  W      E. 
S.  80°      E. 
S.  11°      E. 
S.  43°      W. 
N.  31°29'W. 

10.00 
8.60 
10.00 
12.00 
12.t3 

Arranf^e  the  latitiijes  and  departui-es  as  in  the  tablet  below. 


^™. 

j 

a. 

•■ 

' 

,. 

i| 

... 

- 

N.  20''        E. 
S.  80*         E. 
S.  11'         E. 
8.  43°        W 
N.  31°  39'  W 

10.00 

D.eo 

10.00 
12.00 
13.73 

fl.40 
10.86 

1.66 
9.82 
B.78 

3.42 
9.4B 
1.91 

8.13 

3.42 
12.87 
14.78 

6.6S 

3.42 
16.29 
27.66 
21.43 

32.1480 
73.2190 

S7.Ml4 
271.5230 
186.1654! 

\ 

104.367( 

486,7  ins  1 
104.S670I 

3  I  382.352S 

Aren  ==  19.11764  acres. 

Draw  JfS  as  a  meridian,  take  A  as  the  first  corner  of  the 

field,  set  off  from  ^  to  2  the  northing  of  the  first  side,  9.40 

na ;  at  2  make  an  offset  of  3,42  diains,  wliioh  will  dete^ 

a  the  point  B  the  seoond  corner  of  the  field.     From  2  set 

f  1.66  chains,  the  southing  at  the  second  side,  and  at  3  make 

iet  of  12.87  chains,  which  will  determine  the  point  C 

iie  third  comer  of  the  field ;  from  3  set  off  the  southing  of  the 

hird  side,  9.83  chains  to  4,  and  at  that  point  make  an  offset 

f  14,78  chains,  and  it  will  determine  the  point  D  the  fourth 

irner.     Tlten  set  off  fram  4  to  5  the  southing  of  the  fourth 

mde,  8.78  chains,  and  ut  5  make  an  offset  of  6.65  chains,  and 

t  will  determine  the  point  E  the  fifth  corner  of  the  field. 
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Then  draw  the  lines  AB^  BC^ 
CD,  DE  and  EA,  and  the  plan 
"will  be  completed. 

From  the  following  notes  it  is 
jrequired  to  draw  a  plan  of  the 
field,  and  compute  its  area. 


1 

2 
3 
4 

BEARINGS. 

CHAINS. 

N.  20°  30'  E. 

S.  70°       E. 
S.  33°30'W. 
N.  23°  21'  W . 

10.00 

13.50 
20.00 
13.00 

Ana.  17.634  acres  nearly. 


6.  To  determi/iie  the  hearing  and  distance  from  onepomt 
omtherj  when  there  are  ohstructions  that  render  it  difficult 
to  take  the  hearing^  or  measure  the  distance  directly. 

B^n  at  one  of  the  points,  run  on 
several  courses  in  succession,  which 
courses  must  be  determined  by  the 
nature  of  the  ground.  Take  the  bear- 
ing and  distance  of  each  line  run,  until 
the  other  point  is  reached.  The  differ- 
ence between  the  sum  of  the  northings 
and  the  sum  of  the  southings  of  the 
Knes  run,  will  be  the  northing  or 
Bouthing  of  the  line  required ;  and  the 

difference  between  the  sum  of  the  east- 

» 

^ngs  and  the  sum  of  the  westings,  will  be 
the  easting  or  westing  of  the  required 
Jine;  and  from  these  the  line  and  its 
'^teing  can  be  determined. 
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Erample. — To  find  tlie  bearing  and  distcmce  from  A  to 
L  w  make  the  fyltowiug  measurement : 


BRUUHes. 

OHAOrS. 

AO 
CD 
DB 

N.   40°  W. 
N.   20°  W. 
N.   60°   E. 

6.30 

8.50 
12.30 

■aoge  the  latitudes  ae  in  the  tablet  below, 


N.  40°  W. 
N.  20°  W. 
N.  60"  E. 


cnAwa. 

K. 

«. 

«. 

6.30 

4.83 

8.50 

r.99 

12.20 

e.io 

18.93 

10.56 

Whence  we  see  that  18,93  is  the  southing  from  ^to  ^, 
8.60  is  the  westing. 

To  find  the  bearing, 

Log.  3.60  =    .556303 

Log.  18.92  =  1.276921 

Tan.  10"  46'  =  9.279382 

Whence  the  bearing  from  5  to  .4  ia  S.  10°  46'  "W.,  and  fM 
A  to  B,  N.  10°  46'  E. 

To  find  the  distance, 

Log.  3.60      =    .556303 
Sin,  10°  46'  =  9.271400 


Log.  19.27     =  1.384903 
Whence  the  distance  from  A\o  B\^  19.27  chaina. 
To  determine  the  bearing  and  distance  of  a  point  oil 
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'Osite  side  of  a  thicket,  a  snrvejor  runs  the  following  lines 
necting  the  point  with  his  station,  namely : 


1 

2 
3 
4 
5 

BXABI5Q& 

CHAINS. 

N.  42°  E. 
N.   14°  E. 
N.  24°  W. 
N.   56°  W. 
S.   50°  W. 

22.40 
21.00 
32.00 
36.00 
16.00 

Jequired  the  bearing  and  distance  to  the  point. 

Am.  K  24^  44'  W  =  bearing. 
83.80  chains  =  distance^ 

^.  surveyor  running  a  line  north  twenty  seven  degrees  west 
ets  a  thicket  so  dense  that  he  cannot  see  his  way  through 
he  makes  a  detour,  and  takes  the  following  measure- 
nt: 


BEABIKOS. 

OHAQia 

AG 
GD 
DE 
EF 

N.  20"*  E. 
N.   10°  W. 
N.  45°  W. 
S.    63°  W. 

12.00 

15.00 

10.00 

9.00 

Prom  these  notes  the  surveyor 
shes  to  find  his  line. 
Let  AB  be  a  portion  of  the  line 
nning  N.  27°  W.,  from  the  boar- 
ds and  distances,  A  (7,  CZ?,  DE^ 
d  EF^  the  bearing  and  distance 
^must  be  computed. 

Arrange  the  latitudes  and  departures  of  these  lines  as  in 
e  following  tablet : 
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AC 

on 

DE 
EF 
FA 


N.  20°  E. 
N.  1(1°  W, 
N.  45°  W. 

S.  es-"  W. 


12.00 
16.00 
10.00 
8.0O 


11. 2S 
14.77 
7.07 


From  tliis  we  sec  that  the  latitude  of  FA  is  29.03  chaiM, 
and  tlie  departure  ot  FA  is  13.59  chains.  Then  to  find  tlifl 
liearing, 

Log.  13.59  =  1.133219 

Log.  29.03  =  1.462847 

Tan.  25°  5'  10"  =  9.670372 

Whence  from  A\ia  F'a'S.  25°  5'  lO''  "W".     Subtracting  tbi" 
bearing  trom  the  bearing  of  the  line  AB^  which  is  N.  27°  W., 
hare  the  angle  BAF  equal  1°  54'  50".     To  find  AF,  '8 


Log.  13.59  =  1.133219 

Sin.  25°  5'  10"  =  9.627345 
log.  32.05  =  1.6068T4 


To  find  FB,  we  ha 


Log.  32.05  =  1.505874 
Sin.  1°  64'  50"  =  8.523713 
Log.  1.07 


=  0,039587 


Therefore  tlie  point  .^"18  1.07  chains  from  the  line;  andaa 
this  example  the  line  EF  is  at  right  angles  to  the  line  thw 
to  be  found,  measure  on  in  the  direction  BF  one  chain  * 

iven  links,  and  then  drive  a  stake ;  it  will  be  on  the  linl 
from  that  the  line  can  be  continued.     To  find  tlie  distan^ 
from  jl  to  .B,  wo  have, 
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Log.  32.05  =  AFr=  1.505874 

CoBine  1°  54'  50'     =  9.999778 


Log.  32.04 


:  1.505652 


1 


Whence  tlie  distance  frem  ^  to  £  is  32.04  chains.  If  the 
surveyor  had  crossed  his  line,  the  bearing  of  AF  would  come 
out  more  than  the  bearing  of  the  line  which  he  was  running ; 
that  19,  in  the  present  exanipie  the  bearing  of  ^^ is  not  quite 
37'",  therefore  the  surveyor  has  not  quite  reached  hia  line  at 
the  point  F 

IRREGULAR    BOUNDARIES. 


"When  the  boundary  of  a  field  ia  irregular,  it  is  often  advfs-  1 
able  to  run  a  convenient  base  line,  and  fi-oin  this  measure  off-^J 
Beta  to  the  promineut  points  of  the  irregular  boundary.    These  I 
ofiiets  tbrm  the  parallel  sides  of  trapezoids,  and  as  we  mi 
the  distance  from  one  oflset  to  another,  we  can  compute  the 
uea  included  between  the  base  line  and  the  irregular  bound- 
aiy.    In  the  diagram,  if  AODEFOB  represent  an  irregular 
TOunclary  of  a  field,  take  the  bearing  and  distance  from  A  to 
S\  at  G\  i>,  -£',  Ac,  measure  offsets  C"(7,  IfD,  E'E,  Ac; 
also  ineaauro  AC,  C^D',  UE'^  &c.,  from  which  we  can  com- 
pute the  area  included  between  AB  and  the  irregular  Hue. 
"    the  boundary  ia  curvilinear  like  the  hank  of  a  river,  make 
''le  offsets  equally  distant  from  each  other,  and  the  area  will 
b®  »nore  easily  obtained. 

The  area  included  by  the  base  line  will  be  computed  as  in  'j 
"le  preceding  cases. 
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SECTION   y. 

DIVmiNG   AND    LAYIKG   OUT   LAND. 

PROBLEM    I. 


1 


To  dimds  a  triangle  into  two  parts  having  a  ffvtjenr(Uie,h} 
a  liiie  di-awnfrom  one  of  tlie  aiit/les  io  its  opjposite  side. 

Let  ABC  represent  the  ti'iangle;  divide 
ite  base  into  two  parts  coiTespondiiig  to  the 
given  ratio,  and  let  AD  be  one  of  the  parts, 
'Btake  ont  the  line  from  J}  to  C,  and  it  will 
divide  the  triangle  as  required. 

Example  1. — Let  AB  =  37.50  chains, 
AC  =  35.00       " 
CB  =  32.50       " 

It  is  required  to  run  the  line  CD  bo  that  tlie  triangle  Aa 
shall  contain  10  acres.    Compute  the  area  of  the  triangle  wff 
sides  are  given  above,  it  will  be  found  52,5  acres.     Then 
52.5  :  10  :  :  37.50  :  AD  =  7.14  chains. 

Or,  ■without  computing  the  area  of  the  triangle  ABG, 
may  determine  AD  so  that  the  triangle  AC'D  shall  cod 
the  required  amount  of  land. 

We  have  eht.A-AC-AD  =  %ACD.    But  in  this  &M 

pie,  the  angle  A  is  53"^  8',  and  the  side  AC  =  35  chains,  m^ 

the  triangle  ACD  is  10  acres  or  100  chains.     Therelbre, «« 

have,  ^H 

35  sin.53°  8'  ■  AD  =  200  •  ^M 

^''  ^^  =  qT-^^'  =  '^■^*  ''*^*'™- 

35  Hm.53°  8' 

Ecample  2. — A  triangular  field,  whose  sides  are  20,  18,  Ri"" 

16  chains,  is  to  have  a  piece  of  4  acres  in  content  fenced  ou 

fi'om  it,  by  a  right  line  drawn  from  the  most  obtuse  angln  '^ 
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the  opposite  side.  Sieqaired  the  length  of  the  dividing  line, 
and  its  distance  from  either  extremity  of  the  line  on  which  it 
falls. 

Ans.  Length  of  the  dividing  line,  13  chains  89  links,  if  run 
nearest  the  side  16.  Distance  it  strikes  the  base  from 
the  next  most  obtuse  angle  isi  5.85  chains. 


PROBLEM    II. 

To  divide  a  tria/ngle  into  two  parts  hxwiiig  a  ^i,ven  ratio j  by 
€b  Imepa/raUel  to  one  of  its  sides. 

Let  ABC  he  the  given  triangle,  aifd 
let  i?^  divide  the  triangle  as  required, 
then  if  71 :  1  be  the  ratio  of  ADE  to 
tlie  whole,  we  must  have 

AD\AB\\  Vnily 
BiBce  similar  triangles  are  to  each  other  as  the  squares  of  tlieir 
homologous  sides.  Therefore,  if  we  take  ADy  having  to  the 
line  AB  the  ratio  of  Vn :  1,  and  from  D  run  a  line  parallel 
to  BCy  it  will  divide  the  triangle  as  required. 

Smmple  1. — ^In  the  triangle  ABC,  if  AB  =  46  chains, 
AC  =  54.75  chains,  and  BC  =  36.8  chains,  it  is  required  to 
cut  off  20  acres  by  a  line  parallel  to  the  side  BO. 

The  area  of  the  triangle  ABC  will  be  found  83.8  acres ;  then 
^e  shaU  have 

20  \h        46 

(4.19f 

WTience,  measure  from  A  22.47  chains,  and  then  run  a  line 
^^Ix  the  same  bearing  as  BC;  and  the  line  will  cut  off  20 
acres. 

-^^mple  2. — The  three  sides  of  a  triangle  are  5,  12,  and 
l^-  If  two-thirds  of  this  triangle  be  cut  off  by  a  line  drawn 
V^^aUel  to  the  longest  side,  it  is  required  to  find  the  length  of 


AD  =  46  (i2_?=_^  =  22.47  chains. 
\83.8/  ^ 


[260 


SCRVEVINO    AND    NAVIGATION. 


,\rz^ 


^i 


of  12,  it  ia  12 


The  division  lie 


13 1^ 


I  tlie  dividing  line,  and  the  dietance  of  its  two  extremitieB 
I  tLe  extremities  of  the  longe&t  gide. 

Alls.  Di&taiice  from  the  extremity  of  5  is  5  ( 

SeampU  3, — Two  sides  of  a  triangle,  whieli  inclnde  ) 
I  angle  of  70°,  are  li  and  17.  It  ia  required  to  divide  itil 
[  three  equal  parts,  by  lines  drawn  parallel  to  its  longest  sidW 

Ans.  The  first  division  line  on  the  side  17,  cuts  tliat  sidaj 

17  17  VS 

diBtancQ  :  the  second  division  line, — -^■ 

V3  _  V3 

Bide  14  is  cut  at  il  and  ^^i^. 

Vz         Vz 

PROBLEM    III 

To  divide  a  triangh  into  three  equal  parts  hy  lines  dronfx* 
from  the  angles  to  ewne  point  within  the  triangle. 

Let   ABO  be   the  triangle   whose  p 

sides  are  given.  Take  AD  one  third 
of  the  base  AB,  draw  DE  parallel  to 
AC,  and  take  P  the  middle  of  BE; 
then  lines  drawn  from  P  to  A,  S,  and 
C  will  divide  the  triangle  into  three 
equal  triangles. 

AD  being  one  third  of  AB,  AGD  is  one  third  of  ACB; 
but  ACP  =  ACD,  since  DE  is  parallel  to  ^C;  thereto^ 
A  CP  is  one  third  of  A  CB.  It  is  also  obvious  that  CPB  »n^ 
APB  art!  equal.  The  lines  AP,  BP,  and  CP  are  eaailj 
found,  since  AD,  DP,  and  the  angle  at  D  are  known ;  whence 
AP  will  be  tiiown,  and  so  of  the  other  lines.  Or  as  the  ang'* 
at  D  equals  the  angle  at  A,  we  shall  liave 

AP^  =  AD^'VDP^-\-'^AD-DPq.q9..A, 
■which  gives  AF^  since  DP  ia  one  third  of  AC. 
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E»a/nyple. — ^The  sides  of  a  triangle  are  17.51  chains,  12.575 
lains,  and  23.645  chains.     This  triangle  is  to  be  divided  into 
iree  equal  parts  by  lines  drawn  from  the  angles  to  some 
3int  within  the  triangle.     Kequired  the  length  of  the  lines. 
An9.  The  line  from  the  angle  opposite  the  side  12.575  is 

13.2242  chains ;  and  the  line  from  the  angle  opposite 

the  side  17.51  is  11.19  chains. 


PROBLEM    IV. 

To  divide  a  tricmgle  into  two  parts  hamng  a  given  ratio^  by 
J  line  running  in  a  given  direction. 

\j^i  ABChe  the  given  triangle,  DE 
the  dividing  line,  and  1  :  n  the  ratio 
of  the  triangle  ADE  to  the  whole 
triangle.      Put  AB  =  c,  AC  =  hy 
AE  =  X ;  then  since  the  position  of  a 
DE  is  given,  the  angles  at  D  and  E 

are  known ;  therefore  we  shall  have  AD  =  ^^ — =^,  and  the 

sin.  D 

area  of  the  triangle  ADE^iW  equal  sin.  A  &m.Ex\  ^^^  ^^^ 

^  ^  2sin.i?       ' 

area  of  ABC  will  equal  ^^"'^'^'^     Therefore  by  the  con- 

Htions  we  have 

sin.^  &in.E' x^  siu.A'h'o 


Whe 


2  sin.  D  2'n 

sin.  2>*&*<?\2 


nee  .  « =  (ilIL^_^)\ 

\    n  sm.  A    / 


^hich  determines  the  point  Ey  from  which  stake  out  the  line 
inning  in  the  given  direction,  and  it  will  divide  the  triangle 
as  required. 

Ecamjple. — In  the  triangle  ABC  we  have  AB  =  15  chains ; 
■4(?=  12  chains;  the  angle  A  =  67^.     It  is  required  to 
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divido  this  triangle  into  two  equal  i>artB  by  a  line  DE^  wlridin 
makes  an  angle  of  05°  with  AC\   inid   un   an^le  of  48°  with 
AB. 

In  this  example  n  —  2,  and 

/sin.65''-12-15U_ 


10.477  chains, 


I  fur  the  line  AE,  and  -IT)  =  8.59  chains. 


PROBLEM    V, 

To  divide  a  triangle  itUo  two  parts  having  a  given  ratio,  Jy 
aline  passing  through  a  given  point. 

Let  ABC  be  the  given  triangle, 
J*  the  given  point ;  and  let  DE  be 
the  dividing  line.  Put  AE  =  x, 
AD  =  g,  AB  =  c,  AC -I;  join 
AP,  and  put  P  and  /"  for  the  perpen-  *■ 

dicular  distance  of  the  given  point  from  AB  and  ^6' respec- 
tively.    Then  we  shall  have 

A  on  ^  9,m.A-l-C 


ADE=^^:^ 
APE=^ 
APB  =  ^ 


Tien  if  1  :  ft  IB  the  ratio  of  ABE  to  ABO,  we  shall  h»V8 


iJ^^. 


And  since  ABE  is  composed  of  the  two  triatigl 
\  and  APB,  we  have 
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Efimmatkig  y  from  (1)  and  (2),  we  get 

2/iP       "^l       4»^P^  nP/  ^^ 

When  the  given  point  is  outside  the  triangle,  tlie  sign 
between  the  terms  within  the  parenthesis  will  be  positive. 

When  the  given  point  is  on  one  of  the  sides,  as  on  ACj  then 
JP  =  0,  and 

sin. A 'I 'c, 
nP. 

Again,  it  is  sometimes  more  convenient  to  use  co-ordinates 
of  the  given  point  than  perpendiculars ;  and  if  we  take  the  ori- 
gin at  -4,  we  can  measure  a  line  from  P  parallel  to  -4(7,  and 
another  from  P  parallel  to  AB.     Call  these  lines  oi  and  y* ; 

put^^=  a?.      Then  wiU  AD  =  -J^     And  the  area  of 

a?  — ar. 

ili>^willbe     sin-^y;^  whence  we  shafl  have, 

2(a?— a?')  '  ^ 


sin.^-y  'x^  _  sin.^  'h'C 


f4) 


2(aj— aj')  2/1 

nj/x^—bcx  =  —  Joaj',  (5) 

Prom  which  we  get, 

2/iy'  ^  ^ 

^'^ch  determines  the  point  E. 

Prom  the  above  value  of  a?,  we  see  that  in  some  cases  thero 
^ay  be  two  lines  drawn,  each  of  which  will  solve  the  problem, 
"hen  he  is  less  than  ^x^y\  the  problem  is  impossible,  or 
^hen  the  triangle  ADE  is  less  than  4  times  the  triangle 
formed  by  the  co-ordinates  of  the  given  point  and  the  line  AP^ 
the  problem  is  impossible :  when  he  =  ^k^y\  then  x  =  2a5'. 
And  then  the  triangle  ADE  will  be  the  least  that  can  be  cut 
<tf  from  ABO  by  a  line  running  through  the  given  point  P. 
When  the  given  point  is  on  one  of  the  sides  of  the  given  tri- 
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ao^lc,  as  (in  ^1 C,  lliuii  will  j:'  =  0,  in  which  case  equation  (6) 
becomefl 

Eeample  L— In  the  triangle  ABC  let 

AB  =  30  eliaina, 

AC  =  25      " 

BC  =  20      " 

Tliero  is  a  spring  of  water  at  P;        ^X         y\       \ 

it  is  required  to  diride  the  triangle  '       ^ 

into  equal  parts  by  a  line  rnuning  through  the  spring. 

From  the  spring  measure  /*i^parallel  to  jIC;  suppose itW 
be  found  equal  4  chains.     And  measure  AF\    suppose  it  U 
chains.    Then  in  equation  (6),  we  shall  have  &  =  25  ;  e  —  ^\ 
=  2 ;  a/  =  li ;  y  =  4. 
Therefore,  equation  (C)  gives 

a;  =  17.13  chains,  which  is  A  TJ. 
And  since  EF:  FP  :  :  AE:  AB,  we  shaU  find 
AD  ^  21.89  chains. 

Ecamplfi  2.— In  the  triangle  ABO,  the  angle  at  A  is  fonn^ 
to  be  75°  5C',  and  the  co-ordinates  of  a  spring  at  P  are  fomiii 
to  be  AF  =  6.40  chains,  FP  =  5.10  chains.  It  is  requireii 
to  run  a  line  through  tlie  spring  at  P  that  shall  cut 
of  land. 

From  equation  (4),  we  have, 

Sin.75°56'-liA2^  =  140, 
a- 6.40  ' 

this  being  the  double  area  to  be  cut  off  in  chains.  This  equa" 
tion  gives  two  values  of  x',  one  x  =  18.5206.  tlie  other  x  =^ 
9.7794.  The  firet  value,  that  is  AE  =  18.5206,  will  give  Jif 
=  7.7929 ;  the  other  value  of  w,  or  ^^=9.7794,  gives  j 
34.7585  chains.    Both  values  are  applicable  to  the  problqj 


i 
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If  it  bad  been  required  to  run  a  line  througb  tbe  spring  so 
as  to  cut  off  the  least  quantity  of  land,  we  should  make  FE 
equal  to  AF,  and  run  the  line  EPD.  The  line  AE  would 
be  12.80  chains,  using  the  numbers  in  the  last  example;  and 
AD  would  be  10.20  chains,  and  the  triangle  ADE\}l\va  cut 
off  would  contain  6.3322  acres. 

Again,  if  it  were  required  to  cut  off  7  acres,  and  include  the 
spring  by  the  shortest  line  DE^  we  should  make  AE^AD\ 
tben  we  should  have, 


Sin.75°  ^&*AE   =  140  chains, 

Fi'om  which  we  get, 

AE  ==  12.014  chains. 

Therefore,  if  we  measure  12.014  chains  for  AE  and  AD 
®^<ih,  the  line  i? J?  will  be  the  shortest  that  will  cut  off  7  acres. 

■Hxample  3. — It  is  required  to  find  the  length  and  position 
^f  the  shortest  possible  line  which  shall  divide  into  two  equal 
P^rts  a  triangle  whose  sides  are  25,  24,  and  7  respectively. 

Remark. — It  is  obvious  that  the  division  line  must  cut  the  sides  25  and 
^^  ;  and  to  make  it  the  shortest  line  possible,  the  triangle  cut  oflF  must  be 
^sceles. 

-47W.  The  division  line  makes  an  angle  with  the  sides  25 
and  24  of  81°  52'  10",  and  its  length  is  4.899. 


PROBLEM    VI. 

To  divide  a  quadrilateral  into  two  given  parts  hy  a  line 
^<^^9ing  through  a  given  point  in  one  of  tlie  sides. 

Xet  ABCD  be  a  quadrilateral ;  it  is  required  to  run  a  line 
■***om  P,  a  given  point  on  the  side  AB^  so  as  to  divide  the  quad- 
rilateral into  parts  such  that  each  shall  contain  a  given  area. 
•^®^.  Measure  the  sides  of  the  quadrilateral,  and  compute  its 

^^ea.     Then  extend  the  two  sides  as  AB  and  DG  until  they 

12 


t  ill  E\  and  Bince  tlie  angles  B  and  C  of  the  qiiadrilata* 

known,  tbe  angles  ol'  the  triangle  EBO  are  known,  iij 

ic  side  BC  is  known ;  then  compute  tlie  area  of  tbe  triang 

'BC,  and  also  its  sides  EB  and  EC.     M.  The  point  P| 

iven  in  position,  therefore  5^  will  be  known;  add  ^i** 

£E^  and  EP  will  be  known.     Also,  to  the  area  of  the  trian 

EBC,  add  the  area  of  the  part  PBCF,  and  the  area  ol'  d 

triangle  EPF  will  be  known. 

Then  in  the  triangle  £P^  we  have  tbe  area,  the  i 
r,  and  the  side  EP,  to  find  the  side  EF. 
Therefore  bv  mensuration  we  have 


EP-EF-6m.E=  %EPF. 


Hence, 


EF  = 


%EPF 


'  EP-^m.E 
Then  subtract  EC  from  EF,  and  CF  will  remain.  Tljen 
lOieasure  from  C  towards  D  the  value  of  CF,  and  there  drive  ft 
Make.  Tbe  work  will  be  finished  by  staking  out  the  line  PF- 
If  the  flag-staff  at  i^  cannot  be  seen  from  P,  the  bearing  of  tb* 
Jine  must  be  determined  from  the  angle  EPF,  and  the  liP^ 
run  with  the  compass.  In  aueb  eases  tbe  surveyor  should  ^^ 
Barefiil  to  preserve  stakes  at  equal  iiitervala  on  the  line,  bo  tb* 
if  Ilia  bearing  does  not  bring  liim  precisely  to  the  point -*^' 
when  he  reaches  tbe  line  CD  he  can  measure  his  distance  frt>'" 
^,  and  by  proportion  determine  how  much  each  stake  mH^— 
be  moved  to  mark  out  a  straight  line  Irom  P  to  F 
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ExamvpU. — ^Let  ABCD  be  a  field  with  the  Bide  AB  along  a 
highway ;  it  is  required  to  divide  the  field  into  two  equal  parts 
by  a  line  running  from  P^  a  point  at  the  middle  of  the  side 
AS.    The  following  are  the  field  notes : 


BEABINOS. 

CHAINS. 

AT) 
DC 
CB 
BA 

N.  12°  E. 

S.  72°  E. 

S.  10°  E. 

W. 

24.60 
24.00 
16.91 

30.88 

1 

2 
3 
4 

niuif«. 

DIBT. 

24.60 
24.00 
16.91 
30.88 

n. 

24.07 

B. 

X. 

5.11 

22.83 

2.94 

w. 

5.11 
33.05 
58.82 
30.88 

V.  A. 

B.  A. 

N.  12**  E. 
&   72**  B. 
&   10°  B. 
W. 

7.42 
16.65 

30.88 

5.11 
27.94 
30.88 

0.0 

122.9971 

245.2310 
979.3530 

122.9971 

1224.5840 
122.9971 

2)1101.6869 
Area  in  acres,  55.07934 

Hence  the  field  contains  55.08  acres ;  and  as  it  is  to  be 
^vided  into  equal  parts,  each  part  must  contain  27.54  acres. 

I^roduce  the  sides  AB  and  i?(7 until  they  meet  at  E,  From 
^^  bearings  of  the  sides  AB  and  BC^  we  find  the  angle 
£!fi(7  =  100° ;  from  the  bearing  of  the  sides  BC  and  CD, 
^e  find  the  angle  ECB  =  62^  ;  therefore  the  angle  at  E  is 
18^.  And  since  the  side  BC  is  16.91  chains,  we  have  the 
*^gles  and  one  side  of  the  triangle  EBC^  to  find  the  other 
sides  and  the  area. 


To  find  EC,  we  have 

Sin.  100^ 
Log.  16.91 


=    9.993351 

=    1.228144 

=  11.221495 
Sin.  18^        =    9.489982 

Log.  53.89    =    1.731513 
Hence  EC  =  53.89  chains. 


.  ~^. 


; 


ass  BURVBTING  AHD  NATI&ATION. 

To  ind  JKiS  we  liETe 

Sin.  62<>        =    9.945986 
L(^.  16.91     =    1.228144 

11.174079 
Sin.  18"        =    9.489982 

I(%.  48.317  =    1.684097 
HenM  HB  =  48.817  chains. 

Since  «!■&  =  30.88  chains,  and  the  point  ^  is  at  the  middl-^-'^ 
of  AB,  we  have  PB  =  15.44  chains ;  therefore  EP,  the  fsoi^^ 
ofHB  and  ^P,  wiU  be  63.757  chains. 

To  find  the  area  of  the  triangle,  we  have 

Log.  63.89  =  1.731513 
Log.  48.317  =  1.684097 
Sin.  18°         =  9.489982 

Log.  804.62  =  2.905592 

which  is  the  donble  area  in  chains.    Hence,  the  area  of  th^^* 
triangle  is  40.231  acres. 

The  area  of  the  part  PBCF  —  27 M  acres ;  therefore  th^^ 
area  of  the  triangle  jEPi^'will  be  67.771  acres.  Then  in  th^^ 
triangle  EPF,  we  have  the  side  EP,  tlie  angle  at  J?,  and  th^^^ 
area  to  find  the  side  EF;  we  shall  have 

EF  =        1355.42 

63.757  sin.  18°" 

Log.  1855.42  =  3.132074 

Log.  63.757  =  1.804528 
Sin.  18''        =  9.489982 

1.294510       1.294510 

Log.  68.796  =  1.837564 

Therefore  EF  =  68.796  chains.  We  found  EC  =  53.89;^* 
Bubtracting  we  get  CF  ^  14.91  chains,  whicli  determine^^^ 
where  the  dividing  line  intersects  the  side  CD ;  sabtractiDj 
CFixom  CD^  we  get  FD  =  9.09  chains. 
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d  the  beariog  and  length  of  the  dividing  line,  we  wi^ 
the  area  of  one  of  the  parts,  say  PADJF,  and  thi  i 
le  work. 


«,^ 

^. 

■• 

' 

- 

•■ 

'- 

■■- 

2''B. 

15.« 

2tG0 
9.09 

24.07 

ISI 
11,36 

6.11 
8.6S 
1.6$ 

1G.U 

16.4415.44 
10.33  35.77 
I.6S  13.01 

saojssa 

33.7481 
85.7168 

820.2839 
69.4649 

6fl.46*9 

S)55a8190 

one  half  the  field. 

™ 

d  the  bearing  of  PF,  we  hiiye 

Log.  1.68     =  0.225309 

Log.  21.26  =  1.827563 

Tan.  V  31'  =  8.897746 
'ifbear8N.4''31'W.  Toltidthelengthofi>^,wehara 


Log.  l.< 
Sin.  4° 


=  0.226309 
=  8.896246 


Log.  21.33  =  1. 
:  21.83  chains. 


PROBLEU   Til.— <G™ 
e  of  land  is  bounded  as  followB  ; 


BaARWOfl. 

CH1IK& 

1 

2 
3 
3 

If.  14°       W. 
N.  70°  301  E. 
S.     6°        E. 
W.  86°  30'  W. 

15.20 
20.43 
22.79 
18.00 

StJRTETtJTO   AWD  KATIGATIOW. 


I 


WiUiin  thifl  lot  tliero  is  a  spring ;  the  conrse  to  it  from 
sond  comer  \a  S.  75"  E.,  7.90  chains.     It  ia  required 
r  ten  acres  from  tiie  west  side  of  tliis  lot,  by  a  line  niDni 
Siruugli  the  spring.     Wliere  will  the  dividing  line  meet 
iades  of  the  lot  I 

Let  A  BCD  be  the 
pleco  of  land,  and  let 
f  be  tlie  position  of 
|3ie  spring;  extend  the 
inesi)^!  and  C^  until 
fthej  meet  at  O.  From  the  bearings  of  these  lines,  ^ve  find  in 
tlie  triangle  AOB,  BAO  =  72^  30',  ABO  =  8i°  30',  and 
A0B=2-S°;  the  side  AB  =  15.20  chains,  ^(9  =  38.72 
chains,  and  BO  =  37.10  chains.  The  area  AOB  =  280.6T 
cliains.  Tate  the  origin  at  0,  and  consider  OG  and  GS  aa 
oo5rdinates  of  the  spring.  Call  OG  =  a/  and  GS  =  y";  and 
juncB  BS  =  7.90  chains,  and  the  angle  SBL  =  34°  30',  found 
from  the  bearing  of  BS  and  BG,  we  can  find  OG  =  a/  = 
11.452  chains,  and  GS  =  y'  =  33.0691  chains.  Then  put 
A)  =  OH.  LH  being  the  dividing  line ;  and  aa  GS  is  parallel 
to  OL,  we  shall  have 


-x-iy: 


:  0L~. 


y'x 


Therefore,  we  have,  I 

6in,23°'?/''a;^  1 

for  the  area  of  the  triangle  OLH\  bnt  the  area  of  the  trial*- 
gle  AOB  is  found  to  be  280.67  chains,  and  by  the  Problei" 
the  area  of  ABLE  is  to  be  10  acres  or  100  chaiiM.  Therefo^^ 
we  have, 


-d) 


0.6?, 
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B»t,  Log.  W1.84        =  3.881679 

Log.  y  (33.0691)  =  1.619423 
Sin.  33°  =  9.591878 

1.111300 


Log.  68.922        =  1.770379 
Therefore  equation  (1)  becomes 


X 


3 


,  =  58.923  (2) 

X — iff 

We  have  found  od  ^  11.452  chains ;  this  value  substituted 
for  ad  in  (2)  •will  give, 

a* -58.922  x  =  -674.77.  (3) 

Solving  equation  (3),  we  get, 

X  =  29.461  ±13.899 

Taking  the  positive  sign,  we  have, 

X  =  4:3.36  chains, 

Which  is  the  distance  from  O  to  H  where  the  dividing  line 
meets  the  side  DA.  If  we  subtract  OA^  which  is  38.72 
chains,  we  have  left  4.64  chains  for  the  distance  from  A  to  H. 

We  also  find  OL  =  -^ — -  =  44.94  chains,  therefore  subtract- 

x—x 

ing  OB^  which  is  37.10  chains,  we  have  BL  =  7.84  chains. 

Also  the  dividing  line  LH  bears  S.  2^  58'  E.,  and  from  Z  to 

fiis  17.67  chains. 

The  area  oiABCD  =  35.6877  acres,  and 

"         ABLH  =  10  acres  nearly. 

PROBLEM    VIII. 

To  cut  off  a  given  quantity  of  land  from  afield  of  seoeral 
sides,  by  a  line  running  from  a  gi/oen  point  in  one  of  the  sides 
^ftUefiM. 
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Let  ABCDEF  be  the  field,  and 
P  the  given  point  on  the  side  AB, 
From  P  nin  a  random  line  entting 
off  the  requii'ed  quantity  as  near  as 
may  be.  Measure  PB^  BC^  CD^ 
and  Dli.  Compute  the  area,  consid- 
ering Ph  as  the  closing  side.  Also, 
find  the  bearing  and  distance  of  Ph, 
Then  if  Pii  is  tlic  true  dividing  line, 
the  triangle  Phi  will  equal  the  dif- 
ference between  the  area  cut  off  by  the  random  line  i^A,  and 
the  quantity  required  to  be  cut  off;  put  this  difference  equal 
2?,  then  will 

Ph '  hn  8in.A  =  2D. 


Therefore 


hn  = 


2i> 


I 

] 


i%"sin.A* 


PROBLEM    IX. 

To  cut  off  from  a  field  of  several  sides  a  gvoen  quantity  cff 
land^  hy  a  line runn'mg  through  a  given jpoint  within  thefid^' 

Let  ABCDEF  be  the  proposed 
field,  the  sides  of  which  should  be 
measured  in  the  usual  way.  Let  P 
be  the  given  point;  run  the  lino 
nPh  perpendicular  to  ^5  at  H\ 
compute  the  area  of  IIBCDh^  and 
find  how  innch  it  differs  from  the 
quantity  required  to  be  cut  off ;  let 
D  equal  the  difference;  let  HP=a^ 
and  Ph  =  h. 

Then,  if  we  draw  NPn  so  that  the  difference  of  the  trian 
gles  Pnh  and  PWH  shall  equal  D,  NPn  will  divide  th 
field  as  required,  or  will  cut  oft'  the  quantity  of  land  mquired^ 
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ilie  triangle  PSIfj  we  have  PJT  =  j^. 

erefore  the  area  of  PHN  = ^v  =  ;r —=•    (1) 

2  cofi.P       2  coti* 

the  triangle  T^An,  we  have  Pn  = 


Bm.(P+A) 
eretbre  the  area  of 

Phn  =  ^'"'"'^  ^'"'-P  =  *! (2) 

2  8in.(P+A)         2  (cot.P+cot.A)         ^  ^ 

snce  we  get 

i^ 1— ^  =  2i?.  (3) 

cot.P+cot.A    cot.P  ^  ^ 

Ld*this  reduces  to 

cot.'P+(«*^+coa)cot.P  =  -^^.         (4) 

Dm  this  equation  we  get  the  angle  P,  and  thus  determine 
)Osition  of  the  dividing  line  NPn. 
is  Problem  can  be  conveniently  solved  as  follows : 
tend  the  sides  that  are  intersected  by  the  dividing  line 
they  meet  in  some  point  which  call  0 ;  compute  the  area 
e  triangle  AOE^  and  add  the  quantity  to  be  cut  off,  and 
out  the  area  of  the  triangle  AFE^  and  we  shall  have  tlie 
of  the  triangle  ONn.  "When  NPn  is  the  dividing  line, 
lis  area  equal  A ;  let  Tiif  be  the  co-ordinates  of  the  point 
le  origin  being  taken  at  0\  these  co-ordinates  can  be 
rained  from  the  position  of  the  point  P,  the  bearings  ot 
ides  BA  and  2>J? being  given.    Then  put  x^=^  On\  then 

erefore  the  area  of   OnN  =  i^f  ^in  <?  ^  ^ 

2((c— a/) 

om  the  last  equation,  we  can  find  as,  which  is  the  distance 

and  since  ON  =    ^^,,  we  have  both  On  and  ON   We 

a?— ar 
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J  also  have  OSttni  OA ;  tlieretbre  hy  Bubtra<;tmg,  we  have 
laud  J.^.     IIem;e  the  position  oC  tlie  dividing  line  is  deter- 
In  ill  ed. 

"When  the  given  point  is  without  the  field,  ic*  becomes  iiegur 


■tive,  and  we  ehall  have  ON  - 


PROBLKM   X. 

Let  A  B  CD  he  a  trapezoid  ;  it  is  required  to  cut  off  a  ffiea 
*■  guatitUy  of  land  by  a  lins parallel  to  AB  or  CD. 

Produce  the  lines  that  are  not  par- 
allel until  they  meet,  compute  tho  sides 
I  and  area  of  the  triangle  thus  fbmieiLl 
I  outside  the  trapL'Zoid,  to  the  area  thus 
E  formed  add  the  area  to  be  cut  off,  and 
§we  shall  have  the  areas  of  two  similar 
I  triangles  and  the  sides  of  one  of  them; 
land  ae  the  areas  are  as  the  squares  of 
I  their  sides,  we  can  find  the  sides  of  the 
lother;  and  from  these  we  can  determine  th 
r  division. 

I       Eeample   1. — Let   ABCD    be   a   trapezoid,   AB   =  4ij 

I  chains  ;  the  angle  at  -i  is  a  right  angle ;  the  angle  at  B  is 

I  equal  to  106°. 

I      It  is  required  to  cut  off  six  acres  of  land  by  a  line  parallel 

\\jaAB. 

I      Produce  DA  and  OB  until  they  meet,  then  will  AB  tan.S 

I  =  4.50  tan.  Tl"  =  15.693  chains,  which  is  the  distance  from 

I  the  point  where  the  sides  meet.     This  will  be  the  altitude  of  a 

I  triangle  whose  base  is  4.50  chains,  and  its  area  is  35,309  chains; 

\  to  this  add  the  six  acres  reduced  to  chains,  and  we  shall  get 

■'95.309  chains  for  the  area  of  the  other  triangle ;  then  we  can  say 


LAND    SURVEYING.  275 

35.309  :  95.309  : :  (15.693)*^  :  the  square  of  tlie  distance  from 
the  point  where  the  sides  meet  to  the  point  of  division; 
whence  we  get  the  distance  equal  to  25.783  chains.  From 
this  subtract  15.693  chains,  and  and  we  have  left  AE^=- 10.09 
chains. 

Therefore  measure  from  A  10.09  chains,  and  run  a  line  EF 
at  right  angles  to  AD^  and  it  will  cut  off  six  acres. 

Again,  if  we  put  x  =  the  required  line  AE^    a  =  AB^ 

then  EF  will  equal  a-\- ;  and  hence  the  area  of  ABFE 

^  tan.^' 

x^ 
equals  ax-\- _ .     Therefore  putting  A  for  the  area  to  b^ 

2.tan.J?  ^         ^ 

cut  off,  we  have -\-^ax  =  2 J.. 

tan.^ 

Or,  ic  =  — a  tan.^±(2^  tan.^+«*  tan.^^)^^' 

Applying  to  this  equation  the  value  given  in  the  example,  we 
get 

X  =  10.09  chains,  as  before. 


Example  2. — There  is  a  farm  containing  64  acres  ;  commen- 
cing at  its  south  westerly  corner,  the  first  course  is  N.  15^ 
E.,  distance  12  chains,  the  second  is  N.  80°  E.  (distance  lost), 
the  third  S.  (distance  lost),  the  fourth  is  N.  82°  W.  (distance 
lost),  to  the  place  of  beginning.  It  is  required  to  determine 
tlie  distances  lost. 

Note. — Extend  the  northern  and  southern  boundary  westward,  and  thus 
fonn  a  triangle  on  the  west  side  of  12. 

Arts.  The  2d  side  is  35.81       chains 
"     3d      "       23.21  " 

«    ith    "      38.76  « 
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Thelearinga 
cmd  distaticea 
of  the  sides 
of  the  field 
ABCD,  in  the 
diagram  are  as 
follows  : 


PROBLEM    XI 


BEARINOS. 

0HAIII8, 

AB 
BO 
CD 
DA 

S.  15°44'W. 
N.63°       W. 
K25°       W. 
K  63°      E. 

13.80 
1.40 
9.00 
9.86 

AF hears  N.  25°  IF,  and  E  is  taken  on  the  line  of  BC  distant 
from  6^4.60  chains.  It  is  required  to  run  a  line  front  Et^ 
intersect  AF^  so  that  ABEF  shall  contain  the  saine  qaa'ni'^^ 
of  land  as  ABCD, 


od 

<  . 

BBARIN08. 

S 

a 
o 

13.80 

N. 

8. 

13.28 

B. 

w. 

MRRIDI 
DMT 

S.   15*'44'W. 

3.74 

3.74 

N.  63-        W. 

1.40 

0.64 

1.25 

4.99 

N.  25''         W. 

9.00 

8.16 

3.80 

8.79 

N.  63°         E. 

9.86 

4.48 

8.79 

0.0 

3.74 

8.73 

13.78 

8.79 


49.6^  * 


6.5872 

112.4448 

39.3792 


157.4112  49.6^ 
i  49.66721 


2)107.7440 
Area  of  ABCD  x=  63.8720  chains 


From   tlie  bearings  of  AB  and  BF  we  find  the  an. 
ABF  =  78°  U\AB=^  13.80  chains,  and  BF  =  6  ditdrr^ 
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thenoe  we  find  the  area  of  the  triangle  ABE  =  40.6  chains. 
This  subtracted  from  53.872,  the  area  of  ABCDj  will  leave 
13.272  chains,  which  must  be  the  area  of  the  triangle  AEF. 
We  also  find  AE  =  13.93  chains,  and  from  the  bearings  of 
AE  and  AF^q  get  the  angle  EAF  =  114*^  17' ;  and  since 
we  have 

AF^  ^J4^?^  = ?^^iV^  =  2.09  chains. 

AE^\n.AEF      13.93  8in.ll4°  17' 

Therefore  measure  2.09  chains  from  -4  to  jK     Then  drive 
a  stake,  and  run  a  line  from  E  to  the  stake  at  F. 

To  verify  this  result  compute  the  area  of  ABEF^  and  com- 
pare it  with  the  area  of  ABCD  as  before  determined. 

"When  the  ground  is  favorable  for  staking  out  parallels,  the 
position  of  the  dividing  line  can  be  quite  easily  determined 
in  the  following  manner. 

From  the  comer  D  run  a  line  parallel  to  the  diagonal  AC^ 
and  where  this  parallel  intersects  the  line  BCE^  drive  a  stake, 
from  which  run  a  line  parallel  to  the  diagonal  AE^  and  this 
parallel  will  intersect  the  line  AF  at  the  point  F^  and  thus 
determine  that  point ;  and  a  line  running  from  Eto  F  will 
be  the  dividing  line  required. 


PEOBLEM    XII. 


In  the  diagTamh^  AB  was 
-found  to  run  north  2  chains^ 
BO  west  6.40  chains;  CD 
'was  a  highway  running  8. 
40°  W.  It  was  required 
to  run  a  line  from  A  to  in- 
tersect the  highway  at  some 
point  as  at  jDj  so  as  to  in- 
close 5  acres  oflomd. 


VS7S 
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The  area  of  tlie  triangle  ABC  is  6.40  chains;  tliia  taken 
from  the  5  acres  leaves  the  triangle  ACI>  =  43.60  cLains, 
AC  is  found  to  be  6.71  diaine,  mid  tlie  angle  ACB  =  17°  31' 
15";  but  the  angle  £t'X»  =  130°;  therefore  AC£>  =  IJl 
38'  45". 


Now, 


^ACB 


:akeii 

aitiE. 
fSl' 

1 


Then  measure  along  the  road  14  chains  and  9  links,  and 
drive  a  stake.  A  line  from  A  to  the  stake  will  inclose  the 
required  quantity  of  land. 


PROBLEM    XIII. 


Ji  is  required  to  divide  the  jield 
ABCDEF  into  two  equal  parts,  hy 
a  Une  run/nvng  from  B,  the  second 
comer  of  thefeld. 

Measure  the  sides  of  the  field,  and 
arrange  them  as  in  the  following 
tablet. 


. 

-f! 

FA 

g 

"■ 

■■ 

3.62 
6.B4 
B.00 
434 

3.96 
13.84 

M 

3.63 
10.46 
18.4ti 
33-80 
18.84 

0.0 

3.62 
14.08 
28.92 
41.26 
41.64 
18.84 

■.  A. 

"■*■ 

N.  1B° 

N.  20° 

E. 

S.  10° 

a  IS- 
N.  eg-  23 

B. 
E. 

E. 
W. 

w. 

14.00 
20.00 

36^00 
15,30 
20.13 

13.62 
IS.79 

1.09 

2462 
14.T8 

48.9424 
364.B632 

133.5168 

1016,8212 
616.439S 

441  J)81 2' 1631-2604 
1   447.0812 

Therefore  the  area  of  the  field  is  592. 
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l^ext  arrange  the  latitudes  and  departures  of  the  sides  EF^ 
FiA.^  ABy  and  consider  BE  as  the  closing  line,  as  in  the  tbl- 
Jo^ring  tablet. 


BSAKIKOS. 

s 
S 

i 

K. 

B. 

3.62 
19.18 

w. 

3.96 
18.84 

M    S 

!3 

R.  A, 

B,  A. 

S.  16°      W. 
N.69''23/W. 
N.15°       K 

15.30 
20.13 
1400 

7.09 
13.52 

14.78 
5.83 

3.96 
22.80 
19.18 

0.0 

3.96 
26.76 
41.98 
19.18 

189.7284 
567.5696 

58.5288 
111.8194 

767.2980 
170.3482 

170.3482 

586.9498 
293.4749 

"Whence  the  area  of  EFAB  is  293.4749  chains ;  the  area 
t^  1)6  cut  off  is  296.0448  chains,  and  the  difference  is  2.5699 
^liaius,  which  is  the  area  of  the  triangle  BEn. 

To  find  the  bearing  of  BE^  we  have, 

Log.  19.18       =    1.282849 
Log.  5.83        =      .765669 

Tan.  73°  5^'   =  10.517180 

W^hence  ^^is  S.  73°  5^'  E. 

To  find  the  distance,  we  have. 

Log.  19.18       =    1.282849 
Sin.  73°  5^'     =    9.980808 

Log.  20.05       =    1.302041 

From  the  bearing  of  BE  and  DE^  we  find  the  angle  BED 
^uals  63°  5i'. 

If  Bn  is  the  dividing  line,  we  shall  have, 

BE  •  En  ^m.BEn 


2 


Andj 


En 


=  2.5699, 

=        5.1398 
BE  ^n.BEn 
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S'm.JlEn  or  65°  5J'  =  9.950234 

Log.  5^  =  1.302041 

1.353275 

1.252275 
Log.  .2875  =  1.458672 

Therefore  Bii  is  nearly  29  links. 
The  bearing  of  Bn  Is  S.  73"  49'  E.,  and  tlie  disUnco  i3 


PROBLEM    XIV. 

A  Teotan^ularyami,  50  chains  in  length,  and  40  chaim  vtt 
SA,  containing  200  acres  of  land,  was  jpurchased  hy  i^ 
^.men,  each  paying  $4,000.     The  land  on  one  side  of  t/ie  fa/r^ 
was  found  to  he  worth  one  doUa/r  per  acre  mare  than  Hud  O^ 
the  other.     Tlut  surveyor  was  required  to  divide  this  farf^ 
ec[uii<^ly  between  the  two  purchase's,  by  a  line  parallel  to  t^ 
L  longest  side. 

Let  a:  =  the  price  per  acre  of  tlie  land  on  one  side,  the:^ 

KB+l  will  be  the  price  of  the  other;  and will  expreas  th** 

P  number  of  acres  at  one  price ;  also,  - — -  will  express  the  num^ 

I  her  of  acres  at  the  other  price.     These  expressions  must  eqna— 
Lthe  number  of  acres  in  the  farm  ;  therefore  we  have  


From  which  we  get 


9.506  nearly. 
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This  is  the  price  per  acre  in  dollars  of  the  land  on  one  side 

of  the  farm,  and  40.506  will  be  the  price  of  the  land  on  the 

4000 
other  side ;  and  =  101.26  acres,  which  is  the  part  be- 

39.506 

longing  to  one  purchaser. 

And  =  98.75  acres,  which  is  the  part  belonging  to 

the  other  purchaser. 

Also,  — — 1—  =  20.25  chains,  the  width  of  one  part. 

And,  ^^"^'^  =  19.75  chains,  tlie  width  of  the  other  part. 
'50  ^ 

Therefore,  the  dividing  line  will  be  19.75  chains  from  one 
comer,  and  20.25  chains  from  the  other. 


PROBLEM   XT. 

^  rectcmgular  farrriy  50  chains  in  length  and  40  chains  in 
^eadthj  is  to  he  divided  into  two  parts  of  equal  value^  hy  a 
line  parallel  to  the  longest  side,  on  the  supposition  that  the 
"Vcdtte  of  the  land  increases  uniformly  from  one  side  to  the 
other. 

Measuring  from  the  side  where  the  land  is  of  the  least  value, 
xve  have 

40 
— -=  =  28.284  chains  to  the  dividing  line;  the  part  on  that 

Bide  will  contain  141.42  acres;  the  other  part  will  contain 
S8.58  acres. 


PROBLEM    XVI. 

4  tricmgular  Jieldj  whose  hose  is  35  chains  a/ad  whose  aUi- 
^^^  is  20  cha4nsj  is  to  he  divided  hy  a  line  pa/raHsl  to  its  hose 
^^^  two  parts  of  equal  value^  on  the  supposition  that  the  l(md 


SURVETINO    AND    NAVIGATION. 

I  increases  uniforiidy  in  value  from  the  vertex  to  the  base  i^'lli 
1  iriaiujU. 


Am.    Tlie  altitude  of  tlio  triangle  will  be 


Va  '■ 


cliains,  and  tlio  altitude  of  the  trapezoid  will  be  5.S| 
chains. 


SOBLEM    XTII. 


There  is  apiece  of  land  bounded  asfoUowB  :  BeginnisgA 
\iheweaieminost  point  of  the  Jidd;  thence, 


..^.™ 

CHiras. 

1 

2 
3 
4 

K.  35°15'E. 
N.  75°  30'  E. 
S.     3°  15'  E. 
K.  68°16'"W. 

2S.00 
30.50 
46.49 
49.64 

It  ia  required  to  divide  this  field  into  four  equal  parts,  Jj 
I-  two  lines,  OTie  runni/ng  paraUel  to  the  third  aide,  the  othar  ctrf- 
ting  the  first  and  third  sides. 

Find  tlie  distance  of  the  parallel  line  from  the  first  comw 
measui-ed  on  the  fourth  side,  and  the  bearing  of  the  other  line, 
and  its  distance  from  the  first  corner  measured  on  the  first 
ffide. 

{Distance  to  the  parallel  ;=  32.50  chains.  Bearing 
of  the  other  division  line,  S.  88°  22'  E.  Distance, 
6.99  chains. 


TO    LOCATE    A    LINE. 


ita^' 


In  running  a  line  that  is  to  be  permanent,  two  flag-si 
should  be  used,  so  as  to  allow  back-aights  to  be  taken  at  eacli 
station.     Permanent  monuments  or  marks  should  be  estab- 
lished at  each  end  of  the  line,  such  as  a  stone,  or  a  stake  of 
!  durable  wood,  surrounded  by  stones. 
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Trees  directly  on  the  line  slionld  be  marked  as  line  trees, 
by  hewing  the  bark  with  an  ax  on  the  opposite  side  of  the  tree 
in  the  direction  of  the  line,  and  then  cutting  distinct  notches 
in  the  place  hewed*  Trees  not  on  the  line,  but  near  it,  may 
be  marked  by  hewing  the  bark  on  the  side  toward  tlie  line  in 
two  places,  more  or  less  distant,  according  as  the  tree  is  nearer 
o^  farther  from  the  line.  The  corners  or  points  where  lines 
intersect  should  be  distinctly  marked  or  indicated  by  the 
bearing  and  distance  of  objects  near. 

Vhen  the  line  to  be  located  has  two  points  known,  or  there 
are  two  points  admitted  to  be  on  the  line,  begin  at  one  of  the 
known  points,  and  run  on  the  beai'ing  of  the  line,  if  that  is 
known ;  or  if  the  bearing  of  the  line  is  not  known,  run  as  near 
the  true  line  as  may  be.  Drive  stakes  at  equal  distances  on 
the  line  run,  as  at  every  5  or  10  chains,  according  to  the  length 
of  the  line  and  the  condition  of  the  ground.  If  the  line  thus 
^*un  does  not  come  to  the  other  given  point,  measure  the  per- 
pendicular distance  from  the  given  point  to  the  line  run,  and 
^y  proportion  compute  the  distance  each  stake  is  off  the  true 
line.  Then  move  each  stake  its  corresponding  distance,  and 
the  line  required  will  be  marked  out  by  the  stakes. 


SECTION    VI. 

TRIANGULAR    SURVEYING. 

Triangular  SurTeying  is  a  method  of  finding  the  distance 
between  remote  points  by  measuring,  as  a  base  line,  one  side 
of  the  first  of  a  series  of  triangles,  of  which  each  consecutive 
two  have  a  common  side,  and  observing  the  angles  of  all  the 
triangles  in  the  series. 

Some  of  the  other  lines,  howeyer,  should  be  measured  aftei 


Et84 
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A  test  of  tlie  actor; 


k  being  computed, 
loperatione. 

Let  AB  represent  a  base  line, 
I  wliicli  innet  bo  very  accurately 
lineagured,  for  any  error  in  AJi 
ause  a  proportional  error  in 
I  every  otlier  line. 

if  at  A  \vi3  measure  the  angles 
I  £A  C,  BAD,  and  at  B  we  ineasui'e 
I  w  observei\^B  angles  ABC,ABD, 
I  Tve  then   have   suffi<iient   data  to      ' 
I  determine  tlie  points  C  and  J),  and  thi 

"With  the  same  facility  with  which  we  determine  the  point 
I  C,  we  can  determine  E,  or  F,  or  ff,  or  any  other  visiW* 
[  point. 

Thus  we  may  determine  all  the  BJdea  and  angles  of  the 
figure   CEFGIID,  or  any  vidhU  part  of  it,  by  triangulating 
[  from  tlie  base  AB. 

The  lines  forming  the  triangles  are  not  drawn,  except  those 
I  to  the  points  C  and  D ;  we  omitted  to  draw  others  to  a/omA 
\  confusion. 

After  any  line,  as  FG,  has  been  computed,  it  is  well  to 
measure  it,  and  if  the  measurement  corresponds  witli  compu- 
tation, or  nearly  bo,  we  may  liave  full  coniidence  in  the  accu- 
racy of  the  work  as  far  as  it  has  been  carried. 

We  may  take  CD  as  the  base,  and  determine  any  number 
of  points  visible,  as  A,  B,  H.,  F,  G,  &c. ;  trace  any  figure 
and  determine  its  area ;  or  sliow  the  relative  pwitions  and  dis- 
tances of  objects  from  each  other,  such  as  buildings,  monu- 
ments, trees,  ifec. 

But  to  make  the  computation,  triangle  after  triangle,  for  the 

sake  of  making  a  map,  would  be  veiy  tedious ;  and  to  measure 

every  side  and  angle  would  be  as  tedious;  and  to  facilitate  this 

'  kind   of  operation  we  may  have  an   instrument   called 

PLANE  TABLE. 
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To  determine  die  distance  from  A  to  (r,  two  points  remote 
from  each  other,  measure  the  base  AB ;  then  with  a  theodolite 
measure  the  angles  of  the  triangle  ABC^  the  station  C 
being  selected  so  as  to  be  visible  from  A  and  B ;  then  com- 
pute the  sides  ^Cand  BC^  and  measure  the  angles  of  the 
triangle  BCD^  the  station  D  being  visible  from  B  and  C\ 
then  compute  the  sides  BD  and  CD.  Thus  continue  until 
the  point  G  is  reached,  when  the  whole  system  of  triangles 
will  be  known,  and  the  distance  and  bearing  of  the  two  points 
A  and  O  will  be  known. 

It  sometimes  happens  that  the 
theodolite  cannot  be  placed  directly 
over  the  station,  as  at  C  in  the  dia- 
gram ;  then  it  should  be  placed  at  P 
as  near  to  C  as  may  be.  Measure  the 
line  P(7,  and  the  angles  APB  and 
BPC\  then 

AEB  =  APB+PAC, 
Also,  ARB  =  ACB+PBC 

Therefore,  we  get 

ACB  =  APB+PAC'-PBa 
From  the  triangle  PA  C^  we  have 

PC^in.APC  . 


8m.PAC  = 


AC' 


from  the  triangle  PBC^  we  have 

PC  %m.BPC 


8in.PBC  = 


BC 
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ACS  =  APJi+rc(^l 


ACB  =  APB+-. 


Since  PCi&  Email  compared  with  ACf'WB  may  take  the 
for  tlie  sine ;  bo  also  m  the  triaiif^le  PBC.     Then  Bubetituting 
tlioee  values  in  tlie  above,  we  get 

.APC_'s,\n.BPC\ 
AC  BV      ) 

AC  tix^A  BC c«n  bo  computed  from  the  angle  APB,  instead 
of  ACB,  tlie  base  AB  being  known,  and  the  angle  APB 
being  nearly  equal  to  ACB.  The  correction  above  must  be  re- 
duijed  to  arc  by  dividing  by  the  sine  of  1" ;  then  we  pliall  liave 
PC  i!i\nAPCf.m.BPC\ 
AC  BC      I 

and  the  correction  will  be  positive  or  negative  according  to 
the  position  of  the  poiTit  T'with  reference  to  the  station  C. 
"When  the  point  P  is  on  the  circumference  of  a  circle  jiafising 
thongh  the  atations  A,  By  and  C,  the  correction  will  be 
nothing. 

In  this  method  the  stations  are  selected  so  as  to  avoid  tlie 
intrpduction  of  either  very  large  or  very  sraall  angles  in  any 
of  the  fundamental  triangles,  and  the  line  selected  for  tlie 
base  must  admitof  being  measured  with  the  greatest  accuracy. 
Ailer  the  triaiigulation  has  been  carried  to  considerablo 
extent,  a  line  connected  with  this  system,  and  called  a  base  of 
verification,  ia  selected  and  measured ;  the  computed  lengtli 
compared  with  the  measured  length  is  a  test  of  the  accuracy 
of  the  work. 

In  the  French  Trigonometric  Survey  under  Mechain  and 
Delambre,  a  base  of  verification  was  ineasured  and  found  to 
'differ  less  than  one  foot  from  the  computed  length,  depending 
upon  a  system  of  triangles  extending  to  the  fundamental  base 
400  miles  distant. 

In  the  English  Survey,  General  Hoy  measured  a  base  of 

verification    on   Romney  Marsh,  in  Kent,  and  the  measured 

,   length  differed  only  2S  incbes  from  the  length  computed  trora 

B  system  of  triangles  extending  to  the  fundamental  base  on 

I  llounelow  Heath,  sixty  miles  distant. 


LAND    SURVEYINa.  287 

In  the  United  States  survey,  a  base  was  measured  on  Kent 
Island,  in  Chesapeake  Bay,  and  another  one  on  Long  Island, 
nearly  200  miles  distant.  Tlie  length  of  one  side  of  a  triangle, 
nearly  12  miles,  as  deduced  from  one  of  these  bases,  differed 
but  20  inches  from  the  length  deduced  from  the  other  base. 

By  computing  a  system  of  triangles  in  this  way,  we  can 
determine  the  relative  positions  of  places  accurately,  and  give 
great  precision  to  the  geography  of  the  country. 

An  important  application  of  this  method  is  found  in  the 
measurement  of  arcs  of  the  terrestrial  meridian,  in  different 
latitudes,  from  the  results  of  which  we  deduce  the  true  figure 
of  the  earth. 

HARBOR    SURVEYING. 

"WTien  the  tri angulation  includes  coasts  and  harbors,  where 
it  is  necessary  that,  the  depth  of  water  should  be  indicated,  as 
well  as  the  position  of  rocks,  shoals,  &c.,  signals  should  be 
anchored  on  the  shoals  and  rocks,  and  their  bearings  from 
each  end  of  a  known  base  must  be  taken.  Then  in  each 
triangle  there  will  be  known  all  the  angles,  and  one  side 
to  determine  the  triangle,  and  thus  the  position  of  the  rocks 
and  shoals  will  become  known.  To  indicate  the  depth  of 
water,  soundings  must  be  made,  and  the  bearings  of  signals 
must  be  taken  from  the  extremities  of  some  known  base, 
when,  as  before,  there  will  be  known  all  the  angles  and  one 
side  of  each  triangle  to  determine  its  vei-tex,  which  will  define 
the  position  of  the  sounding. 

Another  method  is  to  measure  with  a  sextant  the  angles 
included  between  lines  drawn  from  the  place  of  a  sounding  to 
three  distant  objects  whose  places  have  been  previously  deter- 
mined. Then  the  position  of  the  soundings  can  be  determined 
by  Pothenot's  Problem,  or  the  problem  of  three  points. 

In  trigonometrical  surveying,  on  shore,  the  observer  is  sup- 
posed to  take  his  angles  from  the  extremities  of  a  base  line ; 
but  in  trigonometrical  surveying  on  water,  the  observer  can 
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^^M  take  liis  anjflefl  only  from  single  points  wliieli  may  be  MaTi 
^^B  nected  togutli^r  Ijy  dielHiit  hnso  litius  uu  tlie  eLore. 
^^f      Imjiortant  jioiiita  along  the  pliore  are  determined  by  takii^ 
l<         latitude  and  longitude,  and  iutennediate  places,  by  regular 
land  Biirvoying. 

The  luoftlities  of  rocks  and  shoals  are  also  determined  by 
ftetronoinical  observations,  establishing  latitude  and  longitude, 
in  case  no  land  Is  in  sight,  or  they  are  far  from  the  shore;  tut 
m  the  vicinity  of  the  land,  the  determination  of  a  point  isuom- 
inonly  effected  by  the  tiiree  point  problem. 

The  tliree  point  problem  is  the  determination  of  any  point 
from  observations  taken  at  tliat  point,  on  three  oUier  distant 
points,  where  the  distances  of  these  three  points  from  each 
other  are  known. 

It  is  immaterial  liow  those  points  are  situated,  provided  tha 
three  jioints  and  the  observer  are  not  in  the  same  right  liooi 
the  middle  one  may  be  nearest  or  most  remote  from  the  ob- 
Berver,  or  two  of  them  may  be  in  one  right  lino  with  tbe 
observer,  or  all  three  may  be  in  one  right  line,  provided  the 
observer  be  not  in  that  line.  The  following  example  will  illot- 
trate  the  principle. 

Coming  from  sea,  at  the  point  D,  I  observed  two  headlandSf 
A  and  £,  and  inland,  C,  a  eteeple,  which  appeared  between  \ 
the  headlands.  I  foimd,  from  a  map,  that  the  headlands  were 
6.35  miles  from  each  other;  that  the  distance  from  A  to  the 
eteeple  was  2.8  miles,  and  from  B  to  the  steeple  3.47  miles; 
and  I  found  with  a  sextant,  that  the  angle  ADO  was  12°  15', 
and  the  angle  BDC 15°  30'.  Hequired  my  distance  from  eack 
of  the  headlands,  and  fi-om  the  steeple. 

If  the  direction  of  AB  is  known,  the 
direction  of  AC  is  equally  well  known. 

The  case  in  which  the  three  objects,  A,  C, 
snd  B,  are  in  one  right  line,  may  require 
illnetration. 

At  the  point  A,  make  the  angle  BAE=- 
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the  obserFcd  angle  CDB ;  and  at  jB,  make  the  angle  ABE  = 
the  observed  angle  ADC. 

Describe  a  circle  about  the  triangle  ABE^  join  E  and  C, 
and  prodace  that  line  to  the  circumference  in  D^  which  is  the 
point  of  olwervation.  Join  AD^  BD,  The  angle  ADB  is 
the  sum  of  the  observed  angles,  and  AEB  added  to  it,  must 
make  180^. 

The  Trigonometrical  Analysis. — In  the  triangle  ABE^  we 
have  the  side  AB  and  all  the  angles ;  -^jFand  EB  can  there- 
fore be  computed. 

In  the  triangle  AEC^  we  now  have  A  C,  AE^  and  the  angle 
CAEy  from  which  we  can  compute  ACE\  then  we  know 
ACD. 

Now  In  the  triangle  ACD^  we  have -4 C^ and  all  the  angles; 
whence  we  can  find  AD  and  CD. 


SECTION    VII. 

CANAL    AND    ROAD    SURVEYING. 

Surveys  of  roads  or  highways  are  taken  in  nearly  the  same 
manner  as  the  sides  of  fields  are  measured.  The  bearing  and 
distance  of  each  portion  must  be  taken,  and  entered  in  a  note 
book,  which  will  define  the  position  of  the  main  lines ;  then 
offsets  must  be  made  to  determine  the  position  of  the  sides  of 
the  highway,  and  the  limits  of  private  property.  A  map  must 
be  made,  on  which  the  principal  lines  shall  be  delineated,  and 
such  permanent  monuments  referred  to,  as  will  enable  a  sur- 
veyor to  recover  the  original  lines  and  limits  of  the  highway, 
should  anv  of  them  be  lost. 

^  13 
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CANAL    SURVEYING. 


Tlie  preliminary  suryeys  of  canal  routes  are  (;onducleiJ  in 

I  tlie  aaine  manner  as  tlie  survey  of  roads.     A  base  line  is  uim- 

I  ured  and  its  bearings  taken,  from  wliich  offsets  are  made  M 

[  determine  tlie  width  and  position  of  the  canal,  and  also  its 

I  viirioiia  embankments.     In  the  re-snrvey  of  the  New  YoA 

I  canals,   the  inner   line  of  the  towing  path  was   estp.bli^«i 

as  the  hose  line.     This  is  called  on  the  maps  tbe  red  line. 

The  outer  line  of  the  towing  path,  determined  by  offsets  from 

the  base  line,  is  called  the  blue  line,  and  this  line  marks  tbe 

boundary  between  the  property  of  the  state  and  that  of  indi- 

viduats  adjacent  to  the  uanals  throughout  the  state. 


PUBLIC    LANDS. 

Soon  after  the  organization  of  the  present  government,  bw- 

eral  of  the  States  ceded  to  the  United   States  large  tracts  of 

■nnoccujiied  land,  and  these,  with  other  lands  since  acquired 

I  by  treaty  and  purchase,  constitute  what  is  called  the  public 

I  lands. 

Previous  to  1802,  there  was  no  general  plan  for  surveying 

the  public  lands,  or  in  fact,  no  surveys  were  made ;  and  when 

grants  were  made  the  titles  often  conflicted  with  each  otlier, 

and  in  some  cases  different  grants  covered  the  same  |)rcmi8es. 

In  the  year  1802,  Colonel  1,  Mansfield,  then  Surveyor  Gen- 

[  eral  of  the  North-western  Territory,  adopted   the  following 

f  method ; 

Through  the  middle,  or  about  the  middle  of  the  tract  to  be 
surveyed,  a  meridian  is  to  be  run,  called  the  pinncipal  meri- 
At  right  angles  to  this,  and  near  the  middle  of  it, 
\  an  east  and  west  line  is  to  be  rnii,  and  called  the  j/njieipal 


Other  meridians  are  to  be  run.  six  miles  distant  from  the 
I  principal  meridian,  both  east  and  west. 
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Also,  parallels  of  latitude  are  to  be  ran,  six  miles  from  the 
principal  parallel,  both  north  and  south. 

When  this  is  done  (and  it  has  been  on  all  the  public  lands 
east  of  the  Mississippi  river),  the  whole  country  is  divided  into 
squares,  six  miles  on  a  side,  called  townships. 

Each  township  contains  36  square  miles.  Each  square  mile 
is  called  a  section,  and  it  contains  640  acres.  Sections  are 
divided  into  half  sections,  quarter  sections,  and  eighths.  But 
these  divisions  are  only  made  on  paper. 

Townships  which  lie  along  a  meridian  are  called  a  rcmge^ 
and  numbered  to  distinguish  them  from  each  other. 

Sections  are  regularly  numbered  in  every  township;  and  to 
designate  any  particular  one,  we  say,  section  13,  in  township 
number  4  north,  in  range  3  east. 

This  shows  that  the  third  range  of  townships  east  of  the 
principal  meridian,  in  township  No.  4  north  of  the  principal 
parallel,  is  the  township,  and  the  thirteenth  section  of  this 
township  is  the  one  sought. 


SURVEY    BILL. 


Beginning  at  a  stake  and  stones, 
thence  running  north  20°  east 
17.87  chains  ;  thence  north  30^  east 
8.40  chains,  to  an  elm  tree ;  thence 
east  6.32  chains  to  stake  and  stones; 
thence  south  10°  east  19.20  chains  ; 
thence  south  40°  west  16.80  chains ; 
tlience  north  50°  west  12  chains  to 
the  place  of  beginning:  contain- 
ing by  computation  38.72  acres  of 
land. 

The  survey  bill  of  every  piece  of 
land  measured  should  be  carefully 
written,  for  the  description  of  the 
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^H  premises  in  the  title  deed  is  a  copy  ot  tlio  Sur\'eyor's  etatfr 

^H  nient. 

^V      Permanent   objec-ts  near  the   eornera,  eiich   as  trees,  &c., 

1^^  shoiikl  he  referred  to ;  names  of  the  owners  of  adjacent  lauda 
fihoiild  be  stated ;  »!«)  roads  and  streams  of  water  shonM  le 
RO  mentioned  an  clearly  to  detine  tlie  premises. 


SECTION     VIII. 


H 


VARIATION    OF    THE     COMPA 


Ab  the  tnie  meridian  is  an  astronomical  line,  we  most  find 
I  ft  by  aetronomicftl  ohservations ;  and  then  by  comparing  tlie 
meridian  of  the  compase  with  it,  we  shall  have  the  variation 
of  the  compass. 

When  the  snn  is  on  the  equator,  it  rises  due  east,  and  sate 
directly  in  the  west.  Should  we  then  observe  tlie  direction  of 
its  center,  just  as  it  was  rising  or  setting,  at  the  time  it  had  no 
declination,  and  trace  that  line  a  short  distance  on  tlie  ground, 
ve  should  have  a  due  east  and  west  line. 

If  from  any  point  in  that  line  we  draw  another  line  at  right 
angles,  we  should  then  have  the  true  meridian. 

If  we  DOW  put  the  coiupass  on  this  meridian,  and  make  the 

ight-vanes  range  with  it,  the  needle  will  also  range  with  it, 

I  if  there  is  no  variation.    But  if  the  north  point  of  tlie  needle  is 

[  to  the  west  of  the  eight-vane,  tlie  variation  is  westerly ;  if  to 

f  the  east,  easterly  ;   and  the  number  of  degrees  and  parts  of  & 

I  degree  that  the  needle  deviates  from  the  direction  of  the  sight- 

'anes  shows  the  amount  of  the  variation. 

But  it  is  not  to  he  supposed  that  any  particular  observer 

■can  be  at  the  points  and  places,  where  the  sun  is  either  rising 

nor  setting  just  at  the  time  the  sun  is  on  the  equator.     We 
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must  have  a  broadar  basis,  and  in  fact  by  means  of  the  lati- 
tude of  the  observer  and  the  declination  of  the  sun,  any 
observer  has  the  means  of  knowing  the  precise  direction  in 
which  the  snn  will  rise  or  set,  any  day  in  auy  year. 

Xiet  ns  suppose  that  the  sun  on  a  certain  day,  observed  from 
a  certain  place,  must  have  risen  S.  81°  E.,but  by  the  compass 
it  was  observed  to  rise  S.  79°  E.,  the  variation  of  the  compass 
was  therefore  2°  west. 

Tliese  observations  are  called  taking  an  azimuth.  Azimuths 
are  often  taken  at  sea  to  determine  the  vaiiatiou  of  the 
compass. 

On  land,  however,  the  horizon  is  rarely  visible  and  very 
few  observations  on  sunrise  or  simset  can  be  made ;  besides 
there  are  other  objections  arising  from  atmospherical  refrac- 
tion. It  is  therefore  best,  most  convenient,  and  more  condu- 
cive to  accuracy,  to  take  the  sun  when  up  10°,  15°,  or  25°  above 
the  horizon,  observe  its  direction  per  compass,  and  compare 
the  result  with  the  computed  bearing  for  the  same  moment, 
and  if  the  two  results  agree  the  compass  has  no  variation  ;  if 
they  disagree  the  amount  of  such  disagreement  is  tlie  amount 
of  the  variation  of  the  compass. 

The  true  bearing  of  the  sun  can  be  determined  when  the  ob- 
server knows  his  latitude,  the  sun's  declination,  and  the  alti- 
tude of  the  sun. 

In  the  diagram  let  Z  be  the 
zenith  of  the  observer,  P  the 
north  pole,  and  8  the  place  of 
the  sun  when  its  altitude  was 
taken.  Then  will  PZ  be  the 
observer's  co-latitude ;  PS  will 
be  the  sun's  co-declination,  and 
ZS  will  be  the  sun's  co-altitude, 
and  the  angle  PZS  will  give 
the  sun's  bearing  or  azimuth. 


SURVETIKa   ATlTD,  KAVIOATION,  ^ 

In  iJie  Bplierical  triangle  PZS,  the  three  eidee  will  be  k&DVDil 
to  find  ttu  angle,  we  liave  tiie  equation,  1 

CW..PS  ^  cos.PZcos.SZ+mi.PZsin.SZcos.Z   (1) 

If  we  pnt  A  =  the  sun's  declination,  L  =  the  obfierver'i 
latitude,  and  A  =  the  snn'a  altitnde;  then  eince  A  is  tk 
,«»mplement  of  PS,  L  that  of  PZ,  and  A  that  of  SI,  the 
above  equatione  will  become 

Sin.A  =  sin.X  8in.^+i:os.i  cos.^  cqb.Z.  (2) 

,£-oia  wbich  we  can  detennine  the  angle  Zby  its  cosine. 


In  latitude  39°  6'  20"  north  the  sun's  declinatiou  waa 
12°  3'  10"  north,  and  the  true  altitude  of  the  sun's  center  w» 
observed  to  be  30°  10'  40".     What  was  the  sun's  azimuth  J 

In  this  example  A  =  12°  3'  10",  X  =  39°  6"  20",  and  A  = 

I"  10'  40";  with  these  values  we  got  PZS  =  99°  17',  « 
11ZS=  80°  43'.   Hence  the  bearing  of  the  sun  is  S.  80°  43'  E. 

If  at  the  time  of  taking  the  altitude  of  the  Bun  anotliC 
oheerver  liad  taken  its  bearing  by  the  compass,  and  found  it  to 
be  S,  80°  43'  E.,  tlien  the  compass  would  have  no  variation, 
and  whatever  it  ditiered  I'roin  tliat  'would  be  the  amount  <ri' 
variation. 

If  a  line  were  run  along  the  ground,  direct  toward  tie 
center  of  the  sun,  at  the  time  the  altitude  was  taken,  and 
sufficiently  marked,  that  would  be  a  standing  line  of  known 
direction ;  and  if  from  any  point  in  that  line,  we  could 
draw  another  line,  making  an  angle  with  it  of  99°  17'  on  the 
north,  or  SO"  43'  on  the  south,  such  a  line  definitely  marked, 
would  be  a  permanent  meridian  line  for  all  time  to  come,  on 
which  we  could  at  any  time  place  a  compass,  and  observe^ 
variation. 


1 
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itead  of  equations  (1)  and  (3)  we  may  tifio  tk^  equation 


\  BlHtX^Z  Bin.oZ   / 


fv^hich  we  get  Z  by  the  cosine  of  half  Z,  wliere  S  is  half 
m  of  the  sides. 

•e  JPZ  =  50°  53'  40" ;  PS  =  77°  56'  50" ;  ZS  =  59°  49'  2(f 

1     /5  =  94°  19'  55",  and  S-PS  =  16°  23'  6". 

ice 


Sin.-S' 

=  +9.998758 

Sin.(>S'-i>^ 

=  +9.450381 

Sm.P2 

=  -9.889853 

Sm.ZS 

=  -9.936750 

2)19.622536 

Cos.  49°  88' 36'  =      9.811268 
refore  Z  =  99°  17'  12"  nearly  as  before. 

3  equation  is  adapted  to  logarithms ;  see  Spherical  Trig* 
>try. 


GATE  A  MERIDTAK  LINE  PROM  OBSERVATIONS  UPON 
THE  NORTH  STAR  WITH  A  THEODOLITE. 

north  star,  Polaris,  is  now  1863,  about  1°  25'  distant 
the  north  pole,  and  the  star  apparently  makes  a  circle 
the  pole  in  a  sidereal  day,  making  two  transits  across 
eridian,  one  above  and  the  other  below  the  pole — a 
on  to  itj  at  these  times,  would  be  a  true  meridian  line. 
5nd  these  times,  mbtt'<xet  the  right  aaeension  of  the  sun 
the  right  ascension  of  the  sta/r  /  increasing  the  latter  by 
o  render  the  subtraction  possible,  when  necessary. 

difference  will  be  the  time  of  the  upper  transit,  and 
ind  59m.  from  that  timfe  will  be  the  time  of  the 
transit.    The  right  ascension  of  the  sun  is  to  be  found 


8DRVEYIN0   AKD   NAVlOATtOS. 


la  theKantical  Almanacs,  for  every  day  in  tJie  year;  itndU 
is  nearly  the  same,  for  tlie  same  day,  in  every  year. 

For  exairi(j]L>.     At  wlmt  time  will  tiie  north  star  make  its 
traiiBits  over  the  tnitridian  on  the  first  day  of  July,  1853. 


1 


*  J!.  A.  +  nil.. 
O  J!.A 


25     6 

6  a 
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18 
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Thi»  result  ehowa  that  the  upper  transit  will  occur  alwnt 
Jh.  24m.,  in  the  morning  of  the  2d  of  July.  I  Bay  abtmt, 
because  I  took  the  eun'e  right  asceiiBion  for  the  momiDgof 
July  1,  and  from  that  time  to  6,  next  morning,  is  18  bouraj 
and  during  this  time  the  right  ascension  of  the  Bun  will 
iucreasB  full  3  minutes — therefore  the  upper  transit  will  take 
place  6h,  21m.  in  the  morning,  and  the  previous  lower  transit 
llh,  59ra.  previous,  or  at  6h.  23m.,  evening. 

Tile  time  when  the  north  star  is  on  the  meridian  maybe 
known  approximately,  since  the  star  in  the  handle  of  the 
dipper  nearest  the  four  stars  that  form  the  dipper,  pasBCB  tlie 
meridian  nearly  at  tlie  same  time  as  the  north  star.  Having 
obtained  the  time  the  pole  star  will  be  on  the  meridian,  direct 
the  teleecopo  so  that  at  that  moment  the  star  shall  he  upon 
the  middle  spider  line,  and  the  line  of  the  telescope  will  indi- 
cate the  true  meridian ;  and  this  line  permanently  marked  will 
enable  the  surveyor  to  ascertain  the  valuation  of  his  compss 
at  any  time. 

Or  knowing  his  latitude,  and  having  from  the  Almanac  the 
L.nortli  star's  polar  distance,  and  its  time  of  passing  the  men- 
i  dian,  the  surveyor  can  find  when  the  pole  star  will  be  at  its 
I  greatest  elongation  east  or  west  from  the  equation 

CoB.P  =  tan.Xtan,i, 

I  Where  i  is  the  latitude  of  the  place,  and  A  is  the  north  si 
I  polar  distance,  and  I*  is  the  time  angle,  which  an^ 


I 
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to  time  by  allowing  15^  for  one  hour,  will  gi^e  the  time  of  the 
star's  greatest  elongation.  This  may  be  approximately  known 
by  the  position  of  the  dipper ;  the  first  star  in  the  handle  of 
the  dipper  will  be  in  a  horizontal  line  with  the  north  star. 
Direct  the  telescope  to  the  star  a  little  before  tliis  time,  and 
follow  the  star  nntil  it  ceases  to  move  in  the  same  direction. 
Then  mark  the  direction  of  the  telescope. 

Compute  the  star's  azimuth  from  the  equation 

sin.A  =  cos.Z  •  sin.Z, 

Where  A  is  the  star's  polar  distance,  L  is  the  latitude,  and 
Z  the  angle  of  azimuth. 

Then  with  the  theodolite  upon  the  line  of  greatest  elonga- 
tion, set  off  the  angle  Z  as  determined  from  the  above  equa- 
tion, and  the  line  thus  run  will  be  the  true  meridian. 


Example. 

In  1863,  the  polar  distance  of  the  north  star  is  about  1^  26'. 
Required  its  azimuth  for  latitude  43°  3'. 
From  the  last  equation,  we  have, 

Sin.Z  =  E!L4, 
COS.Z 

And  since  A  ==  1°  25',  and  Z  =  43°  3',  we  have, 

Sin.  1°  25'         =  8.393101 
Cos.  43°  3'         =  9.863774 


Sin.  1°  56'  20"  =  8.529327 

Which  is  the  angle  Z,  or  the  azimuth  of  the  pole  star  at  that 
time.  If  the  direction  of  the  star  at  the  time  of  its  greatest 
elongation  has  been  marked  out,  then  with  the  theodolite 
mark  out  another  line  intersecting  the  first  at  an  angle  of 
1°  56'  20",  and  it  will  be  the  meridian. 

By  placing  a  compass  on  any  well  defined  and  true  meridian* 
we  can  determine  its  variation  by  simple  observation. 
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The  det'lination  of  tlie  neiKlIe,  or  the  variation, 
calle'],  is  the  angle  between  the  tnieand  the  m^fnetic  merii 

In  llie  United  iStates,  the  ningnetic  needle  points  west' 
north  at  all  placee  \n  the  ea6tem  and  middle  atatos,  and 
of  north  in  the  western  states. 

Those  places  where  the  true  and  mi^netic  meridian  coincide, 
or  where  the  needle  points  directly  north,  are  said  to  be  oti  tlie 
line  of  no  declination ;  und  those  places  where  the  angle  bt 
tween  the  trne  and  magnetic  meridian  is  the  eame,  are  saidw 
be  on  hnea  of  eqnal  declination. 

At  the  close  of  the  last  centnry,  tlie  western  declination  in 
the  United  States  was  decreasing,  and  the  eastern  declination 
■was  increasing;  this  is  now  reversed,  the  western  declination 
is  tnereasing,  and  the  eastern  is  decreasing.  In  the  Ke* 
Snglaud  States,  the  western  declination  is  increasing  fiwn  S" 
to  7  annually.  In  the  middle  states,  the  western  declination 
is  increasing  at  the  rate  of  from  3'  to  4'  annually ;  and  iii  tbe 
Bonthern  and  western  states  at  the  rsite  of  about  2'  annually. 

The  change  of  declination  is  not  constant  at  tlie  same  place, 
and  at  different  places  is  tjnite  mieq.nah  In  1835,  Charbtt* 
yille,  in  Virginia,  was  on  the  line  of  no  declination,  and  tlio  ■ 
line  of  no  declination  then  struck  Lake  Erie,  not  far  from  Erifl 
in  Pennsylvania,  In  1840, the  line  of  no  declination  waswest 
of  OharlotteBville,  so  the  declination  of  that  place  was  19'  west 
whilo  the  line  struck  Lake  Erie,  not  far  east  of  Clevelanc^ i" 
Ohio,  the  declination  of  that  place  being  thai  19"  east. 

In  the  34th  and  39tli  volumes  of  the  American  Jonms!  of 
Science,  Professor  Looniis  published  charts  with  lines  of  e<]u»! 
declination  for  the  greater  part  of  the  United  States,  arraiigeil 
for  the  years  1838  and  1340. 

In  the  Coast  Survey  Report  for  185fi,  under  the  direction 
of  Dr.  Bache,  a  chart  with  lines  of  equal  msgnetic  declination 
■was  published.  This  chart  embraced  the  Pacific  Coast,  aiwi 
the  lines  were  arranged  for  the  year  1850. 

The  following  table  shows  the  magnetic  declination  of  a^H 
ral  places  in  the  United  States.  ^M 
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TABLE    OF    DECLINATIONS. 


FLACB. 


L 


Maine N.  E.  angle. . 

Cambridge Mass 

Burlington Vt 

New  Haven Ct 

Columbia  College N".  Y 

AV^ashington D.  C 

-Philadelphia Pa 

I^ittsburg , .  Pa 

Charlottesville Ya. 

Hudson Ohio 

Charleston.. S.  C 

Cincinnati O 

Detroit Mich 

IMobile Ala 

INashville Ten 

Alton Ill 

St.  Louis Mo 

Natchez Miss 

San  Francisco Cal 


DKCLINATIOW. 


19°  12'  W. 

9°  18'  W. 

9°  45'  W. 

6°  10'  W. 

6°  25'  W. 

7°  54'  W. 

5°  44'  W. 

1°  25'  W. 

4°  8'W. 

0°  33'  W. 

0°  19'  W. 

0°  52'  E. 

0°  44'  E. 

2°  30'  E. 

4°  26'  E. 

2°  00'  E. 

7°  05'  E. 

7°  07'  E. 

7°  45'  E. 

8°  37'  E. 

9°  00'  E. 
15°  27'  E. 


1838 
1840 
1837 
1846 
1845 
1855 
1855 
1837 
1840 
1845 
1840 
1840 
1854 
1849 
1840 
1840 
1850 
1835 
1840 
1840 
1802 
1852 


The  change  of  declination  can  be  ascertained  from  the 
i^corded  bearings  of  old  lines,  as  the  division  lines  of  farms. 
Ilace  the  compass  upon  the  line  whose  bearing  is  given,  and 
direct  the  sights  to  a  flag-staff  upon  another  distant  point  of 
the  same  line  ;  the  reading  of  the  compass  compared  with  the 
recorded  bearing  of  the  line  will  give  the  change  of  declina- 
tion. 

To  retrace  lines  from  the  iea/rings  given  in  ^^  ancient 
deeds^'^  First,  ascertain  the  change  of  declination  since  the 
dates  of  the  record ;  then  if  the  change  has  been  west,  add  the 
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Echange  to  the  S.  W.  and  N.  E.  bearings,  and  subtract  dia  i 
l.cliange  from  the  N,  W.  and  S.  E.  bearings  ;  if  the  fliHiige  his 
ibeen  east,  then  subtract  the  change  from  the  8.  "W.  and  N.  E. 
Kbearings,  and  add  it  to  the  N.  "W".  and  S.  E.  hearings.    The 

■  bcaringB  thuB  corrected  will  give  the  included  angle  at  eacli 

■  corner  of  the  field  the  same  as  the  old  hearings. 


Example. 
In  an  old  deed  the  following  bearings  were  given : 


DBARINGS. 

1 

3 

4 

8.     10°   W. 

N.  11°  W. 
N.  S7"  E. 
S.  53°  E. 

The  change  of   dettlination  was  fonnd  to  bo  3°  SO"  west. 
I  "What  will  be  the  bearings  of  the  sides ) 


1 

2 
3 
4 

,...„«. 

S.  13°30'W. 

N.  67°  30'  W. 
N.  40°  30'  E. 
8.  49°  30'  E. 

i 

J!"  HfV  west.     I 

I 


If  at  the  time  the  above  bearings  were  taken  the  declination 
■  of  the  needle  were  3°  30'  west,  what  wonld  he  the  bearing* 
I  6f  tliA  Bideg  referred  to  the  true  meridiai 


».™ 

1 

2 
3 

4 

S.     6°30IW. 
N.74°30'W. 
N.  33°  30*  E. 
8.  56°  30'  E. 

i 
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The  lines  of  an  old  survey  may  be  retraced  by  raovinf^  the 
the  veruier  of  tlie  compass  through  an  arc  equal  to  the  change 
in  the  declination  of  the  needle  since  the  old  survey  was  made ; 
then  with  the  compaaa  thus  adjusted,  run  the  lines  according 
to  the  bearing  given  in  the  notes  of  the  old  sm-vey. 

Or  place  the  compass  on  a  well  marked  tine  of  the  old  sur- 
vey, and  move  the  vernier  nntil  the  needle  indicates  the  Bame 
bearing  as  given  for  that  line  in  tlie  notes  of  the  old  snrvoy ; 
then  the  eompasa  will  retrace  the  lines  of  the  survey  from  the 
original  bearings,  and  the  reading  of  the  vernier  will  indicate 
the  change  of  declination  since  the  original  survey  was  made. 
Any  land  mark  to  the  corner  of  a  lot  laid  down  by  the 
original  snrveyors,  must  remain ;  subsequent  surveyors  can 
etraighten  lines  bet^peen  point  and  point,  and  decide  wliat  the 
trne  courses  are,  and  how  many  acres  the  lot  contains. 

When  a  surveyor  is  called  to  smwey  any  farm  or  estate  that 

has  been  previously  surveyed,  he  must  find  some  comer  as  a 

place  of  commencing,  and  from  this  run  a  rar<dom  line,  as 

near  the  true  line  as  his  judgment  permits  ;  and  if  he  strikes 

another  corner  he  haa  run  the  true  conrse;  if  not,  he  corrects 

his  course,  as  taught  in  Chapter  IV.     Thus  lie  must  go  round 

the  field  irom  corner  to  corner.     He  has  a  right  to  esiahlish 

comers  only  where  no  corners  are  to  be  found,  and  no  evidence 

can  be  obtained  as  to  the  existence  and  locality  of  a  former 

land  mark. 

^_     It  may  be  the  case  that  a  surveyor  is  called  to  survey  a  lot 

^■^ere  no  comers  are  to  be  found.     If  a  fence  or  line  exists, 

^■Riich  has  been  the  undlspnted  boundary  for  a  long  time,  that 

^^toundary  cannot  be  changed,  and  the  surveyor  must  estabHfibM 

a  corner  by  ranging  some  other  line  to  meet  the  first.     Som^ 

times  corners  may  be  found  to  some  neighboring  lot,  front 

which  lines  can  be  run  to  establish  a  comer  to  the  lut  y 

to  survey. 

Lines  of  lota  in  the  same  town  are  generally  parallel ;  and  a 

ireyor  who  offers  his  services  to  the  public,  must  make  him 

icquainted  with  the  general  directions  of  the  lines  < 
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lots,  over  that  seotioii  of  eonntrjr  where  hi^  Borvieefr  Are 
required. 

When  li  sti^eyor  is  caUed  to  diride  a  pieoe  of  land,  he  i^ 
then  an  original  sarveyor,  and  not  liable  to  be  embarrassed  19J 
old  lines  and  old  traditions ;  he  has  then  only  his  mathematical 
problem  before  him. 

Owing  to  the  inaccuracies  of  original  surveys,  and  the  im- 
possibility of  leaving  proper  land  marks,  in  consequence  of 
the  great  haste  in  which  lands  were  originally  surveyed,  great 
confusion  has  followed,  in  some  sections  of  our  country,  in 
respect  to  lines,  and  it  has  been  no  uncommon  thing  to  have 
whole  neighborhoods  at  variance,  if  not  in  law,  in  refereuce  to 
the  boundaries  of  their  lands. 


CHAPTER    V, 


TOPOGRAPHICAL    SURVEYING. 


SECTION    I. 


LOCATING    CURVES 


PROBLEM    I. 


To  ^cke  out  a  curve  iJoUh  the  Compass  or  Transit. 


Suppose  the   line  TA  is  tangent  to  the  curve  at  A  and 

!7i8  tangent  at  C.    Measure  AB  and  determine  the  angle  at 

then  will  r,  the  radius  of  the  required  curve,  be  equal  to 

?  tan.  ^jB,  and  the  angle  BAP  will  be  found  from  the 

atiori  —  =  6in.^-4i^,  where  c  is  the  engineer's  chain ; 

Q  with  the  transit  at  A^  make  an  angle  BAP  as  deter- 
led  by  the  above  equation,  and  from  A  measure  one  chain  to 
where  put  a  pin  ;  make  the  angle  BAP^  double  the  angle 
LP,  and  measure  one  chain  from  P  to  range  with  AP^ ; 
a  pin  at  P.  Make  the  angle  BAP^  three  times  the  angle 
IP ;  measure  from  P  one  chain  in  range  with  ^P",  and  put- 
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1 


a  jjin  at  F",  and  so  on  ;  the  pine  at  P,  P",  F",  &c.,  will  be; 
the  circnml'ereiice  of  a  eimle. 

If  it  is  not  uDQv-enientto  tneasure  AS,  take  the  beariogiind 
distanco  from  A  to  6';  then  will  the  radius  of  the  retjuireJ 
curve  be  ■,  ^  „ — ^  =  r,  whence  we  can  get  the  angle  BAP 

as  befure.  TVlien  AJJ  =  SC,  the  lines  are  tangents  at  J.  and 
C,  but  otherwise  not.  By  the  last  method  the  curve  ninst  pus 
through  the  given  point  C,  but  may  not  be  bo  that  the  given 
line  will  be  tangent  at  the  point  C;  when  the  ireint  Cianot 
given,  we  may  aegume  any  convenient  radius,  and  then  stake 
out  the  curve. 


PROBLEM    II. 

To  locate  a  curve  with  a  chain. 
Let  r  be  the  radius  of  the  required  curve,  and  e  the  length 

of  the  chain  in  feet ;  then  will  —  he  the  versed  sine  of  the  are 
'  2/- 

whoso  chord  is  the  gi\'oii  chain. 


ft 


Suppose  the  straight  line  AB  is  tangent  to  the  curve  at  A. 

Put  a  pin  at  A,  and  extend  the  chain  its  length  from  the  pin 

I  along  the  line  AB;  deflect  the  chain  into  the  position  AB,%d 

\  that  the  versed  sine  ^  shall  measure  the  distance  of  B'  from 

the  line  AB.     Put  a  pin  at  &,  extend  the  cliain  along  the 
line  AB  to  O;  then  deflect  the  chain  to  C",  so  that  CC  shall 

be  double  the  i-ersed  sine-"-,  or  double  the  deflection  at  Bf. 
2/- 

Put  a  pin  at  C",  tlien  extend  the  chain  along  the  line  B't"  to 
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leflect  to  L^  making  the  deflection  DU  equal  to  CG\ 


n. 


ins  at  -4,  B\  (7'  and  2>',  will  be  in  the  circumference 
e,  and  ABf^  B'C^  C^D^  &c.,  will  be  equal  chords  in 
ivhose  radius  is  r. 

the  curve  is  again  to  unite  with  a  straight  line  as  at 
[lext  deflection,  as  at  E^  must  be  half  that  at  ^,  or 
3  as  at  the  first  point  Bf ;  that  is,  the  deflection  must 

le  given  versed  sine, 
example,  the  radius  of  the  required  curve  is  1,000 

2 

chain  being  100  feet,  then  _  will  equal  5  feet,  the 

2/* 

1  at  ^';  at  C\  the  deflection  will  be  10  feet,  while 

3  deflection  will  be  5  feet,  and  DE^  will  be  tangent 

rve  at  EK 


PROBLEM    III. 


Ice  out  aparahola  to  which  two  given  lines  ahaJl  ie 


E  and  EJy  be  the 
les  meeting  at  E, 
off  equal  spaces,  as 
7,  &c.,  on  the  line 

stakes  at  the  points 
J),  &c.  Also  meas- 
jqual  spaces  on  the 
,  and  put  stakes  as 
',  C,  &c. 

out  A  A*  and  BB', 
a  stake  at  the  inter- 
f  the  ranges  at  P ;  then  range  out  CC\  and  put  a 
P  where  the  range  intersects  that  of  BB  ;  range  out 
i  at  P"  put  a  stake  where  JDJD'  intersects  (7C".    The 
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I  Btakee  at  P,  /",  /*",  will  lie  on  tlie  &rv.  of  a  parabola,  andtli 
I  line  AJCvi\\\  be  tangent  at  yl,anil  EIJ'  will  be  tangent  ntflf 
I  thia  method  will  apply  whether  AJS  =  ED^  or  not. 


SECTION     II. 
LEVELING, 


Tbe  Bvirface  of  tratiquil  water  is  called  a  level  Biirface ;  a  linS 
■wliose  points  are  all  equally  distant  from  a  surface  of  tranqnil 
I  water  ia  called  a  line  of  true  level ;  a  Btraight  line  tangcut  to 
the  true  level  at  a  given  point  is  called  the  line  of  apparent   | 
level  witli  reference  to  that  point. 

Let  C  be  the  center  of  the  eartli,  and  A  a 
])oint  at  its  surface ;  tlieti  AD  is  the  line  of  true 
level,  and  AB,  the  tangent  at  the  point  A,  is 
the  line  of  apparent  level,  and  BD  is  the  differ- 
ence between  the  true  and  apparent  level  fur 
the  distance  AB. 

To  compute  BD^  we  will  let  AC  =  r,  AB 
=  f?,  and  BD  =  k ;  then  will  BO  =  r+A.  From  the  right- 
angled  triangle  BAC,  we  have  (r+Ay  =  r^  +  d^,  from  wbiiA 
we  get, 

2rh  +  h*  —  d'-. 

But  since  BD  is  small,  compared  with  AC,  the  radios 
the  earth,  we  may  neglect  A',  whence  we  shall  have, 

2M  =  d^, 


Or, 


Since  2r  is  constant  tbe  equation  A  = 


I 
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3nce  between  the  tme  and  apparent  level  varies  as  the 
3  of  the  distance. 

n  the  above  equation  we  put  for  2r  the  mean  diameter 
I  earth  7,912  miles,  and  take  d  =  1  mile,  we  shall  get 
inches ;  hence,  at  the  end  of  one  mile,  the  tme  level  is 
Dches  below  the  apparent  level. 

re  take  any  distance  in  miles,  and  multiply  its  square 
ve  shall  get  in  inches  the  difference  between  true  and 
5nt  level  for  distance  taken ;  thus,  for  3  miles  we  multi- 
3y  8,  and  get  73  Inches,  or  6  feet,  the  correction  for  3 

ind  the  correction  for  2  chains,  or  200  feet,  we  have, 


Log.  200 
Log.  5280 

=  2.301030 
=  3.722634 

2.578396 
2 

Log.  8 

3.156792 
-  0.903090 

Log.  .01148  =  2.059882 

.  shows  that  for  200  feet  the  correction  is  but  little  over 
an  inch. 


find  the  distance  at  which  an  object^  whx>8e  height  is 
can  he  seen  from  the  surface  of  the  earth. 

d  and  d}  be  any  two  distances,  and  h  and  N  their  cor- 
ding heights ;  then  we  shall  have, 

d^  =  2rh 
<?*  =i  2/•A^ 

.  d^       h 

we  know  that  when  df  =^  S  miles,  A'  will  be  6  feet. 


SUKVETING    AND    NAVIGA.TIOH. 


3        2- 


"Wliicdi  gives  tlio  distance  in  miles  when  the  height  is  gi™ 
in  feet. 

Example  1. 

The  lanteni  of  the  old  Eddystone  Light-honae  was  92  feet 
above  the  water.     How  far  could  its  light  be  seen ! 
Put  A  =  92  feet,  and  we  get, 

<^  =   f^92  =   ViSS  =  ll-'?5  miles. 

Example  2. 

A  spring  of  water  is  found  to  be  on  an  apparent  level  with 
a  given  point,  and  distant  from  it  15,000  feet.  What  ib  tlie 
fall  from  the  spring  to  the  given  point  t 

SolMtion.—Lo^.  15,000  =  4.176091 

Subtract     Log.  6280  to  rednce  to  miles  =  3.722634 

0.453457 
Multiply  by  2  to  square  distance 

^90691 4 
Add  log.  7«3  correction  for  1  mile  in  feet     =  1.823909   , 
Log.  5.38  feet 
which  is  the  fall  from  the  spring  to  the  given  poiut, 

PROBLEM    I. 

To  find  tlte  difference  of  level  I/etween  any  two  atedioiia  « 
the  theodolite. 

Place  the  theodolite  at  one  of  the  stations,  say  the  lower, 
and  take  the  angle  of  elevation  and  measure  the  distance  ftota 
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one  station  to  the  other ;  then  multiply  the  measured  distance 
by  the  sine  of  the  angle  of  elevation  ;  the  product  will  be  the 
elevation  of  one  station  above  the  line  of  apparent  level  pass- 
ing through  the  other. 

The  same  distance  multiplied  by  the  cosine  of  the  angle  of 
elevation  will  give  the  horizontal  distance,  which  reduced  to 
miles,  squared,  and  multiplied  by  8,  will  give  the  correction 
in  inches  for  true  level. 

If  the  horizontal  distance  is  measured,  we  must  multiply  by 
the  tangent  of  the  angle  of  elevation  for  the  diflTerence  of 
level. 

Example, 

At  a  gJren  station  an  object  6000  feet  distant  gave  with  the 
theodolite  an  angle  of  elevation  of  5°  10'.  What  was  its  true 
altitude  ? 

Sclutiwi.  Sin.  5^  10'    =  8.954499 

Log.  6000     =  3.778151 

Log.  540.32  =  2.732650 

which  gives  the  elevation  of  the  object  above  the  line  of  ap» 
parent  level,  540.32  feet. 

And  COS.  5°  10*  =  9.998232 

Log.  6000  =  3.778151 

Log.  5975.6  ft.  =  3.776383 

To  reduce  to  miles,  Log.  5280  =  3.722634 

0.053749 
Square  2 

0.107498 
Log.  j%  1.823909 

Log.  .8539  ft.  T.931407 

Whence  we  may  take  .85  feet  as  the  correction  for  true  level ; 
this  added  to  540.32  will  give  541.17  feet  for  the  altitude  of 
the  object. 
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Tojind  t/ie  diferawc  of  level  hetwe^n  any  two  points  on,  Ik  I 
earth's  mrface. 


Let  A  and  G  be  two  proposed  points,  to  find  the  elevation 
of  A  above  O.  Measure  from  A  toward  O  any  eonvenient 
distance,  say  two  cliains  to  C;  put  a  pin  at  A,  and  one  at  C\ 
Bet  up  tlie  engineer's  level  at  -fl,  midway  between  A  and  C\  on 
the  pins  at  A  and  Caet  np  the  leveling  roda;  direct  tlie  teles- 
cope of  the  level  to  the  target  at  m,  rend  off  from  the  rod  the 
elevation  of  vi  above  A,  and  record  it  in  feet  and  tenths  aa  s 
"back  sight ;  then  direct  the  telescope  to  the  target  at  n,  rend 
off  from  the  rod  the  elevation  of  n  above  c,  and  record  it  in 
feet  and  tenths  aa  a/iwe  sight.  From  Cmeasnre  toward  O,  a  difr 
tance  CE,  equal  to  j4C,  and  put  a  pin  at  E,  set  np  the  level  it 
D,  midway  between  C  and  E,  and  move  the  rod  from  A  to  tlio 
pin  at  E,  direct  the  teJeecope  to  the  target  &t  P,  and  read  off 
from  the  rod  the  elevation  of  P  above  C,  and  record  it  as  a 
hack  sight;  then  direct  the  telescope  to  the  target  at  y,  and 
read  off  the  elevation  of  q  above  E,  and  record  it  as  a/ort 
sight.  Proceed  in  this  way  until  it  ia  convenient  to  set  up  o 
rod  on  a  pin  at  (?,  then  find  the  sum  of  the  back  eights  and 
and  the  sum  of  the  fore  sights.  The  difference  of  these  sunifl 
■will  give  the  elevation  of  one  point  above  the  other. 

A  horizontal  line  passing  through  either  of  the  proposed 
points  ia  called  a  "  datum  line,"  and  any  point  carefully  deter- 
mined with  reference  to  other  points  is  called  a  "  bench."    It  is 
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convenient  to  record  the  field  notea  in  the  form  of  a  tablet  aa 
follows : 


I 


"oj; ."™ 

J.™ 

T.r 

'""„:r" 

""ir" 

B        3.2 
D       5.1 
F       4.2 

6.0 
9.0 
9.9 

2.8 
3.9 
5.7 

2.8 

e.T 

12.4 

1.33 
1.56 
0,00 

The  first  column  shows  the  several  stations ;  the  second  eol- 
■ninn  shows  the  back-sights  at  each  station  ;  the  third  column 
shows  the  fore-sights ;  the  fourth  column  shows  the  difference 
of  elevation  between  each  two  stations ;  the  fifth  column  shows 
the  distance  of  each  pin  from  the  datwm  line ;  the  sixth 
column  shows  the  distance  of  each  pin  from  the  grade  line. 

If  at  station  B  we  find  Am  equal  3.2  feet,  and  Cn  equal 
6,0  feet ;  and  if  at  station  D  we  find  Cp  equal  5.1  feet,  and  Eq 
equal  9.0  feet,  and  at  station  F'li  Er  equal  4.S  feet,  and  Os 
equals  9.9  feet,  then  will  Che  2.8  feet  below  A,  and  J"  will  be 
3.9  feet  below  C,  and  G  will  be  5.7  feet  below  E.  The  uura-  I 
bers  in  the  firth  column  show  that  C  is  2.8  feet  below  the 
datum  line  that  passes  through^,  and  that  ,£■  is  6.7  feet  below 
the  same  line,  and  that  G  is  12.i  feet  below  the  same  line. 

The  numbers  in  the  sixth  column  show  that  the  pin  at  O  ia 
1.33  feet  above  a  grade  line  from  A  to  G,  and  that  the  pin  at 
JFis  J.5G  feet  above  the  same  grade. 

The  numbers  in  the  fourth  colunm  are  found  by  subtracting 
the  back  sights  fi'om  the  fore  sights;  the  nnmhevs  in  the  firtli   \ 
column  are  found  by  adding  the  numbers  in  the  fourth  column. 

To  find  the  numbers  in  the  sixtii  cohmm,  eompute  the  di*- 
tance  from  the  datum  line  to  the  tirade  line  at  each  of  the.  j 
pins;  this  can  easily  be  done  since  we  know  the  position  of    ' 
the  lines,  and  the  distance  from  one  pin  to  another.     The  dif-   , 
ference  between  these  computed  distances,  and  the  correspond- 
ing numbers  in  the  fifth  column,  will  give  the  required  num- 
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bers  in  the  sixth  colmnii.  In  the  above  example,  the 
exceed  the  baek  sights  j  if  at  auy  statiun  tlie  tore  sight  isleee 
than  the  hai;k  eiglit,  tlie  difference  in  the  fourth  cohimii  mnst 
■be  marked,  bo  that  iu  u&ing  it  wc  &l'.aU  get  correct  numbere 
&»T  the  fiilh  column. 

Example  1. 

From  the  following  field-notes  it  is  required  to  find  the  dif- 
ference of  level,  to  exhibit  tlie  section,  and  to  reduce  the  saiue 
to  grade. 


StiTUMa. 

ZS. 

fliGHre. 

DtFF. 

.'S'S.. 

.S. 

1 

8.2 

6.4 

+   2.8 

+  2.8 

+3.0 

2 

13.1 

9.2 

+   2.9 

+  5.7 

+  4.1 

3 

2.0 

12.1 

—10.1 

-4.4 

-6.8 

i 

7.4 

8.8 

-  1.4 

—5.8 

—9.0 

5 

13.4 

2.6 

+   9.8 

+  4.0 

0.0 

Find  the  nuuihera  iu  the  fourth  column  by  taking  thediffer- 
ence  of  the  fore  and  back  sights,  making  the  remainder  [loei- 
tive  when  the  back  sights  are  the  larger,  and  negative  when 
the  back  sights  are  the  smaller. 

Find  the  numhei's  in  the  fifth  column  by  adding  the  num- 
bers in  the  fourth  column,  according  to  their  signs,  as  follows: 
.8,  the  first  numher  in  the  fourth  colunm,  is  tlie  first  nninlw 
in  the  fifth  column;  5.7,  the  second  number  in  the  fitth  i:ul- 
umn,  IS  the  sum  of  2,8  and  2,9  ;  —4,4,  the  third  naml>er,  is 
the  sum  of  5.7  and  — 10.1 ;  — 5.8,  the  fonrth  mimber,  is  the 
sum  of  —4.4  and  —1.4;  and  +4,0,  the  last  number  in  the 
column,  IB  the  sum  of —5.8  and  -1-9.8. 

To  exhibit  the  section  from  the  above,  draw  a  datum  line 
through  Aj  as  the  first  point;  on  this  line,  with  any  scale  of 
equal  pai-ts,  set  off  the  distances  of  the  several  pins  as  at  1,  S, 
3,  4,  5.     The  numbers  in  the  fitth  column  of  the  above  tablet 
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iss  the  distance  of  the  pins  above  or  below  the  datum  line, 
ding  as  they  are  positive  or  negative.  Hence,  if  at  the 
8  1,  2,  3,  4,  5,  with  any  convenient  scale,  we  make  off- 
corresponding  to  the  nnmbers  in  the  fifth  column,  a  line 
n  through  the  extremities  of  the  offsets  will  exhibit  the 
tions  in  the  surface  of  the  ground, 
a  grade  line  be  drawn  from  A  to  the  pin  at  5,  it  will  be 
ibove  1  in  the  datum  line,  1.6  above  2,  2.4  above  8, 
}.2  above  4,  when  the  pins  are  equally  distant  from  each 
•.  These  numbers,  combined  with  the  numbers  in  column 
give  the  numbers  in  column  sixth,  which  show  the  posi- 
of  the  pins  with  reference  to  the  grade  line. 

Example  2. 

FIELD    NOTES. 


gtiXKfsa. 

BACK  SIGHTS. 

FOBS  BiaHTS. 

1 

8.85 

2.25 

2 

4.40 

1.80 

3 

2.00 

6.50 

4      , 

8.25 

4.00 

5 

4.00 

6.00 

6 

5.10 

7.20 

pom  the  above  field-notes,  required  the  difference  of  level 
le  several  points,  and  the  cutting  necessary  to  carry  a  grade 
ihmi  the  first  to  the  last  pin. 


1 
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Example  3. 

FIELD    KOTES. 


OTATIOBS. 

DACX  BtSBIS. 

FOB!  alGHTfl. 

1 

4.39 

7.21 

2 

5.23 

8.17 

3 

9.18 

6.27 

4 

6.27 

6.12 

5 

6.12 

3.76 

6 

9.81 

11.62 

7 

S.47 

9.02 

8 

2.64 

8.91 

9 

1.07 

J.88 

10 

4.29 

6.32 

11 

6.32 

4.86 

13 

4.85 

3.17 

13 

8.22 

1.53 

I 


From  the  above  field-notes  it  ia  required  to  determine  thfl 
difference  in  tlie  elevations  of  tlie  Beveral  points,  and  also  to 
reduce  them  to  a  grade  line  passing  from  the  £rgt  to  the  laet 
pin. 

CONTOUR     or    GROUND.  fl 


Contour  of  ground  is  shown  on  maps,  by  marking  when 
equi-distant  parallel  planes  meet  the  surface.  We  shall  give 
only  the  general  principle. 

Let  A  be  the  top  of  a  hill,  wlioae  contour  we  wish  to  delin- 
[  eate;  measure  any  convenient  line  AB,  up  or  down  hill,  and 
I  hy  the  level  or  theodolite,  ascertain  the  relative  elevations  of 
I  a,  h,  c,  d,  &.C.,  as  many  planes  as  we  wish  to  represent. 

At  a,  place  the  level  or  theodolite,  and  level  it  ready  for 
Lobeervation ;  measure  the  height  of  the  instrument,  and  j 
ktlie  target  on  the  rod  at  that  h 
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Send  the  rod-man 

d   axe-man    round 

e  hill,  on  the  same 

v^el   as  the    instru- 

ent.     Let  the  rod- 

an  set  the  rod ;  the 

veler  will  sight  to  it 

trough  the  telescope,  and  if  the  target  is  below  the  level,  he 

ill  motion  the  rod-man  up  the  hill,  if  too  high,  down  the  hill ; 

:  length  he  will  get  the  same  level,  and  tliere  the    ax-man 

ill  drive  a  stake.     In  the  same  manner  we  will  establish 

lother  stake  further  on;  and  thus  proceed  from  point  to 

^int.     To  get  round  the  hill,  it  may  be  necessary  to  move 

\e  instrument  several  times.     The  plane  thus  established,  is 

^presented  by  the  curve  am. 

In  the  same  manner,  by  placing  the  instrument  at  6,  we  can 
stablish  the  next  plane  in. 

Then  the  next,  and  the  next,  as  many  as  we  please.  Where 
le  hill  is  more  steep,  two  of  these  parallel  planes  will  bt* 
earer  together  in  the  figure;  where  less  steep,  they  wilh 
ppear  at  a  greater  distance  asunder ;  and  this,  with  the  propei 
lading,  will  give  a  true  representation  of  the  ground. 

Another  method  is  to  select  an  elevated  point  in  the  field 
hose  contour  is  to  be  represented,  and  from  that  point  run 
Lverging  lines  ;  then  with  the  theodolite  or  level,  determine 
le  difference  of  level  between  all  the  important  points  on 
lese  lines ;  then  by  proportion,  ascertain  where  pins  must  bo 
riven  to  mark  the  intersections  of  these  lines  by  equi-distant 
arallel  planes.  Curves  drawn  through  the  points  marked  by 
le  pins  will  indicate  the  contour  of  the  field. 

Another  method  is  to  ascertain  the  difference  of  level  on 
3veral  parallel  sections  running  through  the  field. 

The  sections  plotted  will  give  the  contour  of  the  surface 
aore  or  less  exactly,  according  to  the  number  of  the  sections 
nd  the  nature  of  the  surface. 
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ELEVATIONS    DETERMINED    BY    ATMOSPHERIC   PRESSUI 
AS    INDICATED    BY    THE    BAROMETER. 

Tlio  higher  we  asrand  above  the  Icvtil  of  the  eea,  the  lea 
tlie  atmospheric  pressure  (other  ch-eumstaTiceB  heiug  tlie  Ban 
mid  therelbre  we  can  determine  the  aecent,  provided  we  ( 
accurately  measure  tlie  pressure,  and  know  the  law  of 
deureaee. 

The  pressure  of  tlie  atmosphere  at  any  place,  is  measffl 
by  the  height  of  a  column  of  mercury  it  sustains  in  thai 
ometer  tube. 

It   is   fuiiTid  hj  experhnent,  that  air  is   com-  yj 

preaaiblo,  and  the  amount  of  compression  is 
always  in  proportion  to  the  amount  of  the 
compressing  force. 

Now,  suppose  the  atmoephere  to  bo  divided 
into  an  indi^finite  nmuber  of  strata,  of  tlie  same 
tAiokness,  and  so  small  that  tlie  density  of  each 
stratum  may  be  considei-ed  as  uniform. 

Commence  at  an  indefinite  distance  above  the 

surface  of  the  earth,  as  at  A,  and  let  w  represent     s~**  ' 

the  weight  of  the  whole  column  of  atmosphere 
resting  on  A.     Let  the  small  and  indefinite  distances  between 
AB,  BO,  OD,  &c.,  be  equal  to  each  other,  and  we  shall  call 
them  urtils  of  some  unknown  magnitude. 

The  weight  of  the  column  of  atmosphere  Bupjwsed  to  rest 
on  B,  is  greater  than  w,  by  some  indefinite  part  of  w,  say  t^ie 
sith  part.  Then  the  weight  on  B,  must  be  expressed  by  ()0+  -1 


'C~)" 


iressure  resting  oajj 


must  be  the  weight  above  B,  increased  by  its  nth  jMirt ; 
Is,  it  must  be  /'i±l)io  +  ('i±lL,    which    by    addltioj 
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In  tlie  same  manner,  we  find  that  the  weight  resting  on  D, 

xiTist  be  ^i^-Lt/?,  and  so  on.    For  the  sake  of  perspicuity, 

n*. 

we  recapitulate. 

The  pressure  on  -4.  is  i/? ;  units  from  A  0 

on  ^i8('?±l)^; 


a         u 


«        on  C  is  (!?±1)!m,  ;  «      « 


"        on  If  IS  i — - — i—w ; 


«<      « 


n» 


on  ^  is  (^±111  w ; 
«        oni?'i8(^±^ 


ik         u 


n* 


Here  we  observe  the  series  which  represents  the  pressure  of 
the  atmosphere,  at  the  different  points  -4,  By  (7,  &c.,  is  a  series 
in  gemneti^ical  progression^  and  it  corresponds  with  another 
series  in  arithnietical  progression  ^  therefore,  by  the  nature  of 
logarithms,  the  numbers  in  the  arithmetical  series  may  be 
taken  as  the  logarithms  of  the  numbers  in  the  geometrical 
series. 

But  this  system  of  logarithms  may  not  be  hyperbolic  nor 
tabular ;  indeed  it  is  neither.  The  hose  of  this  system  is  as  yet 
unknown ;  but  our  investigations  will  soon  lead  to  its  dis- 
covery. 

Now,  let  the  number  of  units  from  Ato  S  (the  surface  of 
the  sea),  or  to  the  lower  of  two  stations ^  be  represented 
by  X  ;  then  the  expression  for  the  pressure  of  the  air  would  be 

I     ^  %  X 

/!LZ1.  J  w.    But  this  is  neither  more  nor  less  than  the  weight  of 

the  column  of  mercury  in  the  barometer,  which  is  sustained 
by  this  pressure. 

By  calling  this  5,  and  designating  the  logarithms  of  this  un- 
known system  by  X'  we  shall  have 

m  =  X.  (1) 


ns 
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Twking  y  to  represent  the  number  of  units  from  A  to  r^M 

1(1  di  to  represent  tlio  prtssure  of  the  uir  at  tliat  point,  i^H 

ibU  liare  ^H 

Z'J,=  y.  (!)■ 

Sulitracliiig  (2)  from  (1),  we  shall  have  ^H 

L'b-m,  =  x^y  =  SV.  H 

That  is,  a  certain  peeuUar  loga/riihm  of  the  barometer  c^^l 
Vmn  ut  the  lower  station,  dimitiisbed  by  tlie  logarithm  uf  t^H 
barometer  cohimn  at  the  upper  etation  will  give  the  differea^l 
of  lovol  of  the  two  stations.  But  still  all  is  indetintte  and  1|^| 
iiiown,  because  we  know  nothing  of  these  logarithms,        ^| 

In  algebra,  we  learn  that  the  logarithms  of  one  system  esH 
be  converted  into  another  by  multiplying  tlieni  by  a  constufl 
multiplier  called  the  mcxlvlus  of  the  system,  therefore  1 

AsBiinie  2  to  be  the  modulus  or  constant  that  will  convert  I 
«ommon  logarithms  into  these  peculiar  logarithms. 

Then,  ^log.  J-log.  S,)  =  SV.  (3) 

Here  log.  h  denotes  the  common  logarithms  of  the  barometer 
column. 

Etjuation  (3)  is  general,  and  determines  nothing  until  we 
know  5 Fin  some  partiL-nlar  case. 

Taking  SV  some  known  devotion,  and  observing  the  niti- 
tude  of  the  barometer  column  at  both  stations,  then  equation 
(3)  will  give  Z  once  fur  all. 

Putting  h  to  represent  the  kiunon  devatiwi,  we  have,  in 
general, 

A 


Z  = 


log.  6— log.  S,* 


(^ 


Example. — At  the  bottom  and  top  of  a  tower,  whose  h 
was  200  feet,  the  mercury  stood  in  the  barometer  as  follovi 

At  the  bottom,     29.96  inches  =  h 
At  the  top,  29.74  inches  =  i„ 

the  temperature  of  the  air  being  49°  of  Fahrenheit's  ther 
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"Whence, 

Z=^ ?2? =       ^       =  62500  nearly. 

log.  29.96— log.  29.74        0.003201  ^ 

^^  But  this  multiplier  is  constant  only  when  the  mean  tem- 
perature of  the  air  at  the  two  stations  is  the  same;  and  for  a 
lower  temperature  the  multiplier  is  less,  and  for  a  higher  it  is 
greater.  A  correction^  however^  may  he  applied  for  any  devior 
tionfrom  an  assumed  tempera/ture^  hy  increasing  or  diminish- 
i/ng  {obccording  as  the  temperature  is  higher  or  lower)  tJts 
approximate  height  ly  its  449^A  part  for  ea^h  degree  of  Fah- 
TenheiCs  thermjometer.  We  can  moreover  change  the  multi- 
plier to  a  more  convenient  one  by  assuming  such  a  tempera- 
ture as  shall  reduce  this  number  to  60000  instead  of  62500. 
Kow  62500  exceeds  60000  by  its  25th  part ;  and,  since  l"* 
causes  a  change  of  one  449th  part,  the  proportion 

gives  18°  nearly  for  the  reduction  to  be  made  in  the  tempera- 
ture of  the  air  at  the  time  of  the  above  observations,  in  order 
to  change  the  constant  multiplier  from  62500  to  60000,  or  to 
10000,  by  calling  the  height  fathoms  instead  of  feet.  Thus, 
instead  of  the  thermometer  standing  at  49°,  we  may  suppose 
it  to  stand  at  49°— IS"*  or  31° ;  and  then,  we  take  10000  as 
the  multiplier,  and  apply  a  correction  additive  for  the  18° 
excess  of  temperature." 

The  same  observations,  for  example,  being  given,  to  find 
the  height  of  a  tower. 

Log.  29.96   =  1.47654 
Log.  29.74   =  1.47334 

Diff.  of  log.  =  0.00320 
Multiplier    =     10000 

Product       =  32 

Then  the  height  of  the  tower  is  82  fathoms,  or  32  x  6  =  192 
feet,  on  the  supposition  that  the  temperature  of  the  air  was 
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in  ]>lace  of  49°.     But  it  being  49°,  Te  mnst  increase  193 
ibj  its  ^Jn  part  for  each  degree  above  31°,  that  is,  by  {f%  ofj'j 
irly  of  its  approximate  height,  which  gives  nearly  8  feet  to 
add  to  192,  making  200  feet  fur  the  lieiglit  of  the  tower. 

The  name  method  is  apphcable  to  other  cases  whatever  be 
the  temperature  of  the  air  at  tlio  two  stations,  provided  it  be 
or  nearly  the  same  at  both  etationa,  or  provided  we 
take  the  mean  temperature  of  the  two  stations.  'We  can  find 
ibe  difference  of  levels  of  two  stations  to  considorable  accuracy 
"by  the  following 


Ist.  Taie  the  difference  of  Vie  logarithma  of  the  two  laro- 
meter  columns,  and  remove  the  decimal  point  four  places  to 
ihe  ri-giht.  This  is  the  approxitnate  difference  of  levdt  tft 
fathoTHS. 

2d.  Add  j\-^  of  ihe  approximate  height  for  ea^  degree  of 
'/ure  above  31°,  and  subtkact  the  same  for  each  degra 
81"  /  the  result  cannot  he  far  from,  the  truth. 


PKACTICAL    APPLICATIONS. 


i 


-Tlie  barometer  at  the  base  of  a  mountain  stood 
at  99.47  inches,  and  taking  it  to  the  top  it  fell  to  28.93  inches. 
The  mean  temperature  of  the  air  was  51".  What  was  the 
leight  of  the  moimtain  ill  feet !  A.ns.  503.34  feet. 

Log.  29.47  =  1.469380 
Log.  28.93  =  1.461348 


Approximate  height  in  fathoms,  80.32 

Correction.— AAA  ^Va  of  the  80.32"  to  itself,  that  is,  add  8. 

Height,  in  fathoms  =    83.9 
^^^  Multiply  by  6 

^^b  Height  in  feet  =  503.4 
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The  average  height  of  the  barometer,  at  the  level  at  the  sea, 
is  30,09  inches ;  and  now,  if  we  know  the  average  height  of 
the  barometer  at  any  other  place,  and  the  average  tempera- 
ture, it  ia  equivalent  to  knowing  the  elevation  of  the  latter 
place  above  the  level  of  the  sea. 

For  example,  the  mean  height  of  the  barometer  at  Albany 
Academy  ia  29.96,  and  the  mean  temperature  is  49°.  How 
high  is  the  academy  above  the  tide  water? 

Ana.  117.3  feet. 

Log.  30.09  =  1.478422   49° 
Log.  29.96  =  1.476542   31 

0.001880   18° 

Approximate  height  =  18.80  fathoms. 
Add  :i\%  or  2V,  75 

19.55  X  6  =  117.3  feet 

When  the  difference  of  temperatures  at  the  two  stations  is 
considerable,  the  result  must  be  affected  by  it. 

When  the  upper  station  is  the  coldest,  which  is  generall}^  the 
case,  the  mercurial  column  will  be  shorter  than  it  otherwise 
would  be,  and  consequently  indicate  too  great  a  height. 

If  the  temperature  of  the  upper  station  is  taken  for  the  tem- 
perature of  the  lower,  the  mercurial  column  at  the  lower  sta- 
tion would  not  be  high  enough,  and  the  deduced  result  would 
be  too  small,  as  is  the  case  in  example  5. 

The  contraction  of  mercury  being  about  one  10000th  part 
for  each  degree  of  cold,  or  0.0025  in  a  cohimn  of  25  inches,  it 
would  require  4°  difference  of  temperature  to  produce  an  effect 
amounting  to  one  division  on  the  scale  of  a  common  barometer, 
where  the  graduation  is  to  hundredths  of  an  inch. 

This  correction  is  combined  with  the  former  in  the  follow- 
ing equation,  in  which  t  and  ^  represent  the  temperatures  of  the 
air  at  the  two  stations  {t  at  the  lower  station),  q  and  ^  the 
temperatures  of  the  mercury  at  the  two  stations,  as  indicated 
by  the  attached  thermometer 
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Tho  fraction  0.00223  is  equal  to  ^j^  nearly;  h  =t1ieh»^t 
sought,  b  and  }^  represent  the  observed  heights  of  the  mercarial 
columns. 

A  =  10000  \  1+0.00223  /^~31^  I  log.— ^ -, 

Beside  the  corrections  previously  considered,  regard  is  some- 
times had  to  the  eifect  of  the  variation  of  gravity  in  different 
latitudes,  and  at  different  elevations  above  the  earth's  surface. 
The  latter,  however,  is  too  small  to  require  any  notice  in  an 
elementary  work.  Tho  former  may  be  found  by  multiplying 
the  approximate  height  by  0.0028371  x  cos.  2  lat.  It  is  addi- 
tive, when  the  latitude  it  less  than  45°,  and  subtractive  when 
greater.     Or  it  may  be  taken  from  the  following  table. 

Latitude.  Correction. 


0° +  -^l.^  of  the  app.  height 


5° f     ' 


10° +   ^h 

IS     +     i07 

20° +  ^U 

25° +  jiU 

30° +  ^h 

^S    +  TU3U 

^0   +W^iy 

45° 0 

^^    ""SUsU 

^^     TU3iy 

60° -  A 


IJS 


9 


65° -  ^U 

70° -  ,J, 

•^     40T 

90° -  ,i. 
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mph  3. — GiTen,  the  praeeiire  of  the  atmoqiliere  fti  the 
of  a  monntaiD,  eqaal  to  29.68  in.  of  mercury,  and  tliat 

ammit,  equal  to  25.28  in.,  the  mean  temperature  being 
find  the  elevation. 

Af%s.  727.2  fathoms,  or  4363.2  feet 

nple  3. — The  following  observations  were  taken  at  the 

d  summit  of  a  mountain,  namely, 

lie  foot, 

IT.  29.862 ;  attach,  therm.  78^  ;  detach,  therm.  71®. 

16  summit, 

ir.  26.137 ;  attach,  therm.  63° ;  detach,  therm.  55®. 

quired  to  find  the  elevation. 

Ans.  612.9  fathoms,  or  3677.4  feet 

nple  4. — ^It  is  required  to  find  tlie  height  of  a  mountain 
nde  30°,  the  observations  with  the  barometer  and  ther- 
3r  being  as  follows :  namely, 

16  foot, 

r.  29.40 ;  attach,  therm.  50° ;  detach,  therm.*  43°. 

16  summit, 

r.  25.19 ;  attach,  therm.  46° ;  detach,  therm.  39°. 

Ans.  683.27  fathoms,  or  4097.62  feet. 

-If  we  assume  any  temperature,  for  instance  45°,  and  the  height 
rometer  at  the  level  of  the  sea,  at  30.09  inches,  we  can  compute 
tion  of  the  point,  where  it  would  be  29.99,  29,89,  29.79,  29.69,  &c., 
,nd  thus  we  might  form  a  table,  showing  the  elevations  that  would 
id  to  any  assumed  height  of  the  barometer  at  that  temperature, 
found,  that  the  first  M  of  ^^  of  an  inch  will  correspond  to  about 
elevation;  but  every  subsequent  tenth  will  require  a  greater  and 
evation. 

vple  5. — At  a  certain  station  the  average  reading  of 
)ineter,  reduced  to  a  temperature  of  32°,  was  found  to 

attached  thermometer  measures  the  temperature  of  the  mercury 
rometer,  and  the  detached  thermometer,  that  of  the  aanonnding 
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be  28.130  incbee.    What  is  the  elevation  of  the  statum  ibove 
tide  water  I  Ana.  17S5  fteU 

Example  6. — ^Where  the  average  reading  of  the  barometer, 
reduced  to  83^,  is  28.980  inches,  what  is  the  elevation  abave 
the  sea  ?  Ans.  979  ieet 

Exa/mple  7. — On  a  mountain  the  barometer  indicated  24.860 
inches^  and  the  thermometer  stood  at  68°.  What  was  the 
elevation  of  the  mountain.  Ana.  5386  feet 


CHAPTER    VI 


NAVIGATION. 


SECTION    I. 

DEFINITIONS. 

Ration  is  the  art  of  determining  the  position  of  a  ship 
)ceau. 

Ixis  of  the  earth  is  the  line  about  which  it  revolves  ; 
emities  of  the  axis  are  called  poles. 

Bqaator  is  a  circle  whose  plane  is  perpendicular  to  the 
the  earth. 

lians  are  great  circles  passing  through  the  poles  of  the 

itnde  is  measured  on  the  equator  from  an  assumed 
n. 

ide  is  measured  on  a  meridian  north  or  south  of  the 

lels  of  Latitude   are    small    circles    parallel    to    the 

enee  of  Latitlde  is  the  arc  of  a  meridian  between  two 
I  of  latitude. 

rtire  is  distance  measured  on  a  parallel  of  latitnde, 

west  from  a  given  meridian. 
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I      In  KtivigatioTi  the  Biirfaceof  tbo  ocean  is  aesumed  to  1a  B^ 

I  The  Conrse  of  n  E)ii])  is  the  angle  its  patli  makes  with  a  I 
nnwidiaii.  I 

I  A  ship  is  BaiJ  to  Bail  on  the  same  eonrse  when  its  patli  I' 
VGroBges  the  ineridiaiiB  at  the  same  angle.  ^Mt 

I  The  Rhmb  Line  is  the  path  of  a  ehip  pursuing  a  uuifon^H 
I  cotirgc  on  the  siirtaee  of  the  ocean.  ^H 

I  Nautical  Ulslancf  is  the  portion  of  the  EKumb  line  mist-  ■ 
I  cepted  between  two  points.  I 

I  "When  a  ship  sails  on  acvcral  courses,  the  eonrse  and  dis-  I 
I  tance  from  the  point  left  to  the  point  arrived  at  arc  called  the  I 
P  course  and  distance  madt^  good.  1 

Tlie  several  courses  and  distances  spoken  of  together  are    1 

called  a  traversa/  and  computing  the  course  and  distance  made 

good,  is  called  working  a  traverse. 

The  Horizon  of  a  place  is  a  circle  whose  plane  touches  the 
'■earth  at  the  place. 

The  Zenith  is  the  upper  pole  of  the  horizon. 

Tortical  Circles  are  those  circles  that  pass  through  the  poles 

I  of  the  horizon. 
The  Altitude  of  a  bodj  is  the  arc  of  a  vertieai  circle  inte^ 
cepted  between  the  horizon  and  the  body. 
The  Ecliptic  is  the  great  circle  in  whose  plane  the  earth 
performs  its  revolution  around  the  sun. 
The  Equinoctial  Points  are  the  intersections  of  the  ecliptic 
and  equator. 
One  is  called  the  vernal,  the  other  the  autumnal  equinox. 
Right  Ascension  is  mcaaured  on  the  equator  eastward  from 
the  vernal  equiTiox. 
Declination  is  measured  on  a  meridian  north  or  south  of  the 
equator. 
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The  Nerldiai  of  any  place  is  the  great  circle  that  passes 
through  the  poles  of  the  equator,  and  the  poles  of  the  horizon 

of  the  place. 

The  course  of  a  ship  is  ascertained  by  the  Marinev^s  C<ymr 
JX188,  which  differs  from  the  surveyor's  compass  only  in  its 
graduaiion  and  adjustments. 

LEEWAY. 

The  angle  included  between  the  direction  of  the  fore  and 
aft  line  of  a  ship,  and  that  in  which  she  moves  through  the 
Water,  is  called  the  leeway. 

When  the  wind  is  on  the  right  hand  side  of  a  ship,  she  is 
said  to  be  on  the  starhoa/rd  tack ;  and  when  on  the  left  hand 
side,  she  is  said  to  be  on  the  larboard  tack  ;  and  when  she 
sails  as  near  the  wind  as  she  will  lie,  she  is  said  to  be  close 
hauled.  Few  large  vessels  will  lie  within  less  than  six  points 
to  the  wind,  though  small  ones  will  sometimes  lie  within  about 
five  points,  or  even  less;  but,  under  such  circumstances,  the 
real  course  of  a  ship  is  seldom  precisely  in  the  direction  of  her 
head ;  for  a  considerable  portion  of  the  force  of  the  wind  is 
then  exerted  in  driving  her  to  leeward,  and  hence  her  coui'se 
through  the  water  is  in  general  found  to  be  leeward  of  that 
on  which  she  is  steered  by  the  compass.  Therefore  to  deter- 
mine the  point  toward  which  the  ship  is  actually  moving,  the 
leeway  must  be  allowed  from  the  wind,  or  toward  the  right 
of  her  apparent  course  when  she  is  on  the  larboard  tack ;  but 
toward  the  left^  when  she  is  on  the  8tarboa7*d  tack. 

It  is  only  when  a  ship  crowds  to  the  wind,  that  leeway 
Is  made. 

It  is  seldom  that  two  ships  on  the  same  course  make  pre- 
cisely the  same  leeway;  and  it  not  unfrequently  happens, 
that  the  same  ship  makes  a  different  leeway  on  each  tack. 
It  is  the  duty  of  the  oflScer  of  the  watch  to  exercise  his 
best  skill  in  determining  or  estimating  how  much  this  devia- 
tion from  the  apparent  course  amounts  to. 
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CARD    OF    THE    MARINER'S    COMPASS. 


,  The  card  attached  to  the  needle  of  the  mariner'e  eompaas  i* 
DVided  into  thirty-two  equal  parts,  called  points.  Tliero  aJ* 
eight  points  ill  eacli  quadrant;  they  are  counted  from  tU^ 
meridian  NS,  as  in  tlio  diiigram ;  thus  N.b.E.  is  one  point  ea&*' 
of  north,  and  is  read  nortli  by  east ;  tlie  angle  is  oiic-eiyhtli  ty* 
80°,  or  11°  15'.  Ajid  N.K.E.  is  two  points  east  of  north,  or  23" 
30'  east,  and  is  read  north,  north  east.  In  tJie  same  manue»" 
lie  courses  in  the  other  quadrants  are  read.  Each  point  i^ 
usually  subdivided  into  qnartur  points  of  2°  4S'  45"  each.  Sea- 
men  take  the  course  of  their  ship  to  the  nearest  quarter  point. 
and  for  their  convenience  in  practical  navigation,  the  traversi 
table  is  arranged  so  as  to  give  for  various  distanties  the  latfe 
tudes  and  departures  for  points  and  quarter  points,  and  o 
plane  scale  the  line  of  chords,  called  the  line  of  rhumbs,  i< 
marked  for  the  same  angles. 
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TA  B  L  B. 


joing  ihe  degrees  and  minutes  correspondi 
ind  quarter  point  of  the  compass. 


E.JE. 
E.iE. 
E.JE. 
)N. 

'N. 

K 

E. 
E. 
E. 
E. 
E.{R 

E.1E. 
E.}E. 

IK 


a 

S.JE. 

a?E. 

S.bB. 

S.bE.fR 

S.bE.JLE. 

S.bE.jE. 

S.S.B. 

S.S.B.iK 

s.s.e.|e. 

S.E.bS. 

s.E.ga 

S.E.^S. 

s.E.ia 
aB. 

aRiE. 

S.E.^E. 

aE.|E. 

S.E.bK 

aKbE.|E. 

aE.bE.iE. 

aE.bB.|E. 

E.S.E. 

E.bsja 
E.ba^a 
E.bs.|a 

E.bS. 

E.ga 
R-ja 
E.|a 


a 

S.}W. 

ajw. 
ajw. 

S.bW. 

abw.jw. 

abw.iw. 

abw.jw. 

aaw. 

as.w.iw. 

aaw.Jw. 

s.aw.jw. 

aw.ba 

aw.ja 

aw.ia 

aw.ja 

8.W. 
S.W.|W. 

aw.iw. 
aw.jw. 

S.W.bW. 

aw.bw.}w. 

aw.bw.Jw. 

aw.bw.jw. 

w.s.w. 

w.bajs. 

w.bs.ia 

w.bs.la 

w.ba 

w.ja 

w.ja 

w.|a 


N. 
N.JW. 

N.iw. 

N.JW. 

N.bW. 

N.bW'W. 

N.bW.iW. 

N.bW.fW. 

N.N.W.JW. 
N.N.W.4W. 
N.N.W.|W. 

N.W.bN. 

N.W.JN. 

N.W.iN. 

N.W.JN. 

N.W. 

N.W.jW- 

N.W.iW. 

N.W.JW. 

N.WbW. 

N.W.bW.JW. 

iN.W.bW.-JW 

iN.W.bW.fW 

W.N.W. 

W.bN.JN. 

W.bN.iN. 

W.bN.jN. 

W.bN. 

W.JN. 

W.4N. 

W.JN. 


ponm. 


2*  48^45'* 

S"  26'  15 
IV  ly  0^ 
14"  3' 45" 
16'  52^  3(r 
19  41' 15-' 
22^30'  O" 
25«  IS  46 
28-  7' 30'^ 
30«  56'  15" 
SSMS'  0" 
36"  33'  45^^ 
39"  22^  3(K 
42**  11'  15" 
45"  (K  0" 
47^  48^  45" 
50"  37'  3(r 
53*  26^  15" 
56"  15'  (y 
59*'  3' 46" 
61"  52'  30" 
64"  41'  16" 
67^30'  0" 
70**  18'  45" 
73*  7' 30" 
75  56' 15" 
78°  45'  0' 
81 »  33'  45" 
84«  22'  30" 
87"  11'  15" 


SECTION    II. 


PLANE    SAILING. 

le  Sailing  is  a  method  of  determining  the  position  of  a 
at  sea,  from  the  properties  of  plane  triangles. 
;e  the  path  of  the  ship  crosses  the  meridians  at  the  same 
the  distance^  departure^  and  difference  of  latitude  have 
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'the 


e  same  relation  to  each  other  as  the  sides  of  a  plane  rij 
angled  triangle,  in  wliieh  tlie  course  is  the  angle  opposite  tha 
departure  and  the  distance  is  tlie  liypotenuse. 

In  the  triangle  ABC,  if  A  C  represent  the    - 
distance,  and  the  angle  at  A  is  the  course,  then 
will  AB  represent  difference  of  latitude,   and 
BC  will  represent  departure ;  any  two  of  these 
quantities  heing  given,  we  can  determine  the 

Ithers  by  trigonometiy.    (See  Cliap.  2,  Sect.  II., 
"top.  3),     Thus  we  liave 
Ji\AC:\mi.A:BO, 
at  It :  distance  : :  sin.  course  :  departure  ; 
Ii:AC::cK>6.A:AB, 
or  li  :  distance  : :  cos.  course  :  ditf.  lat. ; 
I£ita:a.Ai:AB\BC, 
or  R  :  tan.  course  : ;  diff.  lat.  :  dirarture. 


(1) 

(2) 


(3)        i 


EXAMPLES. 


If  a  sliip  sail  from  Capo  St.  Yincent  in  lat.  37°  2'  54" 
148  miles  on  a  course  S.  39°  22^'  W,  required  her  lati- 
tude and  departure. 

By  proportion  (I),  we  have 
Sin.  39°  22^, 
Log.  148 

Log.  93.89  =  log,  depart.  =  1.972621 
By  proportion  (2),  we  have 

Cob.  39°  22J'  =  9.888185 
Log.  143  =  2.17Q862 

Log.  114.4      =  2.058447 
"Whence  the  difference  of  latitude  ia   114.4  miles, 
»  64^  24".     Hence 

Latitude  left  =  37°    2'  54"  N. 


rhich^^ 


Latitude  arrived  at  = 


r_54'  24"  S. 
35"    8'"30"N. 
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3.  A  fihip  sailB  from  latitade  40""  28'  K,  E.  S.  E.  21  miles. 
Beqnired  her  latitude  and  departure. 

Ans.  Latitude  40"*  20*  N. ;  Departure  19.4  miles. 

3.  A  ship  sails  from  Oporto,  in  lat.  41°  9'  X.,  X.  47°  48|'  W. 

315  miles.     Bequired  her  departure  and  latitude. 

!Kr"->..^  __  Arts.  Dep.  233.4  miles ;  Lat.  44°  41'  X. 

^^   ' 

^      4.  A  ship  sails  from  lat.  55°  1'  X.,  S.  33°  45'  E.,  till  her 

^  departure  is  45  miles.    Kequired  her  latitude,  and  the  distance 

5   sailed.  Afis.  Dist.  81  miles :  Lat.  53°  54'  X. 

^     5.  A  ship  from  lat.  36°  12'  X.  sails  south-westward,  until 
^  she  arrives  at  lat.  35°  1'  X.,  having  made  76  miles  departure. 
J^  Required  her  course  and  distance. 
^  /  Ans.  Course  S.  46°  57'  W. ;  Dist.  104  miles. 

^/Ca  ship  sails  from  Halifax,  in  lat.  44°  44'  X.,  S.  50°  37i' 
y^E.,  until  her  departure  is  128  miles.  Required  her  latitude, 
'     and  the  distance  sailed. 

Am.  Lat.  42°  59' ;  Dist.  165.6  miles. 

-^  7.  A  ship  leaving  Charleston  light,  in  latitude  32°  43'  30"  X., 
<*  sails  north  eastward  128  miles,  and  is  then  found  39  miles 
j^  north  of  the  light.  Required  her  course,  latitude,  and  depar- 
QB  ture.  Ans.  Latitude  33°  22'  30"  X. ;  Course  X.  72°  16'  E.  ; 
-"      /  Departure  122  miles. 

8.  A  ship  from  Cape  St.  Roque,  in  latitude  5°  10'  south, 
j/  sails  X.  E.  ^  X.  7  miles  an  hour,  from  3  P.  M.  until  10  A.  M.  <; 
Required  her  distance,  departure,  and  latitude. 

Ans.  Dist.  133  miles ;  Dep.  84.4  miles ;  Lat.  3°  27'  S. 

]j;*  7.  A  ship  from  latitude  41°  2'  X.  sails  X.  X.  W.  |  W.  5| 
Ck  miles  an  hour,  for  2^  days ;  required  her  distance,  departure, 
--^  and  latitude  arrived  at. 

fe        Ans.  Dist.  330  miles  ;  Dep.  169.7  miles ;  Lat.  45°  45'  X. 

•^    / 

„   .    When  a  ship  has  sailed  on  several  different  courses,  the 

J   redaction  of  them  to  a  single  course  and  distance  is  called 

r- 

r  ■' 


■>.j 
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■working  tbe  traverse.  This  is  most  readily  done  by  taking^ 
from  the  traver&e  table  the  latitude  and  departure  oC  eacli 
distHnce,  and  arranging  tlie  iiitiuberB  in  colniuns  in  a  tablet 
ruled  ibr  the  purpose.  Then  the  differenue  botween  the  si 
of  the  northinf^  and  the  eum  of  the  southings,  will  be  the  lati- 
tude of  the  dietance  made  good  ;  and  tbe  difference  betweeu 
Bum  of  the  eastings  and  sum  of  the  westings,  will  be  the 
departure  of  the  distance  made  good. 

A  ship  makes  the  following  coiirees  and  dietances. 


„„,... 

„™. 

1 

S.bW. 

23 

2 

W.S.W. 

40 

» 

S.W.IW. 

w.d. 

18 

4 

23 

il 

S.I)E. 

13 

6 

S.8,E.JE. 

16 

Kequired  lier  course  and  distance  made  good,  her  departure 
\  and  difference  of  latitude. 

From  the  traverse  table,  we  obtain  the  numbers  in  tlie  fol- 
l  lowing  tablet. 


S.bW. 
W.S.W. 

aw.jw. 

W,iN. 
S.b£. 
8.a.E.tB. 


S,  67°  30'  W. 
S.  63°  !G1'  W. 
K.  8i"  22+'  W. 


36.96 
14.46 

87.87 


"WTienoo  we  liavo  the  departure  74.60  miles,  and  the  difl 
Bailee  of  latitude  72.08  miles. 
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To  find  the  conne, 

log.  74.60    = 
Log.  73.08    = 

Tan.  45°  59'  =  10.014924 


1.873739 
1.857815 


Whence  tlie  conrse  is  S.  45°  59*  W. 


To  find  the  distance, 


Log.  74.60     =    1.872739 
Sin.  45°  59'   =    9.856812 


Log.  103.7    =    2.015927 
Whence  the  distance  is  103.7  miles. 


10.  A  ship  makes  the  following  courses  and  distances : 


BEABINO& 

HILES. 

1 

S.S.W. 

18 

2 

s.w. 

15 

3 

S.W.bS. 

20 

4 

w. 

9 

5 

w.s.w. 

14 

Required  her  course  and  distance  made  good,  the  departure 
and  difference  of  latitude. 


1 

COUBSBB. 

POINTS. 

MILKS. 

K. 

B. 

c 

-w. 

S.S.W. 

S.  22**  3«'  W. 

2 

18 

' 

16.63 

1 
6.89 

2 

8.W. 

&  45**        W. 

4 

15 

10.61 

10.61 

3 

S.W.bS. 

&  83**  46'  W. 

3 

20 

16.63 

11.11 

4 

W. 

West 

9 

0.0 

9.00 

5 

W.S.W. 

S.  67**  30'  W. 

6 

14 

5.36 

12.93 

49.23 

5a64 

Whence  we  see  that  the  departure  is  50.54,  and  the  differ- 
ence of  latitude  is  49.23. 
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To  find  the  ooone, 

Log.  50.54 
Log.  49.23 


s=  1.708685 
=  1.692280 


Tan.  46°  45'  =  tan.  ooone,  10.011405 


To  find  the  distance, 

Log.  50.64 
Sin.  45°  46' 


=  1.708685 
=  9.855096 


Log.  70.66  ss  log.  distance,  1.848689 
11.  A  ship  makes  the  following  oonraes  and  distances. 


Buusa& 

mua 

1 

S.S.W. 

42 

2 

S.W. 

18 

8 

W.S.W. 

24 

4 

w. 

11 

5 

N.W. 

108 

Bequired  her  coorBe  and  distance  made  good,  her  depart 
and  difference  of  latitude. 
Ans.  Course,  N.  83°  32'  W. ;  Distance,  139.3  miles  ^  De 
ture,  138.4  miles ;  Diff.  lat.,  15.7  miles. 

12.  A  ship  on  the  equator  sails  as  follows : 


BRABINOS. 

MILBS. 

1 

E.bS. 

90 

2 

E.iS. 

76 

3 

E.KE. 

41 

4 

N.E. 

82 

Beqnired  her  position. 

Ans.  Course,  N.  79"*  23'  E. ;  Distance,  264.3  mUes ;  D 
tore,  269.8  miles ;  and  the  ship  is  48.7  miles  north  of  the  equ 
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ship  makes  the  following  courses  and  distances : 


33S 


BIABIVas. 

1 
xnsa 

1 

w. 

28 

2 

S.W.bW. 

80 

3 

S.W.bS. 

46 

4 

.E.S.E. 

28 

ired  licr  course  and  distance  made  good. 
Ana.  Course,  S.  38°  43'  W. ;  Distance,  84.1  miles. 

L  ship  from  latitude  42^  north  makes  the  following 
and  distances, 


d 
1 

2 
3 
4 

BKABINOa. 

HILBS. 

s.s.w. 

S.bE. 

S.W.iW. 

E. 

48 
34 
26 
17 

d  the  latitude  arrived  at,  and  the  course  and  distance 

)od. 

Lat.  40°  25'  K ;  Course  S.  8°  22'  W. ;  Dist.  96.2  miles. 

1  in  course  of  the  day  a  ship  has  sailed  on  several  dif- 
acks,  seamen  often  determine  approximately  the  course 
;ance  made  good  by  drawing  a  diagram  with  a  scale 
iders,  as  in  the  following  example  : 

L  ship  makes  the  following  courses  and  distances. 


1 

2 
3 
4 

S.bE. 

S.E. 

E.bS.4S. 

N.E. 

20  miles 
30     " 
42     " 
36     " 

d  the  course  and  distance  made  good,  by  construction. 
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About  .A  as  a  center,  describe  a  circle  witii  a  radina  cqual4 
the  diord  of  60°,  taken  from  tbe  line  of  chords  on  the  plan 
scale.     Draw  ^AS  as  a  meridian  ;  tben  from  S  set  off  51,  I 
■with  tbe  cbord  of  tbe  first  courae,  taken  from   the  line  of  1 
rhumba;  then  set  off  Si  with  tbe  cboi-d  of  the  second  course, 
taken  from  the  same  line ;  then  set  off  56^  with  the  chord  of   I 
the  third  course;  then  from  iV  set  off  JVi  in  the  uortheafit  1 
quadrant  with  tbe  chord  of  the  fourth  conrse  taken  from  tbe   ' 
same  line  of  rhumbs  ;  tben  draw  the  lines  Al,  A4,  j46i,  and 
Ai.    On  Al  Bct  off  tbe  firet  distance  20  miles,  taken  from  anj 
Bcale  of  equal  parts ;  suppose  it  extends  to  B.    Tben  through  B 
draw  a  line  parallel  to  Ai,  and  on  it  set  off  ^C  equal  to  i)0 
miles,  the  second  distance ;  througb  O  draw  a  line  parallel  to 
.46^  ;  on  it  set  off  OD  equal  to  42  miles,  the  third  distance: 
through  D  draw  a  line  parallel  to  j14  in  tbe  northeast  quad- 
rant, and  from  the  same  scale  of  equal  parts  set  off  Z)£'eqnal 
to  36  miles,  the  fourth  distance.    Then  draw  the  line  AE,  aud 
it  will  represent  tbe  distance  made  good  ;  applying  it  to  the 
scale,  we  find  for  the  above  example  it  equals  95  miles.     For 
the  conrse,  extend  the  dividers  from  S  to  where  tbe  line  AB 
cuts  tbe  circle,  and   then  apply  the  dividers  to  the  Hue  o(  ^ 
chorda,  and  we  shall  get  the  bearing  of  AE  equal  to  S.  \ 
lO*  E.,  nearly. 
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In  plane  sailing  it  is  not  assumed  tliat  the  surface  of  the 
Ocean  is  a  plane,  or  nearly  so,  for  short  distances.  But 
"tlie  properties  of  the  rhumb  line  are  such,  that  crossing  the 
ixieridians  each  at  the  same  angle,  the  length  of  the  rhuinh 
2^n^,  the  difference  of  Idtitude^  and  the  dejyarture^  have  the 
^ame  relation  to  each  other  as  the  sides  of  a  plane  triangle. 

The  rhuu^b  line  is  a  spiral ;  the  difference  of  latitude  is  an 
^rc  of  a  great  circle  ;  the  departure  is  an  arc  of  a  parallel  of 
Xatitude,  a  small  circle.  It  is  assumed  that  these  lines  are 
clrawn  upon  the  surface  of  a  sphere,  and  in  consequence  ot 
the  above  relation,  we  get  the  difference  of  latitude  and  de- 
parture accurately  for  a  single  course,  whether  the  distance  is 
long  or  short. 

When  a  ship  sails  on  several  courses  the  sum  of  the  depar- 
tures is  not  precisely  equal  to  the  departure  for  the  same  dis- 
tance on  a  single  course. 

Thus,  when  we  work  a  traverse  we  get  the  difference  of  lati- 
tude accurately,  and  the  departure  approximately.  Plane 
sailing  does  not  give  difference  of  longitude. 


SECTION    III. 


TO  FIND  THE  DIFFERENCE  OF  LONGITUDK 


Let  C'be  the  center  of  the  earth,  Pthe 
pole,  PC  the  axis  of  the  earth,  PDA 
and  FEB  meridians,  AB  a  portion 
of  the  equator,  DE  a  corresponding 
portion  of  a  parallel  of  latitude.  Then 
will  AD  be  latitude ;  and  if  DH  is 
parallel  to  AC^  it  will  be  the  cosine  of 
the  latitude  to  a  radius  AC\  -DjE'will 
be  departure,  and  AB  will  be  differ- 
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ence  of  longitude.     But  we  have  from  similar  sectors,  J 
and  ABC, 

Dir:AC::DE:AB    or, 

(1)  Cos.  kt.  ;  i2  : 1  departure  :  diff.  longitude. 

This  proi>ortion  can  be  represented  liy  a  triangle  ft 
where  BO  is  departure. 

Tbe  angle  BCD  a  equal  to  the  latitude,  and 
the  hypotenuse  DC  ia  the  difference  of  longi- 
tude. 

From  plane  sailing,  we  Imve 

Sin.  course  :  JR  w  departui'e  :  distance. 

This  combined  witli  the  preoediug  projx>rtion  so  as  t»  elimiu 
departure,  will  give 

(2)  Cos.  lat.  :  distance  : :  sin,  course  :  diff.  longitude. 
Also,  from  plane  soling,  we  have, 

Diff.  latitude :  departure  '.'.  B  ;  tan.  course. 

And  this  when  combined  with 
proportion  (1)  bo  ns  to  clioiinate 
departure  will  give, 

(3)     Cos.  lat.  :  diff.  lat.  :  :  tan. 
course  :  diff.  longitude. 

If  we  put  the  triangle  for  plane 
sailing  wilh  the  triangle  for  longi- 
tude, wo  ghall  have  tbe  diagram 
in  tlie  n>argin,  in  which  ACi%  the 
distance,  tlie  angle  at  A  is  the 
course,  AB  ia  difference  of  lati- 
tude, BC  ia  departure,  the  angle 
BCD  is  the  latitude,  the  angle  at 
D  ia  co-latitude,  and  DC  is  the 
differcocG  of  longitude. 
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The  triangle  DAC  gives  the  second  proportion,  since  we 
liave, 

"Vrhich  is  equivalent  to  the  second  proportion.     The  third  is 
clerived  by  using  AB  and  tan^  as  equivalent  to  BC. 
Whence  we  have  three  propositions  for  finding  longitude. 

1.  Conne  of  latitude  is  to  raditis  as  departure  is  to  differ^ 
€nee  of  longitude. 

2.  Cosine  of  latitude  is  to  dista/nce  as  the  sine  of  the  co^uarse 
is  to  difference  of  longitude. 

3.  Cosine  of  laiiiude  is  to  difference  of  latitude  as  the  tan* 
gent  of  the  course  is  to  the  differen/cs  of  longiiude. 

The  latitude  in  these  proportions  for  longitude  is  the  arith- 
metical mean  of  the  latitude  left  and  arrived  at ;  it  is  obtained 
by  taking  half  the  sum  when  both  latitudes  are  north  or  south, 
and  half  the  difference  when  one  is  north  and  the  other  south. 
It  is  assumed  that,  measured  on  the  parallel  of  this  mean  lati- 
tude, the  departure  is  equal  to  the  meridian  distance ;  this  is 
nearly  so  when  the  difference  of  latitude  is  small,  and  it  may 
be  rendered  quite  exact  by  corrections  taken  from  a  table  pre- 
pared for  the  purpose,  and  firet  published  by  Mr.  Workman 
in  1805. 

Wben  a  ship  sails  on  the  parallel  of  latitude,  the  distance 
equals  the  departure,  and  proportion  (1)  gives  the  difference 
of  longitude ;  this  is  called  paraUd  sailing.  When  the  ship 
does  uot  sail  on  a  parallel,  but  changes  its  latitude,  and  the 
difference  of  longitude  is  determined  by  proportions  (2)  and 
[8),  the  method  is  called  middle  latitude  sailing. 

EXAMPLE    UNDER    PROPORTION    1. 

1.  What  difference  of  longitude  corresponds  to  47  miles 
leparture  in  tlie  latitude  of  37^  23*  1         An%.  59.15  miles. 
Let  X  3=  the  difference  of  longitude  required. 
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Then, 


Cm.  37"  23' 


'.  11.672098 
:    9.900144 


Log.  Diff.  Ion.  59.15   =    1.771954 

2,  How  many  miles,  or  Low  miicli  departure,  correspondg 
I  a  d^^ue  in  longitude  on  the  parallel  of  42°  of  latitnde  \ 

Alia.  44.59  miles." 


Hero  Iho 

Ima 

tudo  of 

mo 

de 

^ree  is  giv 

Cll. 

It 

COS.  42° 

60 

ai  =  51 

COS. 

42° 

Log. 

60 

= 

i.nsisi 

Cos. 

42° 

= 

9.871073 

Log.  44.59        =  1.649224 

3,  A  ship  Rails  east  from  Cape  Race,  312  miles ;  required 
her  longitude.  The  latitude  of  the  cape  is  46°  40'  N.,  longi-i 
tilde  53°  3'  15"  west.  Ans.  Lon.  47"  54'  west  / ' 


/  4.  Two  places  in  lat.  50°  12"  differ  in 
required  their  distance  asunder  in  niiles. 


longitude  34°  48';  ■■, 
Ana.  1336. 


%I 


5.  How  far  must  a  ship  sail  W.  from  the  CapQ  of  Good  Hope   * 
that  her  course  to  Jamestown,  St.  Heleuii,  may  he  due  northl  J 
Ans.  1193  miles.      \ 


Note. — Cape 


(  Ion.  18'  23'  E. 


Jamestown  \ 


{ Ion.  5°  43'  30"  W. 


6.  How  far  mnet  a  ship  sail  E.  from  Cape  Horn  to  reacli 
tlio  meridian  of  the  Cape  of  Good  Hope?  Tlio  latitude  of 
Cap*.'Horn  being  55"  5S'  30"  S.,  lon.  67°  21'  W.,  and  the  lati- 
tude and  longitude  of  the  Cape  of  Good  Hope  being  as  stated 
in  the  above  note.  Aiis.  2878  miles. 


1.  In  what  latitude  will  the  difference  of  longitude  be  threo 
^mes  its  corresponding  departure  i  Am.  70°  31'  44*, 
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The  following  examples  are  designed  to  illustrate  the  prin- 
^ples  of  Section  8. 

Example  1. 

A  ship  from  Cape  Clear,  Ireland,  in  latitude  51^  25'  K.  and 
longitude  9°  29*  W.,  sails  as  follows: 


BKABIKOa 

HILE& 

1 

2 
3 
4 
5 

S.S.E.iE. 

£.S.£. 

S.W.bW.^W. 

W.JN. 

S.E.bE.iE. 

16 
23 
86 
12 
41 

Required  her  course,  distance,  difference  of  latitude,  and 
difference  of  longitude. 


TBAYEBBE    TABLE. 


COUBSES. 

F0I1IT& 

DIST. 

DIFF.   LAT. 

SEPARTURR. 

N. 

s. 

». 

yt. 

S.S.E.P. 
£.S.r]. 

S.W.bW.^W. 

W.|N. 

S.E.bE.iE. 

2i 
6 

7, 

H 

16 
23 
36 
12 
41 

1.8 

14.5 

8.8 
17.0 

21.1 

6.8 
21.2 

36.2 

31.7 
11.9 

1.8 

61.4 

1.8 

63.2 
43.6 

43.6 

Besult, 

Lat.  left   =.51°25'N. 
Diff.  lat.  =    loco's. 


59.6      19.6 


Lat  in     =  50°  25'  N. 


Mid.  lat.  50°  65'. 
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To  find  the  eowree  and  distance,  by  trigoooHietry, 
Aa  diff.  lat.,59.6  milea,  1.7752ie 

:  Radius  90°  10.000000 

; :  Dep.,19.6  niaes,  1.293250 


:  Tan.  course,  18°  18', 

y.517010 

Ab  Bin.  pourBe  18°  l^* 
:Dep.,  19.6  miles, 
:  :  Radius 

9.49t«ai 

1.293256 
10.000000 

:  DiBt.  62.76  mile., 

1.797635 

To  find  the  diflerence  of  longitude 

Ab  cob.  60°  65' 
:Kiidiu8 
:  :  Dep.,19.6, 
^           :  DiS.  Ion.,31.09  miles, 

9.799661 

10.000000 

1.292256 

1.192605 

^^                 Longitude  letl  =  9° 
^^                 Diff.  Ion.           = 

29'  »e«t 
31'  east 

Lon.  in  =  8°  58'  west. 

Thus,  ■WG  have  fonnd  the  course  18°  12*;  dietance,  ( 
liles ;  diff.  longitude,  31'  E. ;  lat.  in,  50.26  N. ;  Ion.,  8°  58'W,  ' 
If  these  be  the  distances  run  in  a  day,  from  noon  to  nooii 
^^in,  then  the  prei^ing  operation  is  called  working  ada/a 
vork ;  othra^se  it  is  called  working  a  traverKO. 

Example   2. 

A  ship  sails  from  lat.  37°  2'  north,  and  longitude  9°  2'  west, 
and  makes  tiie  following  courses  and  distance. 


BEiElSGS. 

KDXS. 

1 

E.S.E. 

45 

2 

S.W.bW. 

43 

.1 

S.E.bS. 

64 

4 

N.N.E. 

23 

NA.yiaATioN. 
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[uired  the  latitude  and  longitude  arrived  at,  and  tlie  counse 
[  distance  made  good. 

?ake  the  northii^s^  soathings,  eastings,  and  westings,  from 
traverse  table,  and  arrange  them  as  in  the  following  tablet : 


1 

COUBSBS. 

s 

6 

45 

y. 

• 

8. 

M. 

■w. 

l!!i.S.ili. 

17.2 

41.6 

2 

S.W.bW. 

5 

43 

23.9 

35.8 

3 

S.E.bS. 

3 

64 

1 

63.2 

35.6 

4 

N.N.E. 

2 

22 

20.3 

8.4 

20.3 

94.3 
20.3 

85.6 
35.8 

36.8 

74J)     49.8 

WTience  the  difference  of  latitude  is  74  miles  south* 
ich  is  1°  14^. 

And  the  given  latitude  is      37®   V  N. 
Difference  of  latitude,  1®  14'  S. 

Latitude  arrived  at,  36^  48'  N. 

rhe  departure  is  49.8  miles ;  the  mean  latitude  is  36^  2S\ 
If  the  sum  of  the  two  above  given ;  hence  by  Proportion 
we  have 


rherefore^ 


Cos.  36°  25' :  5  : :  49.8  :  diff.  Ion, 

Log.  49.8      =  1.697229 
Cos.  36°  25'  =  9.905645 

Log.  61.88         1.791584 


i^nd  we  have  61.88,  or  nearly  62,  miles  for  the  difference  of 
gitude,  which  is  equal  to  1°  2'. 

Therefore,  longitude  given        =  9°  2'  W. 
Difference  of  longitude  =  1°  2'  E. 

Longitude  arrived  at  =  8°  O*  "W. 
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To  find  tiie  conne,  we  hare 

L<^.  49.8        =  1.697229 
Log.  74.0        =  1.869232 

Tan.  33"  56'       9.827997 

■ 

Whence  the  course  is  S.  33*'  56'  E. 

To  find  the  distance,  we  have 

Log.  49.8      =  1.697229 
Sin.  33°  56'  =  9.746812 

Log.  89.2  1.950417 

Whence  the  distance  is  89.2  miles. 

Example  3. 

A  ship  in  latitude  33°  56'  south,  and  longitude  18°  23f  east, 
sails 

1.  N.W.bN.     12  miles. 

2.  N.W.  36     " 

3.  KW.bW.  140     " 

Required  her  latitude  and  longitude,  and  the  course  and 
distance  made  good. 
Ans.  Lat.  32°  3'  S. ;  Lon.  15°  26'  E.;  Course,  K  52°  41' V.; 
Dist.  187  miles. 

Example  4. 

A  ship  in  latitude  42°  40'  N.,  longitude  59°  W.,  sails  S.E.bS. 
600  miles.     Required  the  latitude  and  longitude  arrived  at. 

Ans.  Lat.  34°  21'  N. ;  Lon.  51°  53'  W. 

Example  5. 

A  ship  in  latitude  51°  18'  N.,  longitude  11°  15'  W.,  sailed 
S.E.BS.  480  miles.  Required  the  latitude  and  longitude 
arrived  at.  Ana.  Lat.  45°  22'  N. ;  Lon.  3°  IC  W* 
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Example  6. 

A  ship  finds  by  observations  upon  the  light  at  Sandy  Hook 
that  her  latitude  is  40^  25'  N.,  and  her  longitude  is  74°  W. 
She   then  sails  S-bW.  520  miles ;  it  is  required  to  find  her 
course  and  distance  thence  to  Nassau  in  latitude  26*^  4!  N.,  ■. 
and  longitude  77°  18'  W. 

Am.  Course,  S.  8°  46'  W. ;  Dist.  416  miles. 

Example  7. 

Required  the  course  and  distance  from  Land's  End,  in  lati- 
tude 50°  6'  N.,  and  longitude  6°  W.,  to  Bermuda,  in  latitude 
31°  20'  N.,  longitude  64°  48'  W. 

Ans.  Course,  S.  66°  56'  W. ;  Dist.  2874  miles. 

Example  8. 

Reqmred  the  course  and  distance  from  latitude  37°  48  W., 
and  longitude  25°  13'  W.,  to  latitude  50°  13'  N.  and  longitude 
3°  38'  W. 

An8.  Course,  N.  51°  11'  E. ;  Distance,  1189  miles. 


Example  9. 

A  ship  in  latitude  37°  48'  K  and  longitude  68"  laf  W., 
sails  on  the  following  courses : 


1 

2 
3 
i 

BBABINOa 

wtra. 

S.  67°  30'  E. 

S. 
S.67"'30' W. 
N.50''37i'E. 

12 
6 
6 

32 

Keqnired  the  latitude  and  longitude  arrived  at. 

Ans.  Latitude,  87°  65'  N. ;  Longitude,  57°  84/  W. 
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Example  10. 

A  ship  in  latitude  48"^  25'  N.,  and  longitude  66''  35'  W^saili 
on  the  following  courses : 


BBABIHa& 

JOUB. 

1 

2 
3 
4 

S.W.bS. 
S.S.W.iW. 
S.bE. 
S.W.bW. 

63 
45 
54 

74 

.         -r 

Kequired  her  course  and  distance  thence  to  Sandy  Hook 
light,  in  latitude  40°  27^'  N.  and  longitude  74°  1^'  W. 

Ans.  Course,  N.  88°  14'  W. ;  Distance,  276  miles. 

Example  11. 

A  ship  sails  from  latitude  50°  8'  N.  and  longitude  4°  24'  W., 
on  the  following  courses. 


BBARINaS. 

HILE8. 

1 

2 
3 

S.  19°  41^'  W. 
S.  75°  561'  W. 
S.  53°  261'  VV. 

18 
22 
58 

Bequired  the  latitude  and  longitude  arrived  at. 

Ans.  Lat.  49°  11'  M".  j  Lon.  6°  18'  W. 


Example  12. 

A  ship  from  Cape  Clear,  latitude  51°  55'  K.,  longitude  9' 
29^  W.,  sails  as  follows : 
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KIUB. 

1 

8 
3 

4 
5 
6 

S.bW. 

fY  .S.  W. 

S.W.iW. 
S.b.E. 

23 
40 

18 
28 
13 
16 

red  her  course,  and  distance  made  good ;  also,  latitude 
fitude  arrived  at. 

Course,  S.  45**  4:V  W. ;  Distance,  102.4  miles ;  Lati- 
tude,  50°  44'  N. ;  Longitude,  11°  25'  W. 

Example  13. 
3  in  latitude  41°  12'  N.,  longitude  37°  21'  W.,  sails  as 


1 

BBABINOS. 

inLHi. 

S.W.bW. 

21 

3 

S.W.iS. 

31 

3 

W.S.W.^S. 

16 

4 

S.|E. 

S.W.;  W. 

18 

5 

14 

6 

SO 

red  her  course,  distance,  latitude  and  longitude. 
Course,  S.  52°  49'  W. ;  Distance,  111.7  miles ;  Lati- 
tude, 40°  5'  K  ;  Longitude,  39°  18'  W. 


Example  14. 

lOon  we  were  in  latitude  28^  46'  S.,  and  longitude  83* 
since  then  we  have  sailed  by  the  log, 
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ViAXtMOa. 

1IILE& 

1 

2 
3 
4 
5 
6 

S.WJW. 

S.bW. 

WAS. 

S.W.|W. 

S.bE. 

S.}E. 

62 
16 
40 
29 
30 
14 

Beqaired  the  direct  coarse  and  distance,  and  our  present 
latitude  and  longitude. 

Ans.  Course,  S.  43°  14'  W. ;  Distance,  158  miles ;  Latitude, 
30°  41'  S. ;  Longitude,  34°  24'  W. 


Example  15. 

A  ship  from  Toulon,  latitude  43°  7'  N.,  longitude  6°  66'  E. 
sailed. 


BEABIN63. 

MniKR. 

1 

G.S.W. 

48 

2 

S.bE. 

34 

3 

S.W.4W. 

26 

4 

E. 

17 

Required  her  course  and  distance  to  Port  Mahon,  latitude 
39°  52'  K,  and  longitude  4°  18'  30"  E. 

Arts.  Latitude  of  ship,  41°  32'  K ;  Longitude,  5°  37'  E. 

Course  to  Port  Mahon,  S.  30°  45  V  ^-  nearly ;  and  distance, 
116.4  miles. 


Example  16. 

On  leaving  tlie  Cape  of  Good  Hope  for  St.  Helena,  we  took 
our  departure ;  Cape  Town  bearing  S,  E.  by  S.  12  miles, 
after  running  N.  W.  36  miles,  and  N.  W.  by  W.  140  miles. 
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Beqnired  our  latitude  and  longitude,  and  the  course  and  dis- 
tance made. 

N.  B.  Latitude  of  Cape  Town,  33°  66'  S.  Longitude,  18° 
23'  E. 

Latitude  of  St.  Helena,  15°  65'  S.    Longitude,  5°  43'  30"  W. 

Am.  Latitude,  32°  3'  S. ;  Longitude,  16°  25'  E. ;  Course. 
N.  52°  41'  W. ;  Distance,  187  miles. 


SECTION   IV. 


MERCATOR'S    SAILING 


Mercator's  Sailing  is  a  method  of 
determining  difference  of  longitude 
derived  from  the  following  prin-     d 
ciple. 

In  the  figure,  let  A  Che  distance, 
AJB  difference  of  latitude,  and 
BG  departure.  Now,  if  we  take 
AZ  greater  than  AJB  in  the  ratio 
of  radius  to  the  cosine  of  the  lati- 
tude of  £Cj  and  draw  ZD  parallel 
to  £C,  it  will  represent  the  differ- 
ence of  longitude  for  the  two  points 
A  and  C;  for 

ZI):BC::AZ:AB. 
Therefore, 

ZZ>  :  JSC:  :  li  :  Cosine  latitude. 

But  from  Proportion  1  we  have 

Difference  of  longitude  :  Departure  : :  J?  :  Cosine  latitude. 


sso 
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Tliorefnrc,  if  JiC  h  departur«,  Z£>  must  be  difference  ^H 
long!  tit  do.  H 

A  J,  IB  calloi]  tlie  meridional  difference  of  latitude,  to  disdi^| 
gutsli  it  from  AS,  the  proiwr  difference  of  latitude.  H 

To  Jind  viz,  tlie  tiieridiooal  difference  of  latitude,  a  taii^l 
Wllfld  a  Table  of  Meridional  ParU  liae  been  computed.  Iflfl 
take  any  Email  portion  of  tlie  meridian  AJi,  and  divide  itllM 
tlie  cosine  of  its  latitude,  or  multiply  it  by  the  Beeant  of  itsliaj 
tude,  radius  being  unity,  we  eliall  get  a  corresponding  porti^| 
t>f  the  increased  meridian  AL;  and  taking  a  nautical  iRile^f 
the  unit  of  tliu  table,  beginning  at  the  equator,  we  fibiill|H 
jMcant  1',  aeeant  2',  secant  3',  eecant  4',  and  so  on,  for  the  ee^ 
Bral  minutes  of  the  increased  meridian.  Adding  these  eecanta, 
we  shall  get  the  numbcrB  called  meridional  parts  for  the  lati- 
tndea  1',  3',  3'  4',  and  eo  on. 

Thus,         Secant  1' 

Secant  1'  +6ecant  2* 
Secant  I'  +  eecant  2'+9eCRnt  S' 
Secant  I'+secant  Si'+seeant  S'+eeeant  i*.  etc., 
give  the  numbers  of  the  table  in  nautical  miles.     These  nnffi- 
bera  express  tlie  distance  from  the  equator  to  the  correspond- 
ing parallel  of  latitude,  measured  on  the  increased  meridian, 
"  From  this  table  we  can  take  the  meridional  parts  correspon,4^_ 
ing  to  each  latitude,  and  by  subtracting  one  number  from  ,tl 
other  when  both  latitudes  are  north  or  south,  or  by  adding  thfl 
when  one  is  north  and  the  other  eontli,  we  shall  obtain  ti 
\  meridional  diffei'ence  of  latitude  in  numbers. 

In  the  figure  we  have 

AB:AL::BC:LD\  or 

The  proper  differenae  of  latitude  is  to  the  mendional  dij^ 
moe  of  laiiiude  as  the  departure  ia  to  the  difference  of  U 


S  :  ts.n.S AC ::  AL  :  ZP ;  or 
Radius  is  to  the  tangent  of  the  course   as  tfte  tneridtm 
l^erenee  qf  latitude  is  to  tfie  difference  of  loTigitude. 
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Example  1. 

A  ship  from  latitude  82**  W  N,  and  longitude  18^  W  W., 
makes  the  following  eourses  and  distances : 

1.  KW.bW.     150  nules. 

2.  W.N.W.      124      " 

3.  S.S.W.  41      " 

Beqnired  the  latitude  and  longitude  arrived  at^  and  the 
course  and  distance  made  good. 

Take  the  latitudes  and  departures  from  the  traverse  table, 
aod  arrange  them  as  in  the  tablet. 


1 

2 
3 

COnRARR. 

WST. 

N. 

a. 

B. 

W. 

KW.bW. 
W.N.W. 

S.S.W. 

150 

124 

41 

83.3 
47.5 

37.9 

124.7 

114.6 

16.7 

130.8 
37.9 

37.9 

255.0  . 

Whence, 


92.9  =  diff.  of  latitude. 
82°  SC  N.,  latitude  given, 
1°  33'  N.,  difference  of  latitude. 
34°    3'  N.,  latitude  arrived  at. 


To  find  the  longitude,  take  from  the  table  the  meridional 
parts  for  34^    3',  which  will  be  2175 

Also  the  parts  for  32°  30*,      "        "    "  2064 

Subtracting  we  get  the  meridional  diff.  of  latitude    = 


111 


Then  from  the  tablet,  we  see  that  the  departure  is  255  miles, 
the  proper  difference  of  latitude  is  93  miles  neatrlj ;  and  since 
proper  difference  of  latitude  is  to  meridionial  differed       ''  ^«ti- 
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tnde,    aa   ia   departure  to   the    difference   of   longitude,  -» 
have 

Log.  255      =  2.406540 

Log.  Ill   =  2.045323 
4.45 18C3 

Log.  93   =  1.968483 

Log.  304.4   =  2.483380 

which  gives  the  dilierence  of  longitude  equal  to  304  Dearln 
or  5°  4*  weBt. 

And  18°  20'  W.,  longitude  given, 

5°    4'  W.,  dilJ'ereuee  of  longitude, 
33°  24'  W.,  longitude  arrived  at. 

To  find  tlie  course,  wo  have 

Log.  255        =    2.406540 

Log.    93        =     1.968483 
Tan.  69°  58'       10.43805T 

Therefore  the  couree  is  N.  69''  58'  W. 

To  find  the  distance  we  have 


Log.  255 
Sin.  69°  58' 


T=  3.406540 
=  9.972894 


Log.  2T1.4  miles  =  2.433646 

In  determining  difference  of  longitude  from  tlie  proportisj 

OoB.  lat.  :  1  : :  departure ;  diff.  longitude, 

when  the  ship  sails  on  an  oblique  course,  we  assame  that 
the  departure  is  the  same  as  would  have  been  made  on  ihst 
parallel,  which  ia  the  arithmetical  mean  of  the  latitude 
left  and  arrived  at.  This  assumption  is  not  true.  The  mean 
latitude  found  in  that  way  does  not  always  give  the  true  d' 
of  longitude. 
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Pfom  the  proportioii, 
Diff.  lat. :  meridional  diC  lat. : :  departnre  :  diff.  Ion. 
^eget 

diff.  lat  _  departure  /|v 

meridional  diff.  lat.       diff.  Ion. 

If  we  pnt  rff  for  the  latitude  of  the  parallel  that  will  give 
tihe  true  longitude,  we  have 

Cos.  rj) :  1  ::  departure  :  diff  Ion. 

Therefore  Cos.  ^  =  ^^  (2) 

diff  Ion. 

from  1  and  2,  we  get 

Cos.  V'  = ^J^^^ (3) 

meridional  diff  lat. 

Hence,  we  see  that  the  proper  difference  of  latitude  divided 
"by  the  meridional  difference  of  latitude  will  give  the  cosine  of 
the  required  latitude,  and  this  compai*ed  with  the  arithmetical 
mean  of  the  given  latitudes  will  give  the  correction  to  be 
added  to  the  mean  latitude. 

Example  2. 

Suppose  the  given  latitudes  are  30°  and  40°,  the  proper  dif- 
ference of  latitude  will  be  10°  or  600  miles ;  the  meridional 
difference  will  be 

Meridional  parts  for  40°  =  2622.7 

Meridional  parts  for  30°  =  1888.4 

Meridional  difference  of  lat.      =    734.3 

Therefore,  cos.  yb  = 

734.3 

And  Log.  600        =  2.778151 

Log.  734.3     =  2.865874 

Cos.  350  12'  =  9.912277 

The  mean  of  40°  and  30°  is  35°,  hence  the  correction 
lsl2'. 
In  this  manner  the  following  table  may  be  computed : 


r 

■H               SUBTITISS    iHD  UlViaATIOH.                 ' 

Taile  of  corrections  in  minutes  to  he  added  to  the  arUhmetiad 
mean  to  find  the  trve  mean  tatititde. 
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1.  A  ahip  from  Cape  Fiiiieterre,  in  lat.  42°   56'  N.,  and 
longitude  8"  1«'  W.,  sailed  S.  W.  j  W.  tiU  Ler  difterence  of 
longitude  is  134  miles  ;  required  the  distance  eailed,  and  the 
latitude  in. 

As  radiua                                       10.000000 
;  diff.  Ion.,  134  milea,                      S.127105 
: :  cot.  eourse,  4^  pointe,                 6.957295 
:  mer.  dift'.  lat.,  121.6  miles,           2.084400 

Lat.  Cape  Finisterre  42°  56'  N. ;  Mer.  parts     2858 
Mer.  diff.         121 
Lat.  41°  27"  N".,  corresponding  to                   2737  in  table. 
Ab  cosine  course               9.827085 
:  proper  diff.  lat.,  89  miles,   1.949390 
: :  radius                               10.000000 
:  diat.  1S2.5  mWea,              ^.114305 

-\  2.  1  du^  from  kt.  40^  41'  N.,  Ion.  16°  SV  W.,  sails  in  the 
)SL  £•  qnarter  till  she  arrives  lat  43°  57'  K.,  and  lias  made 
SA8  :miles  departure;  required  her  course,  distance,  and  longi- 
tude in. 

Arts.  Course  N.  51°  41'  E. ;  Dist.  316  miles ;  Lon.  in  11°  W. 

3.  How  far  must  a  ship  sail  N.  E.  i  E.  from  lat.  44°  12*  N., 
lon.  23  W.,  to  reach  tlie  parallel  of  47°  N. ;  and  what  from 
that  point  will  be  the  bearing  and  distance  of  Ushant,  which 
is  in  lat.  48°  28'  N.,  and  lon.  5°  3'  W.  i 

And.  She  must  sail  264.8  miles,  and  her  course  to  Ushant 
_  will  then   be  N.  80°  32'  E.,  and  -distance  636 
miles. 

4.  A  ship  from  the  Cape  of  Grood  Hope  steers  E.  ^  S.  446 
miles;  required  her  place,  and  her  course  and  distance  to 
Kergnelen's  Land,  in  lat.  48°  41'  S.,  and  lon.  69°  E. 

An8.  Lat.  85°  13'  S.,  lon.  27°  21'  E. ;  course  to  Kerguelen^c 
Land,  S.  66°  25*  E.,  and  distance  2018  miles. 

5.  By  observation,  a  ship  was  found  to  be  in  lat.  41°  50'  S., 
lon.  68°  14'  E.  She  then  sailed  N.  E.  140  m.,  and  E.  ^  S. 
76  m. ;  required  her  place,  and  her  course  and  distance  to  the 
island  of  St.  Paul,  which  is  in  lat.  38°  42'  S.,  and  in  lon. 
77°  18'  E.      Ans.  Lat.  40°  18'  S.,  lon.  72°  6'  E.;  course  to  St. 

Paul  N.  68°  15'E.,  and  dist.  259  miles,  nearly. 

DIRECT  METHOD  OP  COMPUTINa  MERIDIONAL  PARTS, 

This  presentation  of  Mercator's  Sailing  is  thought  sufficient 
for  all  practical  purposes.  But  it  may  be  desirable  to  have  a 
method  of  computing  the  Table  of  Meridional  Parts  directly 
for  any  degree  of  latitude  without  the  preceding  computa- 
tions, especially  if  we  wish  to  test  the  accuracy  of  any  part  of 
the  tables.  It  may  also  be  interesting  to  the  mathematical 
student  to  examine  the  Theory  of  Mercator's  Sailing  in  a 
manner  differing  entirely  ttom  the  lu'epediiig. 
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It  will  be  Been  in  wliat  foJlows,  tliat  from  the  definition^ 
tlie  rhumb  lino,  we  can  derive  an  equation  that  will  give 
diUerence  of  longitude  wbcii  we  Iiave  the  latitude  left,  theli 
tude  arrive<l  at,  and  the  course  kuown,  without  a  table  (j 
uicridional  parts. 

Also,  that  from  the  hypothesis  of  Mereator's  Sailing,  we  el 
derive  an  equation  that  gives  directly  the  meridional  parte  ^ 
any  latitude. 

Let  EQ  he  the  equa- 
tor, and  P  its  pole ;  let 
A8B  be  the  rhumb  line 
or  track  of  a  ship,  sailing 
from  AtoB;  put  (7  for 
the  course  of  the  ship, 
and  let  PS  equal  fl,  the  B^ 
co-Iatititde  of  the   ship, 

and  ^  equal  the  angle  APS,  which  is  tlie  longitude  o 
ahip  reckoned  from  the  meridian  passing  through  A.    Then 
we  shall  have, 

^1^  si 


whence  we  get, 


d4> 


--  tan.C, 


.  tan.C 


{M 


n 


Integrating,  we  get, 

0  =  tan. Clog,  tan.^9. 
Taking  the  limits  FA  and  PB,  we  get, 

0  =  tan.C(log.  tan.^ff— log.  tan.^O")  (8)^ 

where  &  is  the  co-latitude  of  the  place  left,  and  fi"  is  the  co-lati- 
tude of  the  place  arrived  at.  The  logarithms  in  equation  (3} 
are  Naperian,  and  if  we  use  the  common  tables,  the  right  h 
member  of  (3)  must   be  divided   by  tho  modulus  of  our  I 
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hich  is  .4848944819.   And  to  obtain  ^  in  nautical  milefl^ 
st  multiply  by ,  which  will  give, 

IT 

<t>  =  7915.7  tan.  £7  (log.  tan.-^^— log.  tan.^^^         (4) 

ation  (4)  gives  the  difference  of  longitude  when  the  lati- 
)f  the  places,  and  the  course,  are  given. 

JExample. 

lip  in  latitude  32°  38'  N.  and  longitude  16°  55'  W.,  sails 
37'  W.  until  she  reaches  the  parallel  of  40°  2'  N.  He- 
the  longitude  arrived  at. 

equation  (4),  we  must  put  C  =  79°  37',  ff  =  57°  22', 
=  49°  58',  and  we  shall  get 

915.7  tan.  79°  37'  (log.  tan.  28°  41'-.log.  tan.  24°  59'). 

Tan.  28°  41'  ==  9.738071 
Tan.  24°  59'  =  9.668343 


.069728 


,  Log.  .069728  ==    2.843407 

Tan.  79°  37'  =  10.736995 

Log.  7915.7  =    3.898489 

Log.  3012  =    3.478891 

•efore,  <t>  =  3012  miles,  or  50°  12'.  Hence  the  longi- 
•rived  at  is  67°  7'  W. 

compute  a  table  of  meridional  parts,  we  may  put  0  for 
itude  of  any  parallel,  and  rp  for  the  distance  of  the  same 
1  from  the  equator;  then  from  Mercator's  theory,  we 


ave, 


efV  =  -^  (1) 

cos.d 

integral  of  this  equation  gives 

xf)  =  log.  tan.  (45°+^^.  (2) 

common  logarithms  and  nautical  miles  as  the  unit, 
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ire  mmt  mmltiply  the  riglit  hand  Bumber  of  (3)  Iff  1i\i! 
whence  we  get, 

*  =  7915.7  log.  tan./45°+D  (3) 

Exampk  1. 

Required  the  meridional  parta  for  20°  of  latitude. 
Here  S  =  20°,  whence, 

if  =  7915.7  Jog.  tan.  55^. 

Tan.  55°  =  10.154773 ;  and 

Log.  .154773         =  -1.189696 
Log.  7915.7  =      3.898489 

Log.  1225.1  =      3.088185 

Therefore  rp  =  1225.1  miles,  which  ia  the  ntunber  found 
the  table  of  meridional  parts  for  20°. 

Example  2. 

Required  the  meridional  parts  for  latitude  78°  52*. 
Here  0  =  78°  52',  and  equation  (3)  becomes 

rf)  =  7915.7  log.  tan.  84°  26'. 

Tan.  84°  26'  =  11.011158 ;  and  we  have 

Log.  1.011158  =    .004819 

Log.  7915.7  =  3.898489 

Log.  8004  =  3.903308 

Whence  i>  =  8004  miles,  the  meridional  parts  for  the  gi 
latitude,  78°  52'. 
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SECTION    V. 

SAILING    IN    CURRENTS. 

ship  at  B,  sailing  in  the  direction  BAy  were  in  a  cnr- 
hich  would  carry  her  from  ^  to  (7,  in  the  same  time 
still  water  she  would  sail  from    ^  ^ 

1,  then^  by  the  joint  action  of 
rrent  and  the  wind,  she  would 
same  time  describe  the  diagonal  '^  ^ 

'  the  parallelogram  ABCD.  For  her  being  carried  by 
Tent  in  a  direction  parallel  to  JBCj  would  neither  alter 
rce  of  the  wind,  nor  the  position  of  the  ship,  nor  the 
rith  respect  to  it ;  the  wind  would  therefore  continue  to 
the  ship  in  a  direction  parallel  to  ABy  in  the  same  man- 
ii'  the  current  did  not  exist.  Hence,  as  she  would  he 
to  the  line  CD  by  the  independent  action  of  the  cur^ 
1  the  same  time  that  she  reached  the  line  AD  by  the 
ndent  action  of  the  wind  on  her  sails,  she  would  bo 
at  Dy  the  point  of  intersection  of  the  lines  AD  and  CZ>, 
:  moved  along  the  diagonal  BD. 

)lem8  relating  to  the  oblique  action  of  a  current  upon  a 
ay  be  resolved  by  the  solution  of  a  plane  triangle,  as 
in  the  preceding  figure,  where,  if  BA  represent  the  dis' 
a  ship  would  sail  in  still  water,  and  AD  the  drift  of 
rrent  in  the  same  time,  BD  will  be  the  actual  dis- 
ailed,  and  ABD  the  change  in  the  course  produced  by 
rrent. 

EXAMPLES. 

f  a  ship  sail  W.  28  miles,  in  a  current  which  in  the  same 
arries  her  N.  N.  W.  8  miles,  required  her  true  couiM 
stance. 
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Connive  the  current  to  l>e  one  course  and  distance,  a 
witli  the  other  course  find  the  course  and  distance  madegoola 
Thua,  by  the  traverse  tabic: 


„™. 

.„. 

™,.L»m™ 

UBFABTOBX. 

,. 

t. 

E. 

W. 

N.N.W. 

28 

8 

7.39 

28 
3.06 

7.39 

31.06 

I 

I 

I 


7.S9  :  Ji  ::  31.06  :  tan.  76°  37',  the  conrse, 
Sin.  70"  37' :  .ff  :  ;  31.06  ;  31.93,  the  distance. 

3.  If  a  ship  Rails  E.  7  miles  an  honr  by  the  log,  in  a  current  I 
setting  E.  N.  E.  2.5  milea  per  hour,  required  her  true  <;oiir« 
and  hourly  rate  of  Bailing. 

Ang.  Course,  N.  84°  8'  E. ;  rate,  9.358  per  hour. 

3.  A  ship  has  made  by  the  reckoning  N.  ^  W,  20  miles,  Ijat 
by  observation  it  is  found  that,  owing  to  a  curi'CDt,  she  lias 
actually  gone  N.  N.  E.  28  miles.  Eeqnired  the  setting  and 
drift  of  the  current  in  the  time  which  the  ship  lias  been  run- 
ning. Atis.  Setting,  N.  64°  48' E.;  drift,  14.1  miles. 

4.  A  ship's  course  to  her  port  is  W.  N.  W,,  and  she  is  run- 
ning by  the  log  8  miles  an  hour ;  but  meeting  with  a  current 
setting  W.  i  S.  4  miles  an  hour,  what  eoucse  must  she  steer  in 
the  current  that  her  true  course  may  be  W.  N.  W.  ? 

Ans.  Course,  Jf.  53°  53' 2"  W. 

5.  In  a  tide  running  N.  W.  b  W.  3  miles  an  hour,  I  wished 
to  weather  a  point  of  land  which  boreN.  E.  14  miles.  What 
course  must  I  steer  so  as  to  clear  the  point,  the  ship  sailing 
7  miles  an  hour  by  the  log,  and  what  time  shall  I  be  in  reach- 
Big  the  point} 

Ana.  Course,  N.  69°  51'  E. ;  time,  2  hours  25  minutes. 
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6.  From  a  sliip  in  a  current,  Bteering  "W.  S,  "W.  6  miles  an 
»ur  by  the  log,  a  rock  was  seen  at  6  in  the  evening,  bearing 
"W.  3  S.  20  miles.  The  ship  was  lost  on  the  rock  at  11  P.  M. 
3qaired  the  setting  and  drift  of  the  current. 

Ans.  Setting,  S,  75°  lO*  E. ;  drift,  3.11  miles  per  hour. 

PARALLAX. 

To  obtain  the  true  altitude  of  a  body  from  its  apparent  alti- 
de,  as  given  by  an  instrument,  certain  corrections  are  neces- 

These  corrections  are  for  semi-diameter^  dipj  refrdction  and 
araUcujc.     The  correction  for  semi-diameter  is  obvious. 
At  sea,  the  visible  horizon  (from  which  all  observed  alti- 
ides  are  taken)  is  where  the  sea  and  sky  apparently  meet; 
id  when  the  eye  of  the  observer  is  above  the  water,  this  visi- 
e  horizon  is  below  the  sensible  horizon,  and  the  amount  of 
le  depression  is  called  the  dip  of  the  horizon.     Its  correction 
always  subtractive,  and  its  amount  is  to  be  found  in  Table  Y. 
Eefraction  is  to  be  found  in  Table  VII.     It  is  always  sub- 
active  ;    for  the  reason,  see  some  treatise  on  natural  phil- 
ophy. 

Parallax  is  always  additive.  Conceive  two  lines  drawn  to  a 
javenly  body,  one  from  an  observer  at  the  circumference  of 
e  earth,  and  the  other  from  the  center  of  the  earth.  The  in- 
ination  of  these  two  lines  is  parallax ;  and  when  the  body  is 
the  horizon  its  parallax  is  greatest,  and  it  is  then  called 
»rizontal  parallax. 

Parallax  always  tends  to  depress  the  object ;  but  the  parallax 

any  celestial  object,  except  that  of  the  moon,  is  so  small, 

at  we  shall  pay  attention  to  lunar  parallax  only.     This  is 

important  to  navigation  that  we  shall  give  it  a  full  explana- 

>n. 

The  moon's  horizontal  parallax  is  given  in  the  Nautical  Al- 
anac  for  every  noon  and  midnight  of  Greenwich  time,  and 
yoi  the  horizontal  parallax  we  must  deduce  the  parallax 
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cotTC^poiidiiig  to  Miy  other  alti- 
tude. 

Let  AC  he  the  radius  of  the 
earth,  -1  the  position  of  an  oh- 
server,  Z  hie  zeuith,  and  suppose 
S  to  be  the  moon  in  the  hori- 
zon ;  tlien  tlie  angle  ASO  ia  the 
moon's  horizontal  parallax,  and  tlie  angle  AhC  is  the  [ninil- 
lax  corresponding  to  the  apparent  altitude  hAH.  Draw  in 
parallel  to  C!i ;  then  mAII  will  be  the  inie  altitude. 

From  this  figure  we  dj-aw  the  following  definition  for  hori- 
zontal parallax. 

TJte  horisontal  paraUax  qf  any  l)0(ly  is  the  angle  vniit 
tohich  ilte  semi-diameter  of  the  earth  would,  appear  ama 
from  that  body.  Of  course,  then,  when  the  body  is  at  a  great 
distance,  its  horizontal  parallax  must  be  small ;  hence  tliesnB 
and  the  remote  planets  have  very  little  parallax,  and  the  fixsd 
Btars  none  at  all. 

Let  CH  and  Ch  be  each  represented  by  B.  Put  j)  =  lli* 
horizontal  parallax,  and  x  =.  the  parallax  in  altitude,  ortbB 
angle  mAh  or  AhC. 

Now  in  the  triangle  ACII,  right-angled  at  A,  we  have, 
1  :  aiu.yfl  :  \  R  :  AC. 

In  the  triangle  ACh,  we  have, 

sin.  CAh  :  ein.a: ',  :  H  :  AC. 

By  conipanng  these  two  proportions,  we  perceive  that 
1  :  sin.jj :  :  sin.CjlA  :  6in,jc. 

Whence,  sin-x  =  sin^  siu-CXA, 

Bnt  sin,  (MA  =  cos./(j1Z^  for  the  sine  of  any  arc  greater 
than  90°  is  equal  to  the  cosine  of  the  excess  over  90°  ;  In 
sin.a:  =  sin.^  cosJtAH. 

The  lunar  horizontal  parallax  is  rarely  over  a  degree, 
monly  less,  and  the  sine  of  a  degree  does  not  materially  differ 


greats  . 
Iie^^ 
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rom  the  arc  itself;  hence,  the  preceding  equation  beoounee, 
rithout  any  essential  error  the  following : 

X  =  j>  cos.  altitude. 

Or,  in  words,  the  parallax  in  altitude  is  equal  to  the  hori- 
zontal parallax  multiplied  by  the  cosine  (^  the  apparent  aliir 
>ude  (radius  being  unity). 

XZAMPLSS. 

1,  The  apparent  altitude  of  the  moon^s  center,  after  being 
csorrected  for  dip  and  refraction,  was  31°  25' ;  and  its  horizon- 
tal parallax  at  that  time,  taken  from  a  nautical  almanac,  was 
iV  37" ;  what  was  the  correction  for  parallax,  and  what  was 
the  true  altitude  as  seen  from  the  center  of  the  earth  ? 

p  =  sr  37"  =  3457" ;      log.  3457"    =  3.538699 

cos.  31°  25'  =  9.931152 


Log.  2950  =  49'  10"  =  cc  =  3.469851 
Ans.  Cor.  for  parallax,  49'  10" ;  true  altitude,  32'*  14'  10". 

2.  The  apparent  altitude  of  the  moon's  center  on  a  certain 
•ccasion  was  42°  17',  and  its  horizontal  parallax  at  the  same 
ime  was  58'  12" ;  what  was  the  parallax  in  altitude,  and  what 
^as  the  moon's  tme  altitude  ? 

Ane.  Parallax  in  altitude,  43'  4"  ;  true  altitude,  43°  0'  4". 


SECTION    VI. 
LATITUDE. 

1.  To  find  the  latitude  of  a  place  hy  the  sun  at  noon. 

The  latitude  of  a  place  may  be  determined  from  the  meri- 
ian  altitude  of  the  sun. 
The  altitude  taken  with  a  sextant  must  be  corrected  for 
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I  setiii-diametcr,  parallax,  dip,  and  retraction.     Tlie  con 
I  lor  suiui-diuiiictci'  is  t'uuttd  in  the  uliiiaiiuc,  and  it  D)iigtb6 
[  tracted  or  added,  accurdiug  aa  tlie  upper  or  lower  limb  of' 
I  Buri  was  observed. 

Tlie  correclion  for  parallax   is  fo\md   by  miilliplying 
I  Bun's  parallax  hy  tlie  cosine  of  the  observed  altitude;  it 
always  be  added. 

Tlie  corrections  for  dip  and  refraction  are  found  in 
and  must  !«  subtracted  to  give  the  true  altitude. 

Then  trom  the  true  altitude  subtract  the  siin'a  declinatk 
found  in  the  almanac  lor  tliat  time,  and  the  remainder  will  1» 
tlie  co-latitude.  Or  subtract  the  trne  altitude  from  9U°,  and 
f^t  the  zeiuth  distance. 

Then  if  the  sun  and  ob&erver  are  ou  the  same  side  of  Ha 
equator,  to  the  zenith  distance  add  the  eun's  declination  to 
obtain  the  latitude;  if  the  sun  and  observer  are  on  different 
sides  of  the  equator,  from  the  zenith  distance  subtract 
Bun'a  declination  to  obtain  the  latitude. 


EXAMPLES. 


1.  On  a  certain  day,  the  meridian*  altitndeof  the  sun's  lower 
limb  was  observed  to  be  31°  W,  bearing  south.  At  that  time 
its  declination  was  7°  25'  8"  south,  semi-diameter  16'  9",  indei 
error-!- 2'  12",  height  of  the  eye  17  feet.  What  was  the  lati- 
tude J  Am.  50°  38'  nortli. 


•  To  obtain  the  meridian  altitude  of  the  suo,  the  observer  commences 
obaeryatioQs  before  hood,  tvhile  the  sun  is  still  rising,  driving  Uie  index  for- 
ward  as  fast  aa  the  imag'e  appears  to  rise ;  and  there  will  come  a  time,  a  few 
minutes  in  succe^ion,  in  which  the  image  appears  to  rest  on  Ibe  honzoo, 
neither  rising  nor  fulling;  but  Bt  lengtl)  tlie  image  will  fall;  then  the  obaerrei 
I  knows  that  nixm  has  paaaedj  and  the  greatest  apparent  altitude  will  ba 
shown  by  reading  the  index. 


32° 

(y 

9" 

+  2' 

12" 

32° 

2'  21" 

-4' 

4" 

31° 

58'  17" 

-1' 

32" 

31° 

56'  45" 

4- 

7" 

31° 

56'  52" 

58° 

3' 

8" 

7° 

25' 

8" 
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Observed  altitude  =  31*"  44'    0" 
Semi-diameter  .    +16'    9" 


Index  error 


Dio 


Beiraction  = 

Parallax 

True  altitude  = 

Zenith  distance  = 

Declination  = 

Latitude  north        =  50"^  ZW    0-' 

2.  The  meridian  altitude  of  the  sun';^  nppe'*  limb  was  40°  42* 
bearing  north ;  the  declination  wa^  23°  32'  south ;  semi- 
diameter  was  16'  17" ;  height  of  the  observer  was  16  feet  Re- 
quired the  latitude. 

Corrections : 

Sun's  semi-diameter  =  —16'  17" 

Dip  =  —  &  56" 

Refraction  =  —  1'    6" 

Parallax  in  altitude  =  +         7" 

Observed  altitude  of  limb  =  40°  42'  &[ 
True  altitude  of  sun's  center  =  40°  20'  50" 
Zenith  distance  =  49°  39'  10" 

Declination  =  23°  22'    tf 

Latitude  south  =  73°    1'  10" 

In  this  example  the  semi-diameter  is  subtracted  because 
the  upper  limb  was  observed ;  the  dip  and  refraction  are  always 
subtracted,  and  parallax  is  added. 

8.  The  meridian  altitude  of  the  sun's  lower  limb  was  60°  25' 


r 
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bearing  south,  Beini-diaineter  Iti'  S",  heiglit  of  tlie  obn 
16  leet,  and  tlie  ann's  declination  9°  23'  north.    What^ 
the  latitude  t 

CorrectionB : 

Sun's  ecmi-diameter  =      +16'    S" 

Dip 

KefVnction 

Parallax  in  altitude 


:        —    0'  33" 

:        +  4" 

+  11'  43" 
:  60°  25'    0" 


Observed  altitude 
True  altitode  of  si 
Zenith  distance 
Declination 
Latitude  north 

Find  the   latitude  from   each  of  tlie   following  ineridisn 
observations : 


s  center  -  60=^  36'  43" 
-=  29°  23'  17" 
=    9°  22'    0" 


.„„. 

IW.   OB 

..... 

...  |™..,. 

.^u..r,o,.\      ..^.. 

1 

SbuZ./. 

San^Z, 
8uni-£. 

South 
Buutli 

Suutli 

11  't." 

Navigators  usuaUy  add  12'  to  the  observed  altitude  of  the 
enn's  lower  limb  as  a  correction  for  the  sun's  seini-diamettf, 
parallax,  and  dip;  then  subtract  the  refraiition  due  to  tlw 
altitude  an  given  in  the  tables  of  refraction.  The  i-emaiiider 
will  give  the  true  altitude  nearly,  when  the  observation  it 
taken  upon  the  deck  of  a  common  sized  vessel. 

The  following  table  gives  the  correction  for  tlie  sun's  Bemi- 
diameter,  dip,  and  refraction,  when  the  sun's  lower  limb  is  ub- 
served. 
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OOERBunoS  TO  BB  ADDED  TO  TUB  OBSEKVED  ALTITFDE  OE  TllE 
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To  find  the  latitude  5y 
\in  at  any  given  iijne, 
ke  the  altitude  of  the 
note  the  time,  correct 
bserved  altitude  for  dip, 
diameter,  and  refrac- 
also,  take  the  declina- 
rom  the  Almanac.  Then 
3  triangle  ZP8,  ZS  will 
le  complement  of  the 
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aiiitiKlu,  PS  tlie  pompleiiieiit  of  deulination,  and  the  tint 
wliicli  the  observiitiuii  waa  taken  Btibtracted  from  13\  iff 
olffiervatiou  was  taken  before  noon,  will  measure  tlie  anfj 
I*.  Therefore,  wo  shall  have  ZS  and  PS,  and  the  angle . 
find  PZ,  wlii<:b  is  the  co-latitude-  If  we  put  6  for  the  arc  q 
J*  to  wboro  t!m  peqjendicular  falls  from  S,  we  shall  1 
COB./*  =  CQ>\.J*S  t&n.O ;  from  which  we  get  0.  And  i 
have, 

Cos.PS :  KO&.ZS :  :  coa.fl  :  cn&.ff, 
where  9  is  the  arc  from  Z  to  where  the  perpendicnlar  n 
PZ  i>roduced.     The  ditferecce  of  these  area  gives  PZM 
co-latitude. 


Example  1. 

At  8"  afternoon,  the  tme  altitude  of  the  enn's  center  WM  I 
found  to  be  70°  5S',  the  declination  of  the  sun  being  21°  K.  I 
liequired  the  latitude. 

In  tJiiaexample,  ZS   =  19°  2" 

PA'  =  e.9°  0' 
P    =    3°0' 

If  we  fonn  a  right-angled  triangle,  with  PS  as  hypotennse 
«nd  6  for  its  base,  we  sliall  have  cos.  2°  =  cot.  69°  tand- 


Again,  we  have  eos.  69°  :  cos.  19°  2' :  :  cos.O  :  cos.^',  where 

I  ff  is  the  base  of  the  triangle  whose  hjpotenuee    is    19°  S". 

k  ™,      ,.  „,        COB.  19°  2'-cos.  68°  59*  18" 

JThereiore,  cos.fl'  =  , : 

I  '  co6.69° 

Ibencefl'  =  18°  56' 43". 

And, 


68°  59'  18" 
18°  56'  43" 
PZ  =  50°    2'  35" 
Hence  the  latitude  is  39'^  57'  23" 
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Example  2. 

At  32*  before  noon,  the  sun's  tme  altitude  was  fonnd  to  be 
19°  41'  bearing  south,  the  sun's  declination  being  20°  south. 
What  was  the  latitude  of  the  place  of  observation  ? 

32  minutes  converted  to  arc  gives  8*^  for  the  angle  at  ^P; 
then  we  shall  have, 

P      =  8° 
ZS   =  70^  19' 

PS  =  -+20*^ 

2 

Let  0  =  the  arc  which  is  the  base  of  the  triangle  whose 
hypotenuse  is  PS,  and  let  ff  be  the  base  of  the  triangle  whose 
hypotenuse  is  ZS;  then  we  shall  have, 

Cos.  8°  =  cotY|+20°Wn.ft 

From  which  we  get, 

e  =  110°  10'  49". 

Again,  we  have 

Cos.  (-+20°)  :  COS.  70°  19'  :  :  cos.  110°  10*  49"  :  cos.^ 

From  which  we  get, 

ff  =  70°  8'  21" 

But  e—ff  =  PZ  =  co-latitude. 

Therefore,  110°  10'  49" 

70°    8' 21" 

Co-latitude  =  40°    2'  28" 
Latitude      =  49°  67'  32" 

This  method  does  not  give  good  results  when  the  sun  is  far 
from  the  meridian  at  the  time  the  altitude  is  taken.  A  small 
error  in  the  angle  at  P  occasions  a  large  error  in  the  co-lati* 
tude  PZ. 
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SECTION     VII. 


LONGITUDE. 


Longitude,  from  celestial  observations,  is  measnred  by  hi 
'  A  place  15°  west  of  another  will  have  noon  one  hour  of  al»> 
lute  time  later;  if  30°  west,  noon  will  be  two  hours  later, 
&c.,  &c. ;  15°  corresponding  alwajs  to  an  hour 
Therefore,-  if  we  have  any  way  of  determining  the  times  at 
two  places,  con-esponding  to  the  same  absolute  instant,  tic 
difference  of  swell  times  will  correspond  to  the  difference  ot 
longitude  between  the  two  places,  at  the  rate  of  15°  to  ta 
hour,  or  i  minutes  to  a  degree. 

Ilenec  if  we  have  a  ehronomoter  set  to  Greenwich  mean 
time,  and  we  know  the  rate  of  the  chronometer,  wo  can  deter- 
mine the  longitude  of  any  place  whose  local  time  can  be 
ascertained.  The  difference  between  the  Greenwich  and  local 
times  is  the  longitude  of  the  place,  which  will  be  east  or  west, 
according  as  the  local  time  is  earlier  or  later  than  the  Green- 
wich time,  as  shown  by  the  chronometer. 

Having  the  latitude  of  a  z 

place,  the  local  time  can  be 
found  from  an  observed  alti- 
tude of  the  Bun ;  the  declina- 
tion of  the  sun  being  taken 
from  the  almanac. 

In  the  diagram,  let  Z  be 
the  zenith  of  the  place,  P 
the  nortJi  pole,  S  the  place 
of  the  sun  when  its  altitude 
was  observed.     PZ  will  be 

co-latitude,  PS  co-declination,  and  ZS  will  be  co-altitude. 
In  the  triangle  PZS,  we  have  all  the  sides  to  find  the  anglfi 
at  P,  which  is  the  angular  distance  of  the  sun  from  the  men- 
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^an  of  the  place  where  the  altitnde  was  taken.  Hence,  if  we 
<x>ixipnte  the  angle  ZP&i  and  convert  it  to  time  by  allowing 
one  honr  for  fifteen  degrees,  we  shall  have  the  time  at  which 
the  altitude  was  taken. 

Let  S  =  the  half  sum  of  the  sides  of  the  triangle  PZS^  then 
from  Spherical  Trigonometry,  we  have 

nofl  1  P-  /sin./S'8in.(AS'-Z.9)U 

^-  ^  ^ ""  \^:pz^^ps~} 

Example  1. 

In  latitude  39®  6'  20"  north,  the  sun's  deelinalion  being 
12°  3'  10"  north,  the  true  altitude  of  the  sun's  center  was 
found  to  be  30°  10'  40"  rising.     What  was  the  time  ? 


In  this  example 

PZ  =  50°  53'  40" 

PS  =  ir  56'  50" 

Z8  =  59"  49'  20" 

Hence,            S  •• 

=  94°  19'  55" 

And       S^ZS  : 

=  34°  30'  35" 

Therefore, 

Sin.>^            -    9.998758 

B,m.{S-ZS)-    9.753235 

19.751993 

Sin.PZ        =    9.889853 

• 

^m.P8        =    9.990319 

19.880172 

2)19.871821 

Cos.  i  i*  = 

-  COS.  30°  22'  -    9.935910 

Therefore  ^  P  = 

30°  22' 

And              P  = 

60°  44' 

This,  converted  to  time,  gives  4*  2"*  56*,  or  the  altitude  was 
taken  at  7*  57"*  4*  in  the  morning.  This  is  local  apparent  time. 
The  equation  of  time  found  in  the  almanac  for  the  day  on 
which  the  observation  was  taken  will  correct  this  for  local 
mean  time ;  and  the  difference  between  local,  and  Greenwich, 
mean  time,  will  be  the  longitude. 
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Example  2. 

In  latitude  43°  30*  north  at,  7*  43*  in  the  morning  by  the 
watch,  tho  altitude  of  the  sun's  lower  limb  was  taken 
32°  4',  the  height  of  the  observer  being  16  feet,  the  sun's 
declination  being  19°  50'  47"  north,  semi-diameter  15'  49", 
the  equation  of  time  —3"*  51*,  and  the  chronometer  indica- 
ting 9*  0*  46*  Greenwich  mean  time.  What  was  the  longi- 
tude? 

Observed  altitude  lower  limb  =  32°    4'    0" 


Semi-diameter 

=      +15' 49" 

Dip 

=           3'  56" 

Kefractio 

n 

tude  of  center 

-           1'  30" 

Tnie  altil 

-  32°  14'  23" 

In  this  example 

we  have 

PZ 

46°  SO*    0" 

PS 

70°    9' 13" 

ZS 

57°  45'  37" 

Hence, 

8 

87°  12'  25" 

And 

S    ZS 

29°  26'  48" 

Therefore, 

Sinks' 

+  9.999483 

^{n.{S-ZS)= 

+  9.691623 

Sin.PZ        = 

9.860562 

Sin.P-^        - 

-9.973408 

2)19.857136 

Cos.  31°  58'  8"  =      9.928568  =?  cos  i? 
Therefore    ^P  =  31°  58'    8" 
And  P  =  63°  56'  16" 

This  value  of  P  converted  to  time  gives  4^^  15"*  45',  which 
is  the  time  before  noon  when  the  altitude  was  taken,  whiph 
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gives  7*  44*  15*  for  the  local  apparent  time ;  but  since  the 
equation  of  time  is  —3"*  61*,  we  have 

7*  44"  15* 
—3'*  51* 

7*  40*  24*  =  local  mean  time. 
Watch  time  =  7*43*    0* 

2*  36*  watch  too  fast. 

Greenwich  mean  time  by  chronometer  =  9*    0*  46* 
Time  by  observation  7*  40*  24* 

1*  20*  22* 

which  is  the  longitude  of  the  place  of  observation ;  and  it  is 
west,  the  local  time  being  behind  Greenwich  time. 

Example  3. 

In  latitude  54°  12'  north,  at  5*  33*  afternoon  by  the  watch, 
the  true  altitude  of  the  sun's  center  was  found  to  be  16°  26' 
52".  The  sun's  declination  was  15°  26'  50"  north,  and  the 
equation  of  time  was  +5*;  the  chronometer  indicated  7*  12* 
45',  Greenwich  mean  time.  What  was  the  error  of  the  watch, 
and  what  was  the  longitude  of  the  place  of  observation? 

In  this  example,  we  have, 

PZ  =  35°  48'    0" 

PS  =  74°  33'  10" 

ZS  =  73°  33'    8" 

Hence  we  find    S  =  91°  57'    9" 

And  S^ZS  =  18°  24'    1" 

8in.S  =  +  9.99974r 

Sin.{S-ZS)  =  +  9.499210 
Sm.PZ  =  -  9.767124 
Sm.PS         =  -  9.984021 


2)19.747812 


Cos.  41^  34^  55"    =       9.873906 
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Henea,  '  I  P  =  il°  34'  55" 

And  /»  =  83°    9'  50" 

This  gives  in  time  5*  32"  39' 

Applying  equation  of  time,  +5 

5*  37"  39' 

which  is  the  local  mean  time.  I 

Greenwicli  mean  time  by  chronometer  =  7*  19"  4?  ^ 
Local  time  by  observation  =  5*  37"  38" 


which  is  tho  longitiido  required. 

Lociii  time  by  observation  =  5*  37"  39" 
Watch  time  =  S*  33-    C 


Example  4.  ' 

In  latitude  21°  36'  north,  the  true  altitude  of  the  bWbi 
ter  waa  found  to  be  30°  24*  40",  the  sun's  declination  ti 
21°  41'  40"  south,  equation  of  time  +  S"  31*,  cbronoop 
indicating  6*  0"  21*  P.  M.  Greenwich  mean  time.  Be({|| 
the  longitude  of  the  place  of  observation.  J 

In  this  example,  we  have 

PZ  =    68°  24"    0" 

PS  :=  111"  41'  40" 

ZS  =    59°  35'  20" 

Therefore,         S  =  119°  50'  30" 

And  S-ZS  =    60°  15'  10" 

Sin.;S  =  +   9.938221 

Sln.{S-ZS)  =  +  9.988631 
Siii.PZ  =  -  9.988379 

Bin,PS         = 


HAYiaATioH.  ns 

fore,  i  P  =  20^  6y  14^ 

P  =  41°  58*  28« 

^ves,  2*  47*  54*  local  apparent  time, 

lation  of  time,  8*  31* 

2*  56*  25'  local  mean  time 
ler'wicli  mean  time   =  6*    Cr  21* 


3*    3"  56*  longitude  west. 


Example  5. 

lado  0^  41'  south,  the  true  altitude  of  the  sun's  center 
id  to  be  32^  31'  52"  rising,  the  declination  of  the  sun 
)"  south,  the  equation  of  time  +9"  53*;  the  chrono- 
idicated  11*  27"*  41'  A,  M.,  Greenwich  mean  time, 
afi  the  longitude  by  chronometer  ? 

we  have, 


PZ 

=    89°  19'    0» 

PS 

=    68"  51' 2^ 

Z8 

=    57°  28'    8" 

S 

-  107°  52'  16" 

S-ZS 

=    50°  24'    8" 

Sin.<S'  =  +  9,978522 

8in.{S-ZS)  =  +  9.886794 
8m.PZ  =  -  9.999969 

Bin.PS  =  —  9.970025 


2)  19.895322 


Co6.  27°3^4"   =        9,947661 

fore,  IP=  27°  34'   4" 

P=  65"    8'    8" 
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This  changed  to  time  gives        3*  40"  33' 

The  time  of  the  day  will  be      8*  19"  27'  apparent  ti 

Equation  of  time,  +9"  53' 

8'  29"  20'  local  t, 
Greenwich  mean  time,  11*  27"  41' 

2*  58*  21'  =  ion,  requii 


SECTION     YIII. 
LUNAR    OBSERVATIONS. 

A  good  and  well-tried  chronometer  is  a.  valuahle  and  rdis- 
ble  instninient  for  finding  the  longitude  at  sea,  dnringsliort 
runs;  but  still  it  ia  but  an  instrument,  and  is  not  one  of  the 
reliable  works  of  nature.  Near  the  end  of  a  long  voyage  the 
best  of  chronometers  very  frequently  give  false  longitude ;  and 
in  such  cases  good  navigators  always  resort  to  lunar  obserya- 
tions,  which,  from  the  hands  of  a  good  observer,  can  be  relied 
upon  to  within  10  or  12  minutes  of  a  degree.  Indeed,  they 
usually  come  within  5  or  6  miles,  and  sometimes  even  laore 
exact;  but  that  is  accidental  and  iinfrequent. 

To  comprehend  the  theory  of  lunara,  wo  must  call  to  miod 
the  fact  that  the  moon  moves  through  the  heavens,  apparently 
among  the  stars,  at  the  rate  of  more  than  13°  in  a  day,  and   j 
any  angular  distance  it  may  liave  from  the  sun  or  any  star 
corresponds  to  some  moment  of  Greenwich  time. 

About  tliree  days  before  and  after  the  change  of  the  moon, 
she  is  too  near  the  sun  to  be  visible ;  but  at  all  other  times  her 
distance  from  the  sun,  some  of  the  larger  planets,  and  certain 
bright  fixed  stars,  called  Innar  stars,*  which  lie  near  her  path,  , 
are  computed  and  put  down  in  the  nautical  almanac,  for  every 
third  hour  of  mean   Greenwich   time,  commencing  at  noon. 

•  There  are  nine  lunar  stara,  ArieCis,  Aldebftran,  Pollux,  Uegulus,  SpiM, 
Antare^  Aquilce,  Fomalbaut^  aod  Pegasi, 
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For  any  particular  day,  the  distances  are  given  to  snch  objecta 
only,  east  and  west  of  her,  as  will  be  convenient  to  measure 
^ith  {he  common  instroments. 

The  distances  put  down  in  the  nautical  almanac  are  such  as 
'Would  be  seen  if  viewed  from  the  center  of  the  earth ;  but  ob- 
servers are  always  on  the  surface  of  the  earth,  and  tlie  dis* 
tances  thence  observed  must  always  be  reduced  to  equivalent 
^stances  seen  from  the  center  by  the  application  of  spheri- 
cal trigonometry.     This  reduction  is  called  working  a  lunar. 

The  moon  is  never  seen  by  an  observer  in  its  trueplacey  un- 
less the  observer  is  in  a  line  between  the  center  of  the  earth 
and  the  moon,  that  is,  unless  the  moon  is  in  the  zenith  of  the 
observer ;  in  all  other  positions  the  moon  is  depressed  by  par- 
allax, and  appears  nearer  to  those  stars  that  are  below  her, 
and  further  from  those  stars  that  are  above  her,  than  she  would 
appear  from  the  center  of  the  earth.  Therefore  the  apparent 
altitudes  of  the  two  objects  must  be  taken  at  the  same  time 
that  their  distance  asunder  is  measured.  The  altitudes  must 
be  corrected  for  parallax  and  refraction,  thus  obtaining  the 
true  altitudes. 

FIRST  METHOD  OP  WORKING  A  LUNAR. 


Let  Z  be  the 
zenith  of  an  ob- 
server, S  the  appa- 
rent place  of  a  star, 
and  8  its  true  place. 
Also,  let  m'  be  the 
apparent  place  of 
the  moon,  and  m 
its  true  place,  as 
seen  from  the  cen- 
ter of  the  earth. 
Here  ZS^rrJ  and 
ZSm  are  two  spherical  triangles. 


I 
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The  kppurent  altitudes  eubtraetcd  A*ora  90°  degrees  give 
£9  and  ZmK  and  ifiti'  is  tliu  appttreiit  distance ;  with  these 
three  sides  tbe  angle  Z  can  be  found.  Correcting  the  altituiles 
and  aubtracting  them  fruni  90°  will  give  the  sides  ZS  and 
Ztu ;  these  two  tides,  and  their  inchided  angle  at  Z,  will  give 
llie  side  Sm  which  is  the  true  distanco. 

The  definite  trno  distance  mnst  have  a  definite  GreenwicJi 
time,  which  can  readily  be  fonnd;  and  this,  compared  witli 
the  local  time  deduced  from  an  attitude  of  the  sim,  will  gite 
tlie  longitude. 

Let  iS"  =  the  apparent  altitude  of  a  star, 

and  S         =  the  tnie  altitude. 

Let  m'         =  the  apparent  altitude  of  the  moon, 

and  ?»         =  the  true  altitude. 

Also  let  d  =  the  apparent  distance  of  the  moon  from 

the  star, 
and  X  =  the  true  distance. 

Then  from  the  fundamental  equations  of  Spherical  Trig* 
nometiy,  we  have  the  following, 


Oos.  2: 


_  cos.o!— sin.iS^  stn.Tft' 


cos.a; — a  i  n ,  5  sin.  wi 

C0a.^C0B.7Jl 


-rm  CoB.d—Btm.i'?  mi.m'     cos.x— Bin.^Bin.ffi 

cos.iS*  cos.wi'        "^      caB.^'cos,7» 

Bj  adding  unity  to  each  member,  we  have 


1  + 


cos.a; — 8  i  n .  5  sin . » 


iB.6''  COS.Wi'  COS.5cOB,»i 

(CoB.iS'  coa.m' —sin.S'  6in.wi')+cOB.(f_ 

C03.^C0B.m.' 

(coB.iycoB.Bt— sin.iS'sin.»i)+coB.qJ 

CQ6.S  tMS,?lt. 
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By  obeerYing  equation  9,  Plane  Trigonometry,  we  perceive 
bat  the  preceding  equation  reduces  to 

C06./S' co8.m'  coB./S'cos.m 

Whence 

3oB.aj  =  (co8.(/y+mO+co8.(A  ^^'f  ^^^'^  ~co6.(/g+m)  (A) 

It  is  here  important  to  notice  that  the  moon's  horizontal 
arallax  given  in  the  Nautical  Almanac,  is  the  equatorial 
orizontal  parallax;  that  is,  it  corresponds  to  the  greatest 
idius  of  the  earth.  The  diameter  of  the  earth  through  any 
bher  latitude  is  less,  and  of  course  the  corresponding  parallax 
>  less. 

We  therefore  give  the  following  table  for  the  reduction  of 
le  equatorial  horizontal  parallax,  to  the  horizontal  parallax 
f  any  other  latitude ;  it  is  computed  on  the  supposition  that 
le  equatorial  diameter  is  to  its  polar  as  230  to  229.  For 
sample,  if  the  horizontal  parallax  in  the  Nautical  Almanac  is 
)',  in  the  latitude  40°  the  reduction  would  be  6",  and  the 
irallax  reduced  would  be  54'  54" ;  and  if  the  parallax  from 
le  Nautical  Almanac  were  60'  the  reduction  would  be  6.6', 
id  the  reduced  parallax  would  be  59'  53.4". 
The  semi-diameter  of  the  moon  given  in  the  Nautical 
Imanac  is  her  horizontal  semi-diameter ;  but  when  she  is  in 
e  zenith  she  is  nearer  to  us  by  the  whole  radius  of  the  earth, 
lOut  one-sixtieth  part  of  her  whole  distance.  Consequently 
e  must  appear  under  a  larger  and  larger  angle  as  she  rises 
)m  the  horizon,  and  this  is  called  the  augmentation  of  the 
mi-diameter. 

We  give  the  reduction  for  the  parallax  ;  and  the  augmenta- 
m  ibr  the  semi-diameter  in  the  following  tables : 
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BBB.  or  moon's  kq.  hob. 

PABAIiAX. 

Lat 

Eq.  Par. 

Eq.  Par. 

o 

55' 

60* 

H 

II 

20 

0.9 

1 

25 

2.8 

3 

30 

3.7 

4 

35 

4.6 

5 

40 

6.0 

6.6 

45 

7.3 

8 

60 

8.6 

9.4 

55 

10.1 

11 

60 

11 

12 

65 

11.8 

13 

70 

12.8 

14 

75 

13.9 

15 

80 

14.6 

16 

AUG.  OF  THB  MOON*B 

BEMI-DIAJf. 

• 

Ap.  Alt 

Aug. 

0 

II 

6 

2 

12 

3 

18 

5 

24 

6 

30 

8 

36 

9 

42 

11 

48 

12 

54 

13 

60 

14 

66 

15 

72 

16 

90 

16 

Example  1. 

On  the  26tli  of  Jan.  1852,  between  three  and  four  o'clock 
in  the  afternoon,  local  time,  the  observed  distance  between 
the  nearest  limbs  of  the  sun  and  moon  was  50°  3'  20" ;  the 
altitude  of  the  sun's  lower  limb  was  20°  1',  and  the  altitude 
of  the  moon's  lower  limb  was  48°  57',  height  of  the  eye  16 
feet.  The  latitude  corrected  for  the  sun  from  noon  was  34°  12' 
north,  and  the  supposed  longitude  about  65°  west.  What  yas 
the  longitude  ? 


Prepa/ration, 

Supposed  time  at  ship  = 

Supposed  longitude  =  65°  = 

Supposed  Greenwich  time    =  Y*  35*  P.  M 


3*  15"»  P.  M. 
4*  20"* 


f 


OF   NUMBERS. 


401 


401 
4fB 
4QB 

410 
411 
413 
413 
414 

416 
416 
417 
418 
419 

490 
491 
499 

494 

«26 
496 
497 
498 
499 

430 
431 
439 
433 
434 

436 
436 
437 
438 
439 

440 
441 
449 
443 
444 

445 
446 
447 
448 
449 


3144 


7466 


610G60 
173S 

3784 
3843 
4897 
6960 
7000 

8048 
9993 
630136 
1176 
9914 

3349 
4989 
5319 
6340 
7366 

8389 
9410 
630498 
1444 
3457 

3468 
4477 
6484 
6488 
7490 

8489 
9486 
640481 
1474 
9465 

3453 
4439 
5499 
6404 
7383 

8360 
9335 
650308 
1978 
9946 


1 


9169 
3353 
4334 
6413 


9701 
0767 
1899 

3890 
3947 
6008 
6056 
7106 

8153 
9198 
0140 
1980 
9318 

3353 
4385 
5415 
6443 

7468 

8491 
9519 
0530 
1545 
9559 

3569 
4578 
5584 
6588 
7590 

8589 
9586 
0581 
1573 
9563 

3551 
4537 
5591 
6509 
7481 

8458 
9432 
0405 
1375 
9343 


3361 
4443 
6691 


8740 


0873 
1936 


4063 
5108 
6160 
7310 

8367 
9303 
0344 
1384 
3431 

3456 
4488 
5518 
6546 
7571 

8593 
9613 
0631 
1647 
3660 

3670 
4679 
5685 
6688 
7690 

8689 
9686 
0680 
1679 
9669 

3650 
4636 
5619 
6600 
7579 

8555 
9680 
0509 
1479 
9440 


3 

4 

6 

3386  <  9494 

eoos 

3469 

3573 

3686 

4550 

4658 

4766 

6028 

5736 

6844 

6701 

6811 

108 

6919 

7777 

7884 

7991 

8847 

8964 

9061 

9914 

..91 

.198 

0979 

1086 

1199 

3013 

3148 

3354 

3103 

3907 

3313 

4159 

4964 

4370 

6313 

6319 

6494 

6966 

6370 

6476 

7316 

7490 

7696 

8363 

8466 

8571 

9406 

9511 

9615 

0448 

0653 

0656 

14K8 

1599 

1695 

3536 

9698 

9739 

3559 

3663 

3766 

4691 

4695 

4798 

5691 

6724 

5897 

6648 

6751 

6853 

7673 

7775 
108 

7878 

8695 

8797 

8900 

9715 

9817 

9919 

0733 

0835 

0936 

1748 

1849 

1951 

9761 

9869 

9963 

3771 

3879 

3973 

4779 

4880 

4981 

5785 

5886 

5986 

6789 

6889 

6989 

7790 

7890 

7990 

8789 

8888 

8988 

9785 

9885 

9984 

0779 

0879 

0978 

1771 

1871 

1970 

9761 

9860 

2969 

3749 

3847 

3946 

4734 

4839 

4931 

5717 

5815 

6913 

6698 

6796 

6894 

7676 

7774 
98 

7872 

8653 

8760 

8848 

9627 

9724 

9821 

0599 

0G96 

0793 

1669 

1(>(>6 

1762 

9530 

9633 

2730 

7  ! 

t 


s 


9711 
3794 
4874 
5951  I 

7096  I 

80961 

9167 : 

.  mO  ■  j 

1998  I 
936<i 


3419 
4475 
5599 
6581 
7629 

8676 
9719 
0760 
1799 
9836 

3869 
4901 
5999 
6956 
7980 

9009 
..91 
1038 
2059 
3064 

4074 
5081 
6087 
7089 
8090 

9088 
..84 
1077 
20G9 
3058 

4044 
6029 
6011 
(>y92 
79C9 

8945 
9919 
0H90 
1869 
2826 


2819 
3902 
*1K9 
6059 
7133 

8906 
9974 
.341 
1405 
9466 

3525 
4581 
5634 
6686 
7734 

8780 
9824 
0864 
1903 
9939 

3973 
5004 
6032 
7058 
8089 

9104 
.123 
1139 
2153 
3165 

4175 
5182 
6187 
7189 
8190 

9188 
.183 
1177 
2l()8 
3156 

4143 
6127 
6110 
7089 
8067 

9043 
..16 
(;!)87 
196(> 
9923 


9928 
4010 
54K> 
6166 
7941 

8319 
9381 
.447 
1511 
9579 

3630 
4686 
5740 
6790 
7839 

8884 
9928 
0968 
2007 
3049 

4076 
5107 
6135 
7161 
8185 

9206 
.224 
1241 
2255 
8266 

4276 
5283 
6287 
7290 
8290 

9287 
.283 
1276 
2267 
3255 

4249 
6226 
6208 

71K7 
8166 

9140 
.113 
1084 
2053 
3019 


3036 
4i:8  , 
5197 
6374 
7348 


8419 
9488 
.564 

1617 
9678 

3736 
4799 
6845 
6896 
7943 

8969 

■^79 
211U 
3146 

4179 
5210 
6938 
72(>3 
8287 

9308 
.326 
1349 
9356 
3367 

4376 
5383 
6388 
7390 
8389 

9387 
.382 
1375 
23(Mi 
3364 

4340 
5324 
630(i 

7286 
8262 

9237 
.210 
llKl 
2160 
3116 
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CoB.a 


(cc 


?  +  j«')+ca6.rf)- 


=os.(-S+m) 


true  distance.     The  equation  requires  tbe  iise  of  natural  M 
and  coBtnes. 

coi.S  cos.m 

.S'  COB.Ift' 

(S'+m')=69''21'22";  N.  COB.    =.35256 
d  =  60°  34'  34" ;  N.  cos.*  =  .63505 

.98761,  log.  : 

5  =  20"  10"  46",  log.  COS.  : 

m  =  49°  42'  38",  log.  cos.  : 

S'=  30°  13' 20",  COS.  com.  ^ 

m'  =  49^    8'    2",  cofl.  com. : 

Nam.  .9T61(^  log.  , 

N.  C0B.{5+m),  69°  53'  34",   —.34383 

True  distance,  60°  46'  ST",  eo8.23463 

In  the  Nautical  Almanac,  we  find  that  a±  6  P,M.  menu 

Greenwich  time,  on  eaid  day,  tlie  true  distance  between  the 

Bim  and  moon  was  49°  59'  26",  and  at  9  P.M.  the  distance  waa 

51°  20'  49",  showing  a  cliange  of  1°  21'  23"  in  three  hours  of 

time.   But  the  change  from  49°  59'  26"  to  60°  46'  37"  is  47*  H"; 

and  on  the  suppositioii  that  the  change  is  proportional  to  tbe 

time,  we  have  the  following 

1°  21' 23":  47' 11"::  Sh:i 
Or  4883       :    2831    : :  3A  :  1*  48-  22' 

That   la,   the  time   that   this  observation  waa  taken  wn^ 

1*  44-  22'  afler  6  at  Greenwich,  or  7*  44-  22"  Greenwiii 

mean  time. 

With  the  true  altitude  of  the  sun  20°  10'  46",  tlie  latitude 


*  When  d  ia  Breatet  than  ' 
cbI  value  ia  then  the  natural 
105°,  ita  cosine    would  be 
then  be  subtrncted  from  the 
result  (cos  w)  would  tlien  be  ihi 


of  the  excess  over  90°.    Thus  if  <1  wets 

illj  equal  to  the  sine  of  15°,  and  mnat 

of  the  sum  of  apparent  allitudeg,    Tbe 

le  of  ihe  esceaa  over  90°. 

t  Less  20  because  the  table  of  natural  ainfis  ia  to  radius  unity,  and  nf 

S  and  coa.m  to  the  radius  of  10,  making  two  tena  to  take  awn 


OF    NUMBGRS. 


11 


V. 

0 

I 

3 

3 

4 

5 

6 

7 

8 

9 

M 

693970 

9037 

9144 

9231 

9317 

9404 

9491 

9578 

9(ifht 

9761 

^I 

9838 

9924 

11 

..98 

.184 

.271 

.368 

.444 

.631 

.617 

^2 

700704 

0790 

0877 

0963 

1050 

1136 

1-2*^2 

1309 

1395 

1482 

^ 

1588 

1654 

1741 

U.27 

1913 

19J)9 

2086 

2172 

22r)8 

.344 

U 

2431 

2517 

2603 

2t89 

2776 

2861 

2947 

3033 

3119 

3205 

06 

S391 

3877 

3463 

3649 

3635 

3721 

3807 

3896 

3979 

4065 

iMi 

4151 

4236 

4322 

4408 

4494 

4679 

4666 

4761 

4837 

4922 

or 

60Ad 

6094 

6179 

6265 

6360 

5436 

56*22 

5607 

6693 

5778 

ttj 

6K64 

6949 

6jS5 

6120 

6206 

6291 

6376 

6462 

6647 

6632 

09 

6718 

6803 

6888 

6974 

7059 

7144 

7229 

7316 

7400 

7486 

10 

7570 

7656 

7740 

7826 

7910 

7996 

8061 

8166 

8251 

8336 

11 

8421 

8606 

8691 

8676 

8761 

8846 

8931 

9015 

9100 

9186 

12 

9270 

9356 

9440 

9624 

9609 

!>694 

9/79 

9863 

9948 

.33 

13 

710117 

0202 

0287 

0371 

0456 

0540 

0625 

0710 

0794 

0879 

14 

0963 

1048 

1132 

1217 

1301 

1386 

1470 

1664 

1639 

1723 

15 

1807 

1892 

1976 

2030 

2144 

2229 

2313 

2397 

2481 

2666 

16 

2650 

2734 

2818 

2902 

2986 

3070 

3154 

3238 

3326 

3407 

17 

3491 

3676 

3669 

3742 

3826 

3910 

3994 

4078 

4162 

4246 

18 

4330 

4414 

4497 

4581 

4665 

4749 

4833 

4916 

6000 

6084 

19 

6167 

6251 

6335 

6418 

6602 

6586 

5.69 

1 

5763 

6836 

6920 

20 

6003 

6087 

6170 

6254 

6337 

6421 

6504 

6688 

6671 

6754 

21 

6838 

6921 

7004 

7088 

7171 

7254 

7338 

7421 

7504 

7687 

22 

7671 

7754 

7837 

7920 

8003 

8086 

8169 

8253 

8336 

8419 

23 

8502 

8585 

8668 

8761 

8834 

8917 

9000 

9083 

9165 

9248 

24 

9331 

9414 

9497 

9680 

9663 

8% 

9746 

9828 

9911 

9994 

..77 

25 

720159 

0242 

0326 

0407 

0490 

0573 

0656 

0738 

0821 

0903 

26 

0986 

1068 

1161 

1233 

1316 

1398 

1481 

1563 

1646 

1728 

27 

1811 

1893 

.976 

2068 

2140 

2222 

2305 

2387 

2469 

2652 

28 

2634 

2716 

2798 

2881 

2963 

3046 

3127 

3209 

3291 

3374 

29 

3456 

3638 

3620 

3702 

3784 

3866 

3948 

4030 

4112 

4194 

30 

4276 

4358 

4440 

4522 

4604 

4685 

4767 

4849 

4931 

6013 

31 

5095 

6176 

5268 

6340 

5422 

5503 

6585 

5667 

6748 

5830 

32 

5912 

6993 

6076 

6166 

6238 

6320 

6401 

6483 

0564 

6646 

33 

6727 

6809 

6890 

6972 

7053 

7134 

7216 

7297 

7379 

7460 

34 

7641 

7623 

7704 

7785 

7866 

7948 

8029 

8110 

^191 

8273 

36 

8354 

8435 

8516 

8597 

8678 

8759 

8841 

8922 

9003 

9084 

36 

9165 

9246 

9327 

9404 

9489 

9570 

9661 

9732 

9813 

9893 

37 

9974 

..65 

.136 

.217 

.298 

.378 

.459 

.840 

.621 

.702 

38 

730782 

0863 

0944 

11^24 

1105 

1186 

1266 

1347 

1428 

1608 

39 

1589 

1669 

1760 

183C 

1911 

1991 

2072 

2152 

2233 

2313 

40 

2394 

2474 

2555 

2635 

2715 

2796 

2876 

2956 

3037 

3117 

41 

3197 

3278 

3358 

3438 

3518 

3598 

3679 

3769 

3839 

3919 

42 

3^199 

40  r9 

4160 

4240 

4320 

4400 

4480 

4560 

4640 

4720 

43 

4b00 

4t80 

49;>0 

5040 

6120 

5200 

6279 

6359 

5439 

5519 

44 

5599 

5679 

5759 

5838 

6918 

5998 

6078 

6157 

6237 

6317 

45 

6397 

6476 

6566 

6636 

6715 

6795 

6874 

6954 

7034 

7113 

46 

7193 

7272 

7362 

7431 

7611 

7690 

7670 

7749 

7829 

7908 

47 

7987 

80o7 

8146 

8225 

8:i05 

8384 

8463 

8643 

8()22 

8701 

48 

8781 

88t>0 

8939 

9018 

9097 

9177 

9256 

9335 

9414 

9493 

49 

9672 

9651 

9731 

9810 

9889  9968 

..47 

.126 

.206 

.284 
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SORVEYINa    AND    NAVIGATION 

L.^'.  Ainu  =  TOTJiSOa 

Cus.S  =  COS.  54°  9"  20"       =  9.7f!i591 

Co8.w»  =  COS.  21°  27'  58"     =  a.96ST79 

Com.  coa.^  =  com.  cos.  W  10'  =  0.232525 

Coin.  co6.j/i'  =  com.  cos.  20°  37'  =  0.028T44 

Log. .11919 


1.076241 


+.11919 
—G6s.{S+m)  =  -COB.  75°  37'  18"  =  —.24833 
Coa.ai  -  COS.  97'^  25'  12"     =  —.13914 

rhich  is  the  true  distance 

SECOND  METHOD  OF  WORKISG  A  LUNAR. 

T!ie  foregoing  method  of  clearing  a  lutiar  distance  is  Ti 
good,  as  an  educational  exercise ;  but  for  practical  use,  it  is  oV  " 
jectionable,  as  the  equation  requires  the  use  of  natural  sinea 
and  cosines.     To   insure  a  complete  understanding  of  this  im- 
portant subject,  theoreticallj  and  practically,  wo  will  iiirtlier 
transform  the  equation, 

Oos.x  =  (cos.('?+m'}+coB.(^l-— -pf— r— 7— C03.(5-f-m),    (1) 

and  adapt  it  to  the  use  of  iogaritbmic  sines  and  cosines. 

Conceiving  {S'+m')  to  be  a  single  arc,  and  applying  equa- 
tion (17)  (page  83),  to  tlie  first  factor  in  the  second  member  of 
(1),  we  shall  have, 
Cos.a;  =  (2) 

i  coa.ifi? -hJft'  +  ff)  C08.-U 'S'+m'— rf)  COS.-?  COS.W!.  ,„,     , 

2i — '. 1 — L p — 1-— i —  cos.(^+m). 

eos.iS'  C08.wi'  ^  ' 

By  equation  (32)  (p.  85),  we  find  that  eos.a!  =  1—3  6in.'{ic. 
By  equation  (31)  (p.  85),  cos.(5+m)  =  2  coB.^^{^+wi)— 1. 
Tliese  values  of  cos.sc  and  i:os.{S+m),  placed  in  (2)  will  give 

—2 ain  nx  —  2eo3.K'^+m'+<f)cos.K'S''+m'— f^i.-06..9  cob.?/* 
■  ^  ~       ~^       eos.-S'  COS. 

+l-2co3.*J('S'+'«). 


HATIQATION.  88fr 

^7  dropping  mii^  firom  each  member,  and  dividing  by 
— 3,  we  have, 

SiiL^Ja;  =  (3) 

3/  division,  we  obtaun. 

Sin.^jg        = 
Ga&.mS'i-m) 

^     Cos.^(/S' + m'  -f  ^  cos.^C'S' + m!—d)  cm.S  co8.m    i-jx 

Assume 

Sin  2/^  —  ^^Qs4(^+^^+<Q  co84(iy'4-^^-- <s?)  co8.4ycofi.m    ,gv 

cofi.*3(/S'+m)  COS./S'  COS.//*' 

Where  iP  is  an  auxiliary  arc ;  equation  (4)  now  becomes 


^-^y^  =  1-sin.^P. 

cos.*^(o+m) 


COS.*  ^ 

Since  sin.^P+cos.^-P  =  1,  we  have  cos.*P  =  1— -sin.^P. 
Whence,  ^j^'J^     ^  =  cos.^^. 

By  extracting  square  rpot  and  clearing  of  fractions,  wc  have 

Sin.^o;  =  co8.jP  co8.^(S+m).  (0) 

Equations  (&)  and  (6)  are  plain  and  practical ;  they  can  bo 
easily  reraembei-ed,  and  they  are  adapted  to  logarithin8. 

Equations  (5)  and  (6)  can  be  put  in  word8,  and  called  a  rule, 
but  in  our  opinion  this  is  not  necessary. 

We  will  now  re-compute  the  last  example,  in  which 

<y'  =  54°  KX,   ;S'  =  54°  9'  20",  ml  =  20°  37',  m  =  21"  27'  68", 

d  =  98®  12',    {Si+m')  =  74°  4r. 

17 
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■l((i+S+ 

m') 

=  86°  29'  30",    coe. 

(lesBlO) 

=  2.7867M 

^{d-S- 

m<) 

=  11°  42'  30",    COS. 

(( 

=  1.9908(1 

S 

=  54°    9'  20'',    COS. 

<( 

=  1.767591 

m 

=  21°  27'  58",    COS. 

(( 

=T.9687H 

i{S+m) 

=  37°  48'  39",    COS. 

complement 

=  0.1023B 

*C08. 

complement 

=  0.102891 

S' 

=  54°  10',          COS. 

complement 

=  0.2335SS 

inf 

=  20°  37',         COS. 

Add 

complement 

=  0.028744 

2)2.97991* 
-1.490038 

10 

Sin.i' 

'.  17*  59'  56". 

=  9.489958 

Co8.P  =  9.978209 

Co8.^(>S'+m)  =  9.897648 

Sin.^a?  =  9.875857  =  48°  42' 

Whence,  true  distance  =  97°  23' 


35" 
10",  Ans. 


The  two  methods  do  not  give  the  same  result  precisely.  But 
this  one  is  the  more  reliable  of  the  two. 


EXAMPLES. 


MO. 


3 

4 
5 
G 
7 
8 
9 
10 


JIPPARKNT    ALT.    OP 
BUN  OR  A  FIXED  STAR. 


O   86      3 

X  29  47 
O  31  14 
O  60  5 
X  34  28 
O  8  26 
X  43  27 
X  53  13 
O  '?2  26 
O  60  33 


moon's  ap. 

ALTITUDE. 

o 

1 

39 

18 

67 

22 

28 

7 

63 

12 

10 

42 

19 

24 

40 

9 

57 

32 

18 

30 

9 

26 

APPARENT  CKN> 
TRAL  DISTANCE. 


46  45  0 
27  36  0 
14  21  30 
61  3  21 
18  38 
18  46 
18  21  35 


49 
120 


60 
81 


13  49 
2  28 


70  36  16 


MOON^B 
UOR.  PAR. 


// 


63  61 

60  3 
64  29 
68  30 


61 
67 


11 
14 


60  20 
60  62 
60  68 
69  67 


TRUE 
DISTANCK. 


46  4  25 
28  8  24 
14  9  24 
60  41  16 
48  45  39 
120  1  46 
18  8  12 
59  48  12 
80  9  33 
69  49  12 


*  The  preceding  log.  repeated  to  obtain  the  square  of  the  last  quantity- 
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THIRD  ICBTHOD  OP  WORKING  A  LUNAR. 

Let   Z  be   the   ob- 
server's zenith,  S'  the 
apparent  place  of  the 
Son  or  star,  and  S  its 
tme  place ;  w'  the  ap- 
parent   place    of  the 
inoon,  m  its  trne  place. 
Then  S7nf  will  be  the 
apparent    distance   of 
the  moon  from  the  sun  S'i 
or  star,  and  Sm  will  be  *| 
the  true  distance. 

Now  if  we  regard  the  differences  between  these  apparent 
and  true  places  as  differentials,  we  shall  obtain  another  for- 
mula for  correcting  Lunar  Distances. 

Let  S  =  the  apparent  altitude  of  tlie  sun  or  star. 

m  =  the  apparent  altitude  of  the  moon. 
Anda?  =  the  apparent  or  observed  distance,  Sfm'. 

Now  by  Spherical  Trigonometry,  (see  page  136  of  this 
book),  we  have 

p     y  __  cos.a? — sin.iS^sin.m  ,^x 

cos./S'  cos.m. 

In  this  problem  the  angle  Z  is  always  a  constant  quantity, 
S  and  m  are  variable,  and  x  varies  in  consequence  of  the 
variations  of  S  and  m.  But  we  may  take  these  effects  separ- 
ately, that  is,  by  supposing  tti  only  to  vary,  and  discover  the 
corresponding  variation  for  x.  Then  we  may  suppose  S  to 
vary,  and  obtain  the  corresponding  variation  of  x ;  and  lastly, 
these  two  effects  put  together  will  be  the  total  variation  for  cc, 
or  the  difference  between  the  apparent  and  tme  distance 
between  the  sun  and  the  moon,  or  a  star  and  the  moon  as  the 
case  may  be. 


em.x'± 


:  Koe.Z  cos.S  eia.m — BiB^ooe.t». 


3  STTETETIITO   ASO  KATtei 

We  will  therefore  diiforoiiti&te  (1)  on  the  sappoflition  thatfl 
and  fn,  ara  variiibteg.     Time, 

d.  ciiB,^  tio^.S  tiie.jft  =  d.  COS.X — d.  s'm.Ssmjik 
Or  —cos.Zvo6.Siiii\,tn-i2'm  =  — siii.a:"c^ic— siu.5cos,»i 
dx  _ 
dm 
Bnt  eqnatiou  (1)  gives 

\jm.ZKm.a  = ■ — — ■ — - 

Multiply  by  Bin.m,  then 

,,      'J        o  ■  eoa.aiBin.m — sin.S'sin.-m 

Thift  value  placed  in  eqnatioii  (2),  that  equation  becoinea 


dx eoa.aiBin.wi— sin.iSsiii,* 


Or 

CoB.jftaln.a^ 


=coB.a  Bin.wi— sin.jS'ain,* 


— sin.jSeoe.^/i. 


K+cos.^m)  =  1.     Therefore 


(eos.i 
I 


eus.niBiii.2t 


Now  if  we  Biippoac  that  a;  and  S  are  the  variables,  in  plare 
ai  X  and  m,  tlie  resuU  will  be  the  same  as  (3)  if  we  chau^^u  S 
to  m  and  m  to  S.  _ 

Therefore    (^"^-^  Bin^^-BJn^j^g  .^  ^I^^  ^^j^,^  ^  ^^  ^jM 
\       cos.tf6iii.a:       /  ^1 

ponding  to  tlie  variation  of  the  enn's  or  star's  latitude. 

The  apparent  plate  of  the  naoon  ie  below  ite  true  place,  and 
the  apparent  place  of  Lite  »itti  or  star  is  above  it£  trite  plac 
I  therefore  dm  and  rlS  must  have  contrary  aigne.    Caasequt 
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bhe  whole  variation  of  x^  when  both  S  and  m  vary,  (as  is 
Eilways  the  case,)  must  be 

,    _  /coft^ sin.m— sin.iSXy    _/(eo8.a? 8in.iy~sin.m\  t^  /4\ 
"^\       eo8.msinui?       /  \       cos./S'sm.aj       / 

When  the  sun  or  star  is  at  the  zenith,  dS  is  then  nothing, 
;Euid  the  value  of  dx  is  expressed  by  the  first  term  of  the  sec- 
ond member.  When  the  moon  is  in  the  zenith,  then  dm 
becomes  nothing ;  but  in  practice,  such  cases  would  not  be 
likely  to  occur,  once  in  a  life  time. 

We  wiE  work  the  fourth  example  by  this  lormula : 

Given  the  sun^s  apparent  aUitvde  60°  5'.  The  moon^s  appor 
rent  altitude  63°  12'.  The  a^pparmt  distance  61°  3^  21",  and 
the  moon^e  horizontal  parallax  58^  30",  to  jmd  the  true  dis- 
ta/nce  from  center  to  center ^  as  seen  from  the  center  of  the 
earth*  Arts.  50°  41'  15". 

In  this  example  aS  =  60°  5';  m  =  63°  12';  a?  =  51°  3' 21". 
Moon's  h.  p.  =  58^  30"  =  3510" 

Log.  3510      =  3.545307 
Cos.  63°  12'  =  9.654059 

L(^.  1583      =  3.199366 

Therefore  parallax  in  altitude  =  1583" 

Sefraction  =  —29 

dm  r--  1554" 

dS  =  —33",  sun's  refraction. 

For  the  coefficient  of  dm^ 

Sin.  m  =     9.950650  cos.  m  =     9.654059 

Cos.  X  =     9.798348  sin.  x   =     9.890845 

Log.  .56105  =    r748998  r544904 

Sin.  8         =       .86675 

*  Correction  may  be  made  for  the  figure  of  the  earth  by  correcting  the 
parallax  for  the  latitude  of  the  observer.    See  table  preceding. 
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Therefore        .56105 

■-.86675  T.5449M 

—.30570    therefore  log.  .30570  =T.485295 

T.94:0391 
And  log.  dm  =  log.  1554  =  3.191451 

whence,  log.  1355  =  ^031842 

Therefore        /co8.a^8in.m-8in.M^^^_^3gg„ 

\      coB.m  S1I1.X      / 

For  the  coefficient  dS, 

Sin.-S  =     9.937895  Gm.S        =  9.697874 

Co8.a;  =     0.798348  8in.a!         =  9.890845 

-1.736243=. 54481  T588719 

Subtract  8in.m=.89259 

.34778;  log.  .34778  =  T.54130g 

r9525S6 
Log.  dS  =  log.  —33  =  1.518514 

Log.  29.6"  =  1.471100 


6" 


Therefore  /co8.a>sin^g-sin^U^  ^  29. 

\       cos.osin.a;        / 

Whence,  putting  these  parts  together,  we  find 

dx  =-1355" +  29.6"  =      -22'    5" 
Apparent  distance       =  51°    3'  21" 

True  distance  =  50°  41'  16" 

The  equation 

7  __/co8.a:sin.m— sin./S'x  T    _^ /cos.ccsin.xS'— sin.mX  t^ 
V      cos.m8in.x       /  \       cos.xSsin.a?        / 

can  be  put  under  another  form. 

Assume  Cos.a:sin.m  =  8in.-4 

Cos.a?  sin.xS'  =  sin.^ 

Then  we  shall  have, 

V  cos.msm.x  /  \  co8.o8in.a?   / 
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The  first  term  of  the  second  member  will  be  positive  or 
Ki^tive,  according  as  ^  is  greater  or  less  than  S.  The 
Oo-efficient  of  dS  Iq  positive  when  J?  is  greater  than  7/1 ;  but 
^S  is  always  negative ;  hence  the  product  will  be  positive  or 
^^tive,  as  m  is  greater  or  less  than  J?. 

From  trigonometry,  we  get  by  substituting  for  the  differ- 
ence of  the  sines  their  values  in  factors, 

idx  = 

co&,i{A+S)  &in.^{A'-<^8)dm_cos.l{B+m)  sin. }2{B^m)dS 
C0B.m  sinuz;  cos.iS'  8in.;2; 


Hxample. 

Suppose  that  in  latitude  46°  north,  the  moon's  apparent 
altitude  was  36°  28',  and  that  of  a  planet  24°  43',  and  their 
apparent  distance  asunder  was  71°  46'  24".  The  moon's 
h.  parallax  at  that  time  was  58'  31",  and  that  of  the  planet  29". 
What  was  the  true  distance  of  the  moon  from  the  planet  ? 

Moon's  parallax  =  58'  31" 

Correction  for  lat  =  7.7" 

58'  23.3'^  =  3503.3'\ 

Log.  3503.8  =  3.544477 

Cos.  alt.  =  COS.  36°  28'      =  9.905366 

Log.  2817"  =  3.449843 

Moon's  parallax  in  alt.       =  2817" 
Kefraction  =      77" 

dm  =  2740" 

Planet 
Log.  29"       =  1.462398 
Cos.  24°  43'  =  9.958271 

Parallax  in  alt.  =  +  26.3"  =  1.420669 
Eefraction  =  -124" 

dS  -  97.7" 


Bere  m  =  3C»  38' 

S  =  21^  43', 

ami  X  =  71°  46'.    1 

For  the  auxiliary  arcs  A  and  H, 

1 

Ooajo,  71°  «', 

9.49538S 

9.4953S9  ■ 

Biil.7»,36''a8', 

9.7r4<J46      Sin.*,  %iP  43',  9.621318  J 

A   =  10°  43', 

9.269434     £    ^ 

=    7°  31'    9.116M 

S   =  24=43' 

m    = 

=  36°  28" 

HS+A)=11'ii' 

iim  +  ff)  = 

=  21°  59' 

i(S-J)=.  7°   0- 

Hja~B)  . 

^  14°  2& 

We  now  follow  tlie  formnla. 

Ist  Term. 

Oo,.i{B+A) 

~           cos,  17" 

43'  =  9.978898 

Siit.i(S-A) 

Bin.    1" 

W  s=  9.086894 

Cos.  com.ni 

=  COS.  com.  36" 

28'  =  0.094634 

Sin.  conij! 

=  gin.  com.  71° 

46'  =  0.022372 

Log.  dm 

=  log.  2740" 
-416.4" 

=  3.437751 

H 

2.619549 

H 

SdTemx. 

■               Oos.J(».+^ 

=         COS.    21° 

59'  =  9.967217 

1                 Sin.^m— .B) 

-          Bin.    14° 

28'  =  9.397631 

1                  Cos.  com.^ 

=  cos,  com.  24° 

43'  =  0.011729 

1                  Sin.  com.^ 

=  ein,  com.  71° 

46'  =  0.022372. 

1                   log.  dS 

=  log.    -97.7" 
+26.2" 

=  1.989895 

f 

1.41S834 

1        The  first  term  is  in 

inns  because  A 

is  leas  tlian  iS,  and 

sticoiid  term  ia  plus, 

because  it  contains  the  product  of  ^ 

minus  iiictors,  {sm.B- 

-sin.7«)  and  dS. 

1 

Wlience,  Idx  =^41C.i"  +  26.2''  =- 

-300.3"                      1 

Or,          dx=-im" 

=     -13'         1 

Apparent  distatieo 

=  71°  46'  24"  ■ 

True  dlatanc» 

=  71°  33'  24"  1 

OF  NUMBERS.              13 

N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

600 

778151 

8224 

8296 

8368  8441 

8613 

8585 

8668 

8730 

8802 

601 

8874 

8947 

9019 

9091  9163 

9236 

9306 

9380 

9452 

9524 

602 

9596 

6669 

9741 

9813  9885 

9967 

..29 

.101 

.173 

.245 

603 

780317 

0389 

0461 

0533  0t)05 

0677 

0749 

0821 

0693 

0965 

604 

1037 

1109 

1181 

1253 

1324 

73 

3042 

1396 

1468 

1540 

1612 

1684 

606 

1765 

1837 

1899 

1971 

3114 

2186 

2258 

2329 

2401 

606 

2473 

2644 

3616 

3688 

3759 

3831 

2902 

2974 

3046 

3117 

607 

3189 

8260 

8332 

3403 

8475 

3546 

3618 

3689 

3761 

3832 

606 

3904 

3976 

4046 

4118 

4189 

4261 

4332 

4403 

4476 

4546 

609 

4617 

4689 

4760 

4881 

4903 

4974 

5045 

6116 

5187 

5259 

610 

6330 

5401 

5472 

5543 

5615 

6686 

5757 

5828 

5899 

5970 

611 

6041 

6112 

6183 

6254 

6325 

6396 

6467 

6538 

6609 

6680 

612 

6751 

6822 

6893 

6964 

7036 

7106 

7177 

7248 

7319 

7390 

613 

7460 

7531 

7602 

7673 

7744 

7815 

7886 

7956 

8U27 

8098 

614 

8168 

8239 

8310 

8381 

8461 

8522 

8593 

8663 

8734 

8804 

616 

8875 

8946 

9016 

9067 

9157 

9228 

9299 

9369 

9440 

9610 

616 

9581 

9661 

9722 

9792 

9863 

9933 

...4 

..74 

.144 

.215 

617 

790286 

0356 

0426 

0496 

0567 

0637 

0707 

0778 

0648 

0918 

618 

0988 

1059 

1129 

1199 

1269 

1340 

1410 

1480 

1550 

1620 

619 

1691 

1761 

1831 

1901 

1971 

2041 

2111 

2181 

2252 

2322 

620 

3392 

2462 

2532 

2602 

2672 

2742 

2812 

2882 

2952 

3022 

621 

8092 

3162 

3231 

3301 

3371 

3441 

3511 

3581 

3651 

3721 

622 

8790 

3860 

3930 

4000 

4070 

4139 

4209 

4279 

4349 

4418 

623 

4488 

4558 

4627 

4697 

4767 

4836 

4906 

4976 

5046 

5115 

624 

5185 

5254 

5334 

5893 

5463 
69 

6532 

6602 

5672 

5741 

5811 

626 

5880 

6949 

6019 

6088 

6158 

6227 

6297 

6366 

6436 

6505 

626 

6674 

6644 

6713 

6782 

6852 

6921 

6990 

7060 

7129 

7198 

627 

7268 

7337 

7406 

7475 

7545 

7614 

7683 

7752 

7821 

7890 

628 

7960 

8029 

8096 

8167 

8236 

8306 

8374 

8443 

8613 

8582 

629 

8651 

8720 

8789 

8858 

8927 

8996 

9066 

6134 

9203 

9272 

630 

9341 

9409 

9478 

9547 

9610 

9685 

9754 

9823 

9692 

9961 

631 

800026 

0098 

0167 

0236 

0305 

0373 

0442 

0511 

0580 

0648 

632 

0717 

0786 

0854 

0923 

0992 

1061 

1129 

1198 

1266 

1335 

633 

1404 

1472 

1541 

1609 

1678 

1747 

1815 

1884 

1962 

2021 

634 

2089 

2158 

2226 

2295 

2363 

2432 

2500 

2668 

2637 

2705 

636 

2774 

2842 

2910 

2979 

8047 

3116 

3184 

3252 

3321 

3389 

636 

3457 

3525 

3594 

3662 

3730 

3798 

3867 

3935 

4003 

4071 

637 

4139 

4208 

4276 

4354 

4412 

4480 

4548 

4616 

4685 

4763 

638 

4821 

4889 

4957 

5025 

5093 

6161 

5229 

5297 

5365 

5433 

639 

6501 

5669 

5637 

5705 

5773 

5841 

5908 

5976 

6044 

6112 

640 

6180 

6248 

6316 

6384 

6451 

6519 

6687 

6655 

6723 

6790 

641 

6858 

6926 

6994 

7061 

7129 

7157 

7264 

7332 

7400 

7467 

642 

7536 

7603 

7670 

7738 

7806 

7873 

7941 

8008 

8076 

8143 

643 

8211 

8279 

8346 

8414 

8481 

8549 

8616 

8684 

8751 

8818 

644 

8886 

8953 

9021 

9088 

9156 

9223 

9290 

9358 

9425 

9492 

646 

9560 

9627 

9694 

9762 

9829 

9896 

9964 

..31 

..98 

.165 

646 

810238 

0300 

0367 

0434 

0601 

0596 

0636 

0703 

0770 

0837 

647 

0904 

0971 

1039 

1106 

1173 

1240 

1307 

1374 

1441 

1508 

648 

1675 

1642 

1709  1776 

1843 

1910 

1977 

2044 

2111 

2178 

649 

2246 

2312 

2379  2446  2512 

1 

2579 

2646 

2713 

2780 

2847 

W.  &  L.  E.  GURLEY'S  PRICE  LIST. 
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Ih  oommon  with  all  ot^er  mannfiictarera,  we  have  been  compelled  by  the  greai 
advanoe  in  the  coat  of  labor,  the  war  tax,  and  the  materiala  used,  to  increase  our 
old  established  {trices  for  Instmments,  fta 

We  believe,  howeyer,  that  in  most  cases  the/  are  otill  &r  below  those  of  other 
aiakera  of  established  reputation. 

SUBYEYORS*  COMPASSES. 

Flain,  with  Jacob's  Staff  Mountings,  4  inch  Needle $30  00 

"         «  •«         ••  ^  6     **        **       38  00 

u        u         u         u  u  giii*       42  00 

Vernier,  with  Jacob's  Staff  Mountings,  6  mch  Needle 63  00 

lUilroad,    ••        •*         *  •«  6*  «        «      83  00 

KZTRA& 

Ck>mpa8s  Tripod,  with  Cherry  Legs $8  00 

'*  **         "    Leveling  Screws  and  Clamp  and  Tangent  Movement     18  00 

U  4<  M  U  «      without     «  M  ««  «*  16    00 

'****'    Mountings,  without  Legs 7  00 

Compound  Tangent  Ball 7  00 

Brass  Cover  for  Compass  Glass 1  76 

Outkeeper,  for  keeping  Tally 1  76 

TRANSIT  INSTRUMENTS. 

^Vernier,  Plaic  ^  Icsoope^  6  inch  Needle,  with  Compass  Tripod $90  00 

♦Surveynn*  u        ^    u        u  u     Adjusting  Tripod 160  00 

»*  '•  «*         6     '•        •*  •*  •*  '•     166  00 

••  ••  «*         6^  «*        •  ••  ••  "     166  00 

Engineers'    ••  "        4    «*        •  ••  ••  "     180  00 

•  «*  «•         5    «•        «•  *  u  u     186  00 

••         ••.  .         •         5    •«        «        with  Watch  Telescope 226  00 

••         ••  u         ^    u        u        with  Theodolite  Axis 225  00 

••         ••  «         5    «        a        with  Two  Telescopes 285  00 


*  A  **  plain**  teleeoope  Is  one  wltboat  any  of  the  attachmenta  or  extras,  as  we  term  thenit 
aaeh  aa  the  clamp  and  tangent,  vertical  e  ^cle  and  leveL 


KYertteal  (JbvTob  H  Inch  diameter.  Yenier  Hiding  to  Ihv  luinntM t9  4 


I  Bud  Tanjroiit  Movemcmt  to  Axis  of  Teleacope. . 
Iievel  on  TelBaoope,  with  Ground  Bubble  and  Scale. . . 

Buck  and  Fiiiion  Movement  to  Kye  Glusa 

Sights  on  Teleocopes,  wilb  Foldiag  Jointa. ......... 

1  on  StuudanlN  at  right  bdjiIm  to  Telescops 


fioiAB.  CCMPA8SSS. 

Solar  CompaEa,  wiifi  Adjusting  Soobets  and  Trtpod,.,. 

Bolsr  Telescope  Compass,     "  "         "        "      

3ler  Telescope,  Id  to  20  liicliea  long,  with  Raolt  Moremeot  to  Ob- 
ject Glass,  and  with  Movable  Clips  to  attaah  tha  Sighla  to  No.  1. . 


LEVELING    RODS. 


(Tankee  or  Boston 

IT  York,  with  ImproTed  UoUntiagi. . 


LEVELING  INSTRUMBNia. 


B5Venty-two  in 
■ '^Idera'  Levc 


ith  Adjua 


ig  Tripod, , 


POCKET    COMPASSES.  ■ 

IFIth    Folding  ^ghta,  2}  focb  Needle,  very  servicenble  Tor  trsdng  lines  ^H 

ones  surveyed $B  ^^ 

W  ^rilh  Folding  Sights,  JJ  inch  Keedle,  with  Jacob  Staff  Mountings II  H 

"            ■'        3i    "           "           "         "         "             "         13  80 

"           "        3J    "         "      without  Jacob  Sfaff  Mountings 1100 

t  Without  aightfl,  I  to  3  inch  Scpdla from  25  cents  t«  6  M 

II  nera'  Compnsa,  or  Dipping  Needle,  Tor  iracing  Iron  Ore.a  ooiv  »nd  beau- 

tiAilBr-ids,  slna  OB  both  aklea II  M 


INFORMATION   TO   PURCHASERS. 


Hakuau— -To  thoM  who  may  wish  to  purchase  any  of  the  instrnments 
mentioned  in  the  previous  pages  of  this  Advertisement,  we  will  send  our 
AfAnnal — a  book  of  125  pages,  containing  a  full*  description  of  the  same, 
^ith  the  adjustmentsi  etc^  free  of  charge  (postage  included),  on  applica- 
tion to  us  at  Troy,  N.  Y. 

InsTBUMBirrs  Wantko. — In  regard  to  the  best  kind  of  instruments 
ibr  particular  purposes,  we  would  here  say,  that  where  only  common 
surveying,  or  the  bearing  of  lines  in  the  surveys  for  County  Maps  is 
required,  a  Plain  Compass  is  all  that  is  necessary.  In  cases  where  the 
variation  of  the  needle  is  to  be  allowed,  as  in  retracing  the  lines  of  an 
old  survey,  etc>,  the  Vernier  Compass,  or  the  Vernier  Transit,  is  re- 
quired. 

Where,  in  addition  to  the  variation  of  the  needle,  horizontal  angles 
are  to  be  taken,  and  in  cases  of  local  attraction,  the  Railroad  Compass 
m  preferable ;  and  for  a  mixed  practice  of  Surveying  and  Engineering, 
we  consider  the  Surveyor's  Transit  superior  to  any  instrument  made  by 
OS  or  any  other  manufacturers. 

In  the  surveys  of  XT.  S.  public  lands,  the  county  and  township  lines 
are  required  to  be  run  by  such  instruments  as  the  Solar  Compass. 

Where  Engineering  is  the  exclusive  design,  the  Engineers'  Transit 
and  the  Leveling  Instruments  are  of  course  indispensable. 

Warranty. — ^All  our  instruments  are  examined  and  tested  by  us  in 
person,  and  are  sent  to  the  purchaser  adjusted  and  ready  for  immediate 

use. 

They  are  warranted  correct  in  all  their  parts — we  agreeing  in  the 
6vent  of  any  defect  appearing  after  reasonable  use,  to  repair,  or  replace 
with  a  new  and  perfect  instrument,  promptly  and  at  our  own  cost,  ex- 
press charges  included,  or  we  will  refund  the  money,  and  the  express 
chiarges  paid  by  the  purchaser* 

Trial  of  Instrvmbnts. — It  may  often  happen  that  this  statement  of 
the  prices  and  quality  of  our  instruments  may  come  into  the  hands  of 
those  who  are  entirely  unacquainted  with  us,  or  with  the  quality  of  our 
work,  and  who  therefore  feel  unwilling  to  make  a  final  purchase  of  an 
article,  of  the  excellence  of  which  they  are  not  perfectly  assured. 

To  such  we  make  the  following  proposition :  We  will  send  the  in- 
strument to  the  express  station  nearest  the  person  giving  the  order,  and 


\ 


INFORMATION    TO    PURCHASEHS. 


.ill.. 


I 


difL-ct  llio  ExprcBs  Agent,  on  delivery  of  the  samp,  to  collect  our  bill, 
logi'tlier  witli  cbargea  of  trail BporUtion,  and  hold  the  money  oa  deposll 
until  the  piircliOBer  shall  have  Lad — say  t\¥o  weeks*  actual  trial  of  it) 
quality. 

If  not  found  as  reprcaented,  he  may  return  the  instrument  before  lIiB 

enpiration  of  that  time,  and  receive  the  money  paid,  in  full,  inekdir^ 

express  charges,  and  direct  the  instrument  to  be  returned  to  us. 

Fackinq,  etc. — Each"  instrument  is  packed  in  a  well-finisbcd  mslio- 

e,  furuished  with  lock  and  key  and  brass  hooks,  the  lar^rone* 

laving  besides  these  a  leather  strap  for  convenience  in  carrying.  Each 
is  provided  with  screw-drivoiH,  adjusting-pin,  and  wrench  for  centre- 
.fm,  and,  if  accompanied  by  n  tripod,  with  a  brass  plumb-bob;  witb  all 
instrurnenta  for  taking  angles,  without  the  needle,  a,  reading  microa(»|i« 
is  also  furnished. 

Means  of  Transportation. — Instruments  can  be  Bent  by  expressto 
almost  every  town  in  the  United  States  and  Canadas,  regular  sgento 
being  located  at  all  the  more  important  points,  by  whom  they  are  kr- 
warded  to  smaller  places  bystage.  The  charges  of  transportatiou froni 
Troy  to  tlie  purchaser  are  in  all  cases  to  be  borne  by  bim,  we  gusnui- 
teeing  the  safe  arrival  of  our  instrurnenta  to  the  extent  of  express  trans- 
portation, and  holding  the  E):press  Companies  reapoosible  to  us  f>r  all 
losses  or  damages  by  the  way. 

TsRMa  OF  Faymbht  arc  uniformly  cash,  and  wo  have  but  one  prict 
Our  prices  for  instnimcnts  are  nearly  one-third  less  than  those  of  oilier 
makers  of  established  reputation.  They  are  as  low  as  we  tliinli:  natin- 
meiita  of  equal  quality  can  bo  made,  and  will  not  be  varied  from  ttia  liit 
given  on  til e  previous  p^es. 

Remittances  may  be  made  by  a  draft,  payable  to  our  order  at  Trojp 
Albany,  New  York,  Boston,  or  Philadelphia,  which  can  be  proLHred 
from  Banks  or  Banters  in  almost  all  of  the  larger  viil^es. 

These  may  be  sent  by  mail  with  the  order  for  the  instrumeet,  and  if 
lost  or  stolen  on  the  route,  can  be  replaced  by  a  duplicate  draft,  obtiuned 
as  before,  and  without  additional  cwst. 

Or  the  customer  may  pay  the  bill  on  receipt  of  the  instrument  to  tin 
Express  Agent,  taking  care  to  send  funds  bankable  in  New  York  « 
Boston.  The  cost  of  returning  bills  collected  by  express  of  amooiiB 
nnder  $10  will  be  charged  to  the  customer. 

W.  &  L.  E.  GTJRLET, 
Mathematical  Instroment  UakerB, 

rLTON-sT.,  oppoeiTB  Nohth  End  of  Union  R.  U.  Depot,  Thov,  X.  Y- 


LOGARITHMIC  TABLES; 


ALSO   ▲  TABLE  OF  THS 


TRIGONOMETRICAL   LINES; 


AND  OTHER  NECESSARY  TABLES. 


1 

LOGAKITHMS    OF   NUMBERS        H 

1    TO    10000.                                  jH 

N. 

Log- 

N. 

Log. 

N. 

Log. 

H. 

L,       ■ 

I 

0000000 

SB 

1  414973 

61 

1  707670 

78 

1  88*1814       1 

0  mim 

37 
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6  LOGARITHMS 

TABLE  III. 

LOGARITHMS   OF    NUMBERS. 

Vrom   I  TO  200, 

INCLUDING   TWELVE   DECIMAL   PLACES. 
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AUXILIARY   LOGAEITHMS, 
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m=0.1342944B19        lag,  —1.637784208. 
By  Llie  preceding  tablpf 


Qof 


C,  we  can  find  the  logar 
ten  decimal  places. 

But  some  may  prefer  to  use  tlie  foil' 
wliicli  may  be  fouud  io  any  of  tlie  stand 


id  tiie  nuxiliaii 
number,  t: 


Log.  (z+l)=los.^+0. 

Tlie  result  will  be  true  to  twcl 
over  2000, 

The  log.  of  compositfl  numbers  < 
combination  of  logarithms,  already 
numbers  from  tlie  formula. 

e  number  3083  is  a  prime 


decimal  places,  if  z  be 

ii  be  determined  by  t!ie 
die  table,  and  tlie  piinio 

number,  find  its  loga- 


rith' 


We  firet  find  tbe  lof,'.  of  the  numbpr  30B2.     By  factoring, 
discover  tlial  tliia  is  the  product  of  46  into  67. 
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Log.  46,  1.6627678316 

Log.  67,  1.8260748027 

Log.  3082  3.4888326343 

0.8685889638 


Log.  3083=3.4888326343+: 


6165 


NUMBERS  AND  THEIR  LOGARITHMS, 

OFTEN    USED    IN    COMPUTATIONS. 


Circumference  of  a  circle  to  dia.  1 )  Log, 

Surface  of  a  sphere  to  diameter  )  V  =3.14159265  0.4971499 
Area  of  a  circle  to.  radius  1  ) 

Area  of  a  circle  to  diameter  1  =  .7853982  — 1.8950899 
Capacity  of  a  sphere  to  diameter  1  =  .5235988—1.7189986 
Capacity  of  a  sphere  to  radius  1     =4.1887902       0.6220886 


Arc  of  any  circle  equal  to  the  radius  =57°29578  1.7581226 
Arc  equal  to  radius  expressed  in  sec.  =206264"8  5.3144251 
Length  of  a  degree,  (radius  unity)=.01745329  —2.2418773 

12  hours  expressed  in  seconds,      =    43200  4.6354837 

Complement  of  the  same,       =0.00002315  — 5.3645163 

360  degrees  expressed  in  seconds,  =   1 296000  6. 1 1 2G050 

A  gallon  of  distilled  water,  when  the  temperature  i8,62° 
Fahrenheit,  and  Barometer  30  inches,  is  277.  fVe^  cubic 
inches. 


^277.274=16.651542  nearly. 


4 
i 


277.274 


.775398 


=  1 8.78925284      ^  231  =  1 5. 1 98684. 


V  282  =16.792855. 
1^_=  18.948708.  1 


.785398 

The  French  Metre=3.2808992,  English  feet  linear  mea- 
ure,   =:39. 3707904   inches,  the  length   of  a  pendulum  vi- 


■•HLing  seconds. 
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PRINTING  OFFICE  at  Waikinttcit,  I 
ACADEMY,  WEST PQINT. 

((  rpHEbHtinc1tnlEn|IUhIMr(r,«ufT         itsniilHant  Iuti    bwi    DDkTflnllT    (Dllow^l 
I      ciluL''— A«dM  OHr<(r^  £mw.         In  llu  OoDrU  of    Dili  nmrLry."— ALBA  lit 
OxAr,  M-.i.  Liv  JnvH.L,  Air  1<1>  l^"- 

Indorsed  bv  State  Superinlendcnts  of  Schools  In  34  States. 

More  thin  »0,(>0n  copies  o^Wetister's  Unabr^dzed  have  been  placed 
In  ai  man'-  Tubllc  Schools  la  the  United  Sutea,  by  State  enaclments 
ot  School  Oflicers. 

^r*More  than  Ten  millons  of  vnlumes  of  School  Books  are 
annu»ll>'  publi'bed  in  the  United  States,  tecojniilng  Wibatcr  as  their 
sericril  Btindjrd  of  orthography,  while  not  a  single  achool  baok  publishing 
hmse  in  the  country,  as  far  as  we  aie  awaie,  has  Bvvr  pnbllelr  T"- 
oiinlze't  anr  other  DlcIloDnrr  than  Webstrp  nM  Iln 
atandnrd  of  onhoKrHpliT,  with  the  sinKle  exepiDlnn  of 
the  p  iblisheri  of  another  Dictionary.— While  in  Etymology,  Defiultloni, 
Illustiation';,  &c..  ^Tebster  standi  unrivaied  and  alone. 

rfr  Full  drtcHH!-t  eircula".  liowfur  nt^-i^rilf  of  Wihtl€r  i- 
BlrmoloEr.  DHHnltfons,  ■llnnlriifTe  <'tMU«n*i  OrlhoK- 
rKphr<  prommrlniloii,  Srtionymn,  PrctnrlHl  llTiiMrn- 
-lon-,  TInemi  TitbleB,  i«.,  tie.,  will  U  ant  ty  afflicaiitn  la  Ikt 
'uilishn-s  or  tkiir  AftMi. 

Ivisos,  Blakeman,  Taylor  &  Co., 

138  and  140  Grand  St.,  New  York. 
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I.  It  t«ch«  HORB  thut  la  of  prjicti 
1  It  contnLns  ■  ^milter,  sounder,  a 
Alwlyaia  of  Sentences. 

3.  Il  contains  the  true  theory  of  Moods  and  Tenses,  and  shows  b. 
the  nature  or  Puticiples  and  InfinUlves. 

4.  It  contains  a  much  better  article  on  Capital  LeIIets. 
f.  llconOiinsaniuch  bettecarticle  on  Punctuation. 

«.  ItcnnHlninmuch  l«tler article  on  Vet^ficailon,— probably  (be  . 
-'-'- -'iciples  that  leach  Ihe  tnie  meclianisin  of  English  Tclse. 


J.  Itconti 


auly  at 


n  Rheti 


,  atyle. 


.1  Figure 


ordlnuy  school  grammars;  and  also  mote  of  the  laws  wbicb  uoilerlie 
language  and  make  it  what  It  is- 

9,  It  lurpi-acs  in  the  number,  pithiness,  variety,  and  interesting  chariic- 

10.  ll  t»  diawn  more  directly  from  ■B.a^Vb.b  and  American  literature, 
and  is  pot  compiled,  to  aa  ETeat  an  extend  from  other  grammars.  II  Is 
more  like  a  map  made  from  tbe  country  Itself  than  frnm  other  DapB. 

1..  Its  principles  are  better  lllustraiecl  by  e.amples,  and  doubtful  points 

iL  The  matter.  In  oil  the  books,  is  better  classtGed  and  amnred, — a  very 
Important  Hem:  lor  a  weil-clasalGed  book  Is  more  easily  leamed,  mure 
easily  rememtiered,  and  much  more  eonysnienl  for  referooce. 

Principles  are  made  plain  by  examples  that  show  what  is  meuit;  ab- 
struse points  are  brought  wILhio  euy  reach,  by  familiar  and  striking 
d  all  things  are  made  ptBctioal  by  exercises.    The  typo- 


rjphy  is 


•,•  THE 

T»lu.blBEducational  information.  Is  publisl 
date  respectively  January,  May  and  Septer 
and  educationisfa,  without  charge,  on  appli 


:s  o/Uil  itri,!,  gining  lUht  and  fri. 

REPORTER— Full  of  interesting  1 


Mson,  Blaheman,  Taylor  &  Co., 


laa  &  1*0  Gkajjd  St..  New  V 


^\tt  %mmain  (Pbucatiimal  Smes. 


A  Pocket  Dictionary 

Of  THS 

ENGLISH  LANGUAGE. 

ABRIDGED  FROM  WEBSTER'S  QUARTO.  Illustrated  with 
nearly  Two  Hundred  Bngrarin^  on  Wood.  By  Wm.  Gi  Webstkr 
and  Wm.  A.  Whbelkb. 

This  volume  embraces  a  careful  selection  of  more  than  >8,ooo  of  the 
most  important  word^  of  the  lan^af  e.  The  introduction  contains,  beside 
the  Pictorial  Illustrations^  Tables  of  Af  ooev.  Weight,  and  Measure,  Abbre- 
viations, Words,  Phrases,  Proverbs,  &c.,  from  the  Greek,  the  Latin,  and 
the  Modem  Foreign  Languages,  Rules  for  Spelling,  &c,  Ac,  making 
altogether  the  most  complete  and  useful  pocket  comnanion  extant.  It  is 
beautifully  printed  on  tinted  pape^  and  bound  in  three  different  styles. 
Cloth.  75  cents  ;  flexible,  85  cents  ;  tucks,  gilt  edges,  %u  Sent  by  mafl  on 
receipt  of  the  price. 

Rambles  Among  Words. 

THEIR  POETRY.  HISTORY  AND  WISDOM.  By  Wm.  Swinton, 
A.  M.  Handsomely  bound  in  flexible  cloth,  and  marbled  edges.  30a 
pages.    Price  f  z.    Single  copies  by  mail  on  receipt  of  the  price. 


Spencerian  Key. 

For  the  use  of  Teachers,  Pupils  and  Professional  Penmen.  It  is  the 
only  Complete  and  Practical  Guide  to  the  Science  of  Penmanship  pub- 
lished, ana  with  its  use  little  difiicuUy  will  be  found  in  teaching  writing 
successfully.    Pricj  f  1.50.    By  mail  on  receipt  of  price. 

Reading  and  Elocution. 

By  Anna  T.  Randall. 

Though  this  work  has  been  but  recently  published,  it  has-attained  a  flat- 
tering success,  being  now  introduced  and  in  use  in  a  large  number  of 
the  best  cducationallnstitutions  in  the  country.  It  is  mtenoed  to  bo  used 
separately,  or  in  connection  with  any  series  of  books  for  instruction  in 
the  art  of  reading,    z  vol  zamo.,  450  pages.    Price,  by  mail,  $z.40. 

♦»♦  THE  EDUCATIONAL  REPORTER— Full  of  interesting  and 
valuable  Educational  information,  is  published  three  times  a  year,  bearing 
dats  respectively  January,  May  and  September,  and  will  be  sent  to  teachers 
and  educationists,  without  charge,  on  application. 

Ivison,  Blakeman,  Taylor  &  Co., 

bducational  kjblismbrs, 
138  &  140  Grand  St.,  Nbw  York.    133  &  135  Statk  St.,  Chicago. 


^]}t  ^mftiran  €bncationaI  Strics. 

robinson's 
New  Elementary  Algebra. 

CONTAINING  THE  ELEMENTS  OF  THE  SCIENCE,  .nd  dwgned 
for  School!  »nd  Academiea.  Sheep,  iimo^  311  psgeh  By  mail  • 
This  In  new  woili.msimple, cle»r,andptaclic»l  treat iga, of  BlevnlBd  tone 
and  spirit,  and  ndsptcd  t»  thecomprehcDaiun  at  beglnneis  in  the  (cieai^e. 
The  introductory  chapter  ti  den^ried  toElve  the  pupr]  a  correct  CQmpre- 
hen^n  or  the  utiUly  of  «rinboIs,and  of  thBldeiiHI^andchain  of  L-uoneo. 

Et^s.  Irom  the  study  of  written  atithmctlc  to  tlie  Btudy  of  mealal  ajid 

Inmyle.  amingenMntand  typomphy,  \a  clear  and  concise  openliona 
and  analyses  ur  rules  and  principles,  in  numhel,  variety  and  adaptation  of 
eiamplea.  and  in  the  prDKTessive  character  uf  the  work,  do  similar  treatise 
yet  pulilished  has  received  atich  strong  and  unquaiitied  approval,  from  the 
belt  teachers  of  tlie  country,  as  thlB. 

»r  n*  itH  Arilhoutic  fibUihid      «-«v  larstln  i*  ■«  Man  a»,  slAtr- 

ROBINSON'S  Practical  Arithmetic. 

CONTAINING  THE  THEORY  OF  NUMBERS.  IN  CONNEC- 
Hon  with  concise  Analytic  and  Synthetic  Methods  of  Solution  aad 
and  Academies.    33S  pages.        lents.    By  mail  on  receipt  of  price. 

This  wotli  covers  the  whole  eround  aifrarlhal  arithmetic,  and  fur- 
nishes to  the  pupil  unBurpassedrgcilities  for  acquiring  a  thorough  knowledee 
of  the  science  o?  arithmetic  in  all  its  applications.    "^  *  «= 

II  has  not  been  encumbered  with  a  multiplicity  of  "Notea^"  "Sug- 
gestions," ana  BupeifluQus  uperatiaua  so  common  to  Practical  Arithmetics 
of  the  present  day,  and  which  prevent  the  lultiyation  of  self-reliance, 
clearness  of  thouEht  and  vigor  of  inletlect. 

The  subject  has  been  presented  10  the  pupil  more  as  aadence  Ibanaa 
art,  and  in  such  a  way  as  to  leach  him  bow  In  tkixt  and  how  lo  rrazom 
rather  than  .«Afl//fl  Jo  ;  to  $\ve  unity,  j/jU-m,  tjid  prai-lica/  •.tiJi/,  to  the 

'The  Subjects  of''common"biviaors,  Multiples,  Fractions,  Percentage, 
Proportion,  AlUgalion,  lad  the  Roota,  cajinot  ikil  to  give  universal  Mpia- 
faction. 

tS"  Send  for  a  descriptive  circular  of  Robinson's  Mathematical  Series. 
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KERUS 

Shorter  Course  in  English  Grammar. 

KERL^  SHORTER  COURSE  was  published  about  two  yeart 
a^o,  aod  has  met  with  unrivalled  popularity  and  success.  It  is  safti  to  say 
that  n  3  other  English  Grammar  has  ever  been  received  with  such  (kvor. 
Its  excellent  arrangement,  the  many  new  and  valuable  features  introduced, 
and  the  thorough  adaptation  of  the  work  throughout  to  the  present  wsnts 
of  our  schools,  are  among  its  most  obvious  merits. 

This  book  is  the  result  of  much  study,  experience  and  reflection,  and  no 
pains  have  been  spared  to  set  it  beyond  all  just  grounds  of  critical  censure. 
The  condition  and  wants  of  the  schools,  as  they  now  are,  both  in  this 
country  and  in  Europe,  have  been  carefully  considered,  as  well  as  the 
advanced  state  of  philological  science,  and  the  work  has  been  modified 
accordingly,  so  as  to  place  it  in  the  front  rank  of  new  and  Impiovtd  pro- 
ductions. 

The  following  are  some  of  the  points  to  which  special  attention  islnvitedi 

ist  The  book  is  small,  and  yet  is  sufficiently  comprehensive  In  ouUine« 
and  n<-t  deficient  in  necessary  detail. 

3d.  It  consists  of  an  oral  course  followed  by  a  course  of  Text  In  accord- 
ance with  the  method  of  teaching  into  which  the  best  schools  have  gradually 
fallen  by  experience. 

3d.  The  classification  throughout  Is  new,  original,  and  probably  the  most 
simple  and  natural  ever  given  in  a  grammar* 

^th.  All  things  relating  to  the  same  subject  have  been  brought  together, 
while  all  trashy  incumbrances,  all  useless  generalities,  and  all  quackery 
of  expedients  have  been  carefully  excluded. 

The  book  excels  in  method,  clearness,  pithiness,  brevity  and  complete'* 
ness;  in  its  definitions,  illustrations,  and  exercises ;  In  practical  utility  and 
adaptation  to  the  school-room,  and  it  Is  strictly  nativs«— not  an  ifflllAtion  of 
Latin  or  Greek  Grammars. 

A  new.,  thorough  and  practical  Grammar^  admirably  ada^iid  it  iht  utt 
of  Common  Schools^  and  to  the  general  wand  0/  American  Teaehen*  15* 
pages.    Price  75  cente.     By  mail  on  receipt  0/ price. 
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valuable  Educational  Information,  is  published  three  times  a  year,  bearing 
date  respectively  January,  May  and  September,  and  will  be  sent  to  tea«b«rf 
and  educationists,  without  charge,  00  appUcatton* 

Imson,  Bhkeman,  Taylor  &  Co., 
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SlsjunlyptDni 
Id  sonrDrming  to  the  Uf^  'Ian 
list  aflaittfirrti  and  afflicatistit. 

In  toMCianiaol  rules,  ^rniVr  and  acturacy  of  deBnItionl. 

la  number  and  FanV//  or>™rf/<-H/ciiuiipHs, 

In/iiiV;  lagiial,  ind  taPtfrrktmnit  analfies. 

In  wnv,  eriginal,  and  itn^rtved  methods  of  opentlDtis, 

la  aJaflat/a*  to  the  vuioua  gruies  of  wholuBhlp  lu  all  our  1 

In  uxily  of  plan,  and  in  rlramrii  and  fimfiii  ••//;>  of  style. 

In  ic!fl!fic  aaarary,  combined  wilh^rarffc*/  ■iiVi'O'. 

In  ty^o^a^ky,  hiading,  and  heattly, 
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